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a
1< H <q
q =1pl = q
PEH. At AR

B ((aerlB + as) - qbs) > qbsfl — Qg—1,

AEEEl
a> as41 B>+ asB+ as_
> q(bsB + bs_1)
> q(b— B,
K% q(b— B*1) > gb— B* > (¢ — 1)b, BiLh § > ¢ — 1, iEHE. 0

E3. WA H P RSN, B g K 1, X EATE AT B ¢ KR AR 2R
1.

LRty A BIXSEAEE, DA W] US R O LA BRI I PR RS T



D
R
|
o
ala
Sl
et
s
It
S uid

HiE1.3 (BA— M EUNERE).
MINHH a = (asy1...0100)B, b= (bs...b1by)B.

Hittiza, b BT (2],

1 %0, < [5], a,b LA 2]

2. U5
q:min{[W],Bl}.

. <H‘ﬁ t= (aerlB + as) - qbs; ﬁn% B-t< qbsfl —0s—1, 4 ?)azﬁ-

4. WHERE r =a—gb, WH r >0, R[] g, FWRFE] ¢ — 1.

BERE
TR
r=a—qgb=amodb

FE “TI N — RN BRIE FE (F0E 1.3 ) d)a — DR A I8, A EAl T B
LIRS AR 0 2 L B BRI SR,

Hik1.4 (BEHRE).
BN a = (an...a1a0)B, b= (by...b1by)B.
fintt:a, b RS (4] = (gm=n---0190)B-
€ S B 41

TR = [%} modb, m-n+1>k>0.
Fo A A KUK VCR g, re(m —n 4+ 1>k > 0)

L g =

I

[B-Tk+1+ak]
b

2. 1, = (B Tky1 + ar) mod b.

EA. N TR RS, i T LRI Picarte AR TR L, HARK B 2
SER BB TE S P i S ) Picarte IAAUSK Y BR BB B RAT 5@ K EE ML BME, 28



1.2 Bk ik Ve

TR P M T W B MO 2, B B B e I, R 75 AR A,
TR S A G B [22).

1.2 RESE

A AR T AR R GE ) N B AR AR A DU i B PR 1 ) R
G 1)1 B 4 U AT A e ME ) SE . T B 44 1) RS R S BB A2 GNU [
GMP[1658], ¥F % 3 4 T HUREL R G i Axiom, Maple, Mathematica, Maxima
LR JZ R RS B SRS AR LT GMP SEEL (Z 0 [169]). Iy Ay it 5 2%
JEE G T B AT B B M IR, 2% R 38 i N i L T 52 20 PR O T A i 2 B P,
PRLI NS0 ok Iyl il 1) 7 SR S0 Ft. T ey R 2 B vk Je T DA i
Picarte IEAUH S b ks BE VA (T 4 ), B LAk 2 DU W da S5 00 - 22 () jL AR rh 31 1
Feid L.

B n N FREIAIEL, S H BT CANBITE DU, AN (RIS 52 Y I 1R) 52 2% 52 T A
MAF LI O(n?) (I8 3TE), O(n'o823)(Karatsuba 3€i%), O(n'°8:%)(Toom-3 i),
O(nlog* n)(E A LW FFT), Hr

log* n = log n(loglogn)(logloglogn)-- -,

F1 O(n(logn)(loglogn))(F FRIE L) FFT), Hor A7 BRAK_L- 1) FET” (I i) &2 2% i
O I e 17, [105) R [175] sy i T BARII S A AT 5 E . (R IX 2
ey BE T B 2% P AU IR SRV AT AT AT B R 1 DR, DT SR e 5 vy o7 i 2>,
WA eV S T A2 i BRI, I LA SIE FH v i i R X AN [ 1) Sfed s B0k 4 5 A ok AT
YRR I AR 415 A 37 19 00 1) A /I 20 24 b i 436 L A SR P W — P B, i g b BV
(1 g A 265 FH Y0 PR AT AT RO T~ AR SIS BIURIBE A PRI DRI b — e B e I S50 ke o

1.2.1 —rxZInAFEx

BNEBACRIL I M SORTE, BRI I AR T 5, DU T RAEA R
AP IS, DR BAT TN, SRk 1B AR AT IR AR BLPE (K JC
Z IR, X LA 2 ou 2 B R AR A R R s .

EX1.1 (—u 2B RECER). eIk
n—1
Az) = Z apz®,
k=0

MR D HARBLURM R a = (ag, a1, .., an-1).



25, FATIR RS 2 1 0 75 AL SE R R AR, B2 I R B R A
AR ME— 1T .

EX1.2 (—u U AEERR). — T2
n—1
Ax) = Z apz®,
k=0
I RER IR A(x) 75 n AR RUAL B BN A R AR
{(m07y0)a($17y1)7"'7(mnflaynfl)}7

Hrbyp = A(zp),k=0,1,...,n — 1.

26, — NI AR PR 0 iR, IR D B — 2 oy, BREE —Fi
RIS,

— L2 WU R AR 7S 5 R E AR R Z 852 o] DUAH LR 1), R AR 21 e
RN M2 — 02 M2 R, 1 R RS B AR MR I Fe ot /2 — 0%
TR R T IRX PR K 2T e, oo 2 NP 2 R A, — o2 ik
PRIEARAESE, 152 P 2 BRI SR 1 E - 5.

PIAS— 02 TR SR AT 1 (1 R B, 3K AT U0 2 IR 13 X
sk CEIN

FI1.4. SEAANKREN T n I ZRAXGEZEERTHANA

n—1 n—1
A(z) = Z arpz®, B(z) = Z ba®,
k=0 k=0

2n—2
ERBABETA Cx)= Y. cpab, A4

k=0

Ck = Z aibj.
+y=k
ET. MR E 14 R E o2 BN RBIN SO n? RSOk, Bl
BATE SCBUE 2n—1 DA R 2, A A 2002 RORIE T A(2) 5 B(x) 48
UL L RS R, WU C(2) = A(x) B(z), B2 BRA Clay) = Aey)-Blaw),
A E 2n — 1 IRARECREM AT LRI O () 1 B R, PR 2 T (E
AT LA C(x) B RER.
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VE 7RI 2 500 i E R s e m] U R, o L i 2 15 5 g3t
2R 2 K BN R S I SOt e MR, 8408 22 T3 2 i SRAERN 22 0 A i
KA EHOP IR LI £ T, 2 IR AT i) 508 AT 3R g .

HEHE 22 G2 TR AR B ph At i o

n
(an...alao)B = Zak . Bk
k=0

PRI, AU AR S AT B R 2 T AR B s AT TG 7 P 2 T
FRTR I 77 A HE AR SRy Bk, b 0 v 22 T R B s 5 s R n 2
(] [ e 49 1) L, TR G T ORI B2 1 B B R SRk Bk ot H AR 5 2 T2
SRAH, [ EE AR, 2 X =D R,

1.2.2 Karatsuba /%

SN PUI PR e vk B 2 B AR B I 0 X AL Karatsuba T 1962 4
RILE(Z W [100]), ©RH T — AN 18] SR 14047 200 53 ¥ 5 W ke AT 3fe vk s
Karatsuba feiZ SEILE K I A R HE, PRI AR SR B8 vh 3 0 il 32k 9 R e
E(Z W [60]) KR B4 1

—REZLIAHITEE

T 2R T R BRI AR VAT R AR, 7RS4 Karatsuba 5VE 2 /T, A5G
F—F WA 2 800 S E R R R k2 i ek, X MRERA B
R B S 1
EX1.3. 25 f(z) 7E oo KWEE XN

floo) = lim f(a)/atee.
E8. f(oo) HSLHAET f(a) HIE WAL, AT AR IZFE 152 Y 2 00 i {2 2 A
2.
1.1, #
A(z) = a1x + ag, B(zx)=bix+ by,

AR SR 29 = —1,21 = 0,29 = oo, W A(z), B(z) ) mi i 7~ 53l
j"j {(_17 apg — al); (O7a0)7 (OOJ al)}7 {(_1) bO - bl)) (07 b0)7 (007 bl)}) ﬁu% C(I) =
A({L‘) . B(QT), %B/A C(—l) == (CL() — (11) . (bo — bl), C(O) = ag - bo, O(OO) = aj - bl, %IJ
M 2 SR EE, vTUOHEH C(x) M REERR

(co, c1,¢2) = (C(0), C(0) 4 C(o0) — C(=1),C(0)),
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R
C(z) = a1b1z® + (agbo + a1b1 — (ag — a1)(bo — b1))x + aobo.

Z9. AR T, 2T 2 FORME 5 2 B A8 T 2 R B0 ki, X&)

A DU = I R B 56— IR 2 T ) 3.

210, WER a,b #RZ 2n A7 B BERIAEEL, IBAAE B™ FEHI T a, b #ZE AL
a=a1B"+ay, b=0bB"+ by,

Horvag, bi(i = 0,1) #B2 B™ BEHH BMALEL, Bt B B8 R AN n A7 1%

2w 1.1 AT

a-b= alblBQn + (aobo 4+ a1by — (ao — al)(bo - bl))Bn + apbyo.

Karatsuba %

A 10, FTAIIAES H Karatsuba 7L L EGN oL .

Hj%1.5 (Karatsuba 3€i%).
BN g NLEEEL a F ng, A7FEEL b.
Hith:a, b c=a-b.

A

1. & n =max{ng,ny}, & n = 1, FIHE@ERILIFIFRE] o - b#F n NETEL,
n =

oL WA =2

> >

2. #ing <n,%a;=0,a0=a;5N% a1 = a WE ng —n L, ag = a B n AL
3. FHiny<m, &b =0,by=b;FM2A by = bHIE ny, —n L, b = b WK n 7.
4. ffiH Karatsuba 3L co = agbg, c1 = aib1, ca = (ag — a1)(bg — by), IR [A]

(Cl'B% —I—CQ—FCl—Cg)'B%—FCO.

E11. HIm e, R 4 Brhae b BY i LR EAEAT IR B kA 0, B ULAE
% kA

i T(n) s A A ] Karatsuba JeVEK A n A7 B 3k I 20 e P i 221
B BRI BRI IKEL, 41T T(2n) < 3T(n), HILHEE T(n) = O(nl%e23) ~
O(nt59).
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KT Karatsuba FVEF FEAN A 415 S0 [14] 28 2 3, [175], [105] FA.
Karatsuba [ 4616 3C [100].

fE73— L0 A2, SR Karatsuba Jevk5a A S BT R, 16 AT LA I — MRt
BRI PR (2 [19])).

1.2.3 Toom-Cook 3£

Toom-3 %
W& Karatsuba I BL%, % RE k2 i i akeisk.
511.2. %

Az) = agx® + arx + ag, B(z) = boa® + by + by,
IEIEAE RH N
ro=—1,21 =0,29 = 1,23 = 2,24 = o0,

W C(x) = A(z) - B(x), B, R #7500 2 DU EE, vTRUHEH C(x)
M HREETR (o, c1, c2, c3,¢4), FHP

I
Q

(0),

C(-1)+C(0)+C(1)+C(2) 4+ C(c0),
co=C(-1)+C(0)—-C(1) = C(2) + C(o0),

c3 =4C(—1) + C(0) + 2C(1) + 8C(2) + 16C(oc0),
¢y = C(0).

€o

C1

E12. AT IR LA/ B e RN gsiE, BAT T DU 5 IR R HORIE e
WE2IENIP P

R 1.2 07 M Karatsuba FeiL 1M 15 2 ) LA Toom-3 Feik. id T'(n)
A VA FH Toom-3 ikl AN n 47 B BEHIECH e T 75 216 B 1BEH/N 7 £ g
AL, A T(3n) < 5T(n), HILHER T'(n) = O(n1°%3%) = O(n!46).

Toom-r 3%
e, e e Ik I R ARk
1%)1.3. W&

A(x):ar$r+"'+a0, B(.’B):bT;L'T++bO’



12- $—F SEER

A R4
xo=-rx1=—(r—1),...,2, =0,2p41 =1,...,29, =1,
%
2r
C(z) = A(z) - B(z) = Y _ cpat,
k=0
iy
- - - - -1 - .
o 1w - ap? A(zo) - B(xo)
ca| |1 oa - ap A(zy) - B(z1)
Cor _1 Loy 33%;: ] _A(-TZT) : B($2r)_

5 Toom-3 ek P15 L, AR BG4 1.3 X} Karatsuba JevE s 5k vl LA4S
#l| Toom-r ek, i T'(n) =216 V1A ] Toom-r e W54~ n Az B 2k HI%AH
e P w5 L) B JEHIA O HORIE IR EL, B A T(rn) < (2r + 1)T(n), HILHEH
T(n) — O(nlong 2r+1).

XFEAF B — R PRI vk 5L G PR I Toom-Cook 3evk:, J&F Toom-Cook

Tk AN A5 2 [105]. Toom-Cook FeikH ¥) Toom-2 ik 5 Karatsuba
FILIEAAA], FUZIEHY 3 MdE A —FE.
H T

Tli_}rr@l() log, 12r+1=1,
It LMt ] Toom-Cook FeVEBEAT n A7 BEERIE BT 5 21 B BRI Bk I8 )
FHEIET O(n), X —AMREFHE R (HE BT 2 00 2 2R A 2 U3
JIT A B BN E R ER A S BEAE v IR D0 TR, PAR T — M R A Y r = 2,3
i, Toom-Cook ey A &5 H 1.

1.2.4 FFT F%

FFT(Fast Fourier Transform) ¥ H # A4 & 20 tH 20 B fE v 5N S el e o
LR —, BT AP S ) SRR, 3K O T o A B AR TR AU L
TS ECRUE, FRT Sbs Bl DL o 2 T QPR 22 SR RN R 8 47 1
P AU RO . 2T HLPRATT I 75 SR H 22 10 e A 1) 2 45 AR TH) £
AHARLE, 5t o] AR G HioR ] FRT ke hnek 22 1 X 3fev 2 A3 Hote i,

fE_ L7, Toom-Cook ikt id 78 73 WA HI 7316 By 3 VA A 25t/ 7 2 30
2 RORAEAN 2 TS (B354 (0 R 1 TR 283 18 1) FET Sfed U2 T8 1R 0
PRAESRAE R, SERBCRIR S AR R 2 18] A e 8 P o R34 TR 4 D IR e M 2031, BT
O(nlogn), HHH n 2172
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DFT

i 44 8 S, FRET s&2 P 157 DFT(Discrete Fourer Transform) #4532, F&A1n]
PAKE DFT ] 5 (10 B AR 8 LA S SRR S sRAE AU 2 X R BCR R B S E R R 2
(] (R 4. 7R 1RSS5 tH DET [0 201, #2080 NJEAR NG RR T

EX1.4 (). eneNy, R2E2—1, weR.
LA W =1, WFE w R R n AR,

2. # w it n WAL, JEEXF n EAZE T p, P — 1 ANE R INER T,
WIFK w A R ) n AL SR,

A3, FR IR AN 8 X, AT 3 B R B CRE A AR A B B C IR A AR,
Bl w = e € R =CiliR—A 8 WHALEHR. Butz sbh, 3 T BAEHOR Zy7,
3€ R =77 & 16 YCARLE, SILFN, B2 =T € R = Z7, M2 3FAR L
Zi7 (R 16 AN JEA, B 28 —1 =0 mod 17. W ¢ J& ZH AR, T4
2 HALE n|g — 1 AT BRI Fy A7AE n R4 AR,

K JEARAT e B

EIEL.5. R w AR R n RELFIR, AV <k<n,w—1F2ZRHER
¥, JfA

n—1
E Wk = 0.
j=0

BB, W d = ged(k,n) Hu-k+v-n=d, 51 d<nfFEn H—DERT p A5G
din/p. I\ w? — 1|w™? — 1, H P — 1 K& R FIERH T, Bk o? — 1 AR R
2

55 bR

Wk — 1|w“'k — 1=kt 1 =1,

KAAE T wF — 1 A& R IEK .
Hw®=1%1

n—1

0=uw"—1=(J"—1)- (ijk),

§=0

1M wh — 1 A2 R IEREF, Bt

n—1
Z Wik = 0.
Jj=0



alal

14- F—F @HEEH

:EX15(ﬁﬂ$%;w.&jum::§fﬁwhg<) ijwkmﬂ f@) x g(x) =
Efmﬁﬁfwx()mﬁﬂﬁﬁwam S g
k=0

i+j=k mod n
1A, AR, AR B 5 SR 2 TR s SCARATLL, T LA fe] o i
EIM ALY 7SRRI E SATRIE MR B £, METRTR g 2
n—1REIX, W f A g FIOETRENT n— 1, WARAEEAT B s /T L
FHOW 0 M UBUHEENE B n — 1RSHR, KM RERIL £, g MIEHREH
fx g WRUFET fo, PR G RN 2 B TR 1 11X R

HUAE AT LLE A% i DFT & X T

n—1
EX1.6 (DFT). ¥ f(z) = 3 frx®, w &3 R I n YR JEAR, WIFR
k=0

DFT,(f) = (f(1), f(@),- -, f@")
Jy f (B HAG SAEH.

DFT 7 4528, S HLIEURAY R AP PR GE B 1.5 )fRIE T DFT 193648 A0
DFT BAAHF R4

EIRL.6. K w A R &) n k¥4 )8R, B (DFT,)"t &7 DFT,, #9# £ 4%, AR A
(DFT,,) ! = lDFTW

iE#]. DFT,, & R™ ERZPEAR L, EAE HRIE R ¢ = Vi (w)d, B

Yo 11 .. 1 ao

Y1 1w e Wt ay

yo | =1 w2 ... W2 as |,
Yn—1 1 wnfl A w(n71)2 Ap—1

HAr v, (w) A n By Vandermonde J7 B, Vi, (w) B (i, 5) BLICEIE w0, Vi (w)- Vi (w™1)
() (i,7) BLICER N
uij = Z wik(wfl)k:j

0<k<n

= 3 @

0<k<n

= ??,52]
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B Vi (W) - Vi (w™h) = n(6i5) = nln, B (Vi (w)) ™! = LV, (w™?h), JREI (DFT,) ! =
1DFT, 1. O

RS, IXFER, RECERZS GG 7 Z 8] 1 I e 4 n] LLHTAH [R] ) ik 25 A 2,
W U AT DRI GE— (1 5 R vk S A7 S MR AR 1) 22 i SRAB NI, X3 23
R ARG AL 2 —, BUE f A1 g RGBT AR 1K

f*9 = LDFT,1(DFT.(f) - DFT.(9))

Horpr - FoR— 4 ) 22 8] 3% RIAT R

FFT

USSR 12 T3 % 2SR (877, 80 Horner 01, $H6E 0 WY DFT &
YT n? RN, N T AT TIE, TExt DFT H945 HIEAT A7 41507

ST B DETL(f) B8 A Fwd) = 5 fuot®, B4 w & m UG
BURL L Wit 552 FUAT n AR RO o, A5, B0 A (T
FOA W R, B (o) B2 1A 2 AR R, WA
T RS Wit LA R, 3T BLR A F RS0 Rt A 0 o 1
$ o J T2, AR5 TR wit IR, SCRE T DA S b T 0 U8, B3
ab + ac WM a(b 4+ ¢) 2&—NEHE.

wW0<k <ky<n, B4

wikt = ke & jk1 = jk2  mod n,

B nlj(ky — ko), —MeHh, n &SRB BB, Ak n = p™, o p W, &
J IR T p RN m' < m, WARZE p™ ™ |k — ko, X0 LLA1EA
I wik B REIIAHE. T FET o) BUGEE p AT R HZEUNETE, BATX B
TOREGHA MM FFT WKL p = 2 [ FFT.

h TR 2 SSRAE, FET J7iEis 1 T 0650, %on = 2™ IRE0I f IR
HERIEN [ = (fo, fis- s fur), REEMK N IRBOAHEPE S P AL 21

f[O} = (anan ey fn—2)7
U= (fi fare s Far),
I m i DET, (f) BIE j A&

n/2—1 n/2—1

n—1
F) =" frw® =" frw?) + 07 > forpa (W),
k=0

k=0 k=0
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TR w2 = 01 Wit = Wl RIAT BAECS

DFT,,(f)[j] = DFT,2(f)[j] + w/DFT 2 (fM)[j],
DFT.,(f)[j +n/2] = DFT 2(f)[j] = w/DF T 2 (fM)[5],

Hho<j <n/2 MERNZIRMERE, B fz) = fO?) +
xfm(ac2).
2L LL BT, SETT LS FET RIS FRE T .

®i%1.6 (FFT).

fin — 1 RSIAXMREEERWE f = (fo, fr, .-, fam1), n KPR wy,
Hrpp=2m,

i :DFT,, (f).

L A n4ET 1, &M f

2. & fO = (fo, for- .o, fu2), f = (f1, f3,- o frm1), w=1.

3. ¥ 1% = DF T, (f19), yi) = DFT,; (fI1).

4. kOB n/2—1, Rt = wy,[j], Yy = y,[go]—i—t, Yktn/2 = y;[CO] —t, W = Wwy.

5. 1&[H] y.

B T(n) s FET 2547 2 mUSRAEIN P 22 (0 R BORIE IR EL, B4 T'(n) =
O(nlogn), MR R N B HIL, WA F M FFT ZEAT 8 HORVE N 75 255 187
A3 SR A T A3 2 A T A B, X R SRVE SR I 2R O(nlog® n), M
log*n = (logn)(loglogn)---.

KM FET 1155 DFT Lo H R e SO S ERAG 2, & il i 32 2 S A2 )
HIT ST SR w (R IR ORI 23 V6 el . FET 7R45 5 Ab 3], 20 SR B8 s 44 45 4
B A, NATIR A SR AT TV 20 50adt LLARAS B sy 10 3 J8E A3 15 52
RIBEFE. T FET SERE A 4iis 21 [00], [175] A [105].

BRRiE FAY FFT

WA R = C, BIE m IRK, BARFS KT n = 2 AT EAR. (HAZ X AR
I, A S 2 PR R, WK ¢ R B REECR, A 2 A nfq — 1 INATRREL T,
AAEAE n REALJEAR, 2 m ARKIN, FAF B e 2 gk B 35 ¢
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RN, A EC TSRO F, AR A R B SRR FET A48 I 203 5
AR, DRI AS FH 2% 8 DR P 1R ), 1 DROA IR, AERH FET 58 R 52 T
3 TR B v A5 v R R AR e ik v, A3 2 A AT R A PR . 3 = 3 PR
F,=7/qZ FRYSEAREZEUL ¢ HBLE), BRI F, ER FET 3K H S
FINREEAN LI g, 15055 f5 T 45 Rk 2 3 Z .

Wa=(as...a0)p, b= (bs...bo)p, M4 a,bs3Hlxt T2 0

a(B) =) aB*, bB)=> bB"
k=0 k=0

a,b HFRB ¢ R T2 O(B) = 5° e BY, Horh

k=0

k=Y abj< ¥ B*<(s+1)-B? 0<k<2s
i+j=k i+j=k
FESMAL TR Gl HLERE BB 5 B = 204, S0 8 s 1
Wy 204 AR Fy IREINAZA ¢ > (s +1)B? ~ 2192 IXFERMREE ¢ LLK
R Fy RAES AR

N T DI AS ), AT DL HIRE 5 VA T B R, 18 B AL R B 3R
253 < go, 1,02 < 2%, HBITE Fy, i STHBERRL o - b mod g, 25 FIF A%
FEEL(S L ()L Z TR o b,

S FE e 3B A e TR, AU IRE L0 FRTHEFROHORE 7 S0
&

O(n(logn)(loglogn)).
KTAHRREE LR FET BRI 2005 20 [175] A [155].

b 1 LA PRl i SR 280, 2 R T FFT RSE R LU T
P TS DFT, 41 NTT(Number theoretic transform), WFT(Winograd Fourier
Transform) Al PFT(Polynomial Fourier Transform)%s, 5XF FFT, NTT, WET Fl
PFT HEE4I 23152 3 Nussbaumer[36] BEHHPEA [37].



£ Ell)

FHOHE (Primality Test) & —MIOR T 70 LA, HIOGERIR AR (1) 1] 7. )5
—ANEBEGE R R, BONANRIANE R HEA R E X, MR E
TRBR, G R AR 10 1E, IS BERAE JCEE G2 T . R4l Mertens € #L(Z W, [120]),
AU S R 76 %A AR /T 100 I E P, o] DL R a1 LI 5 VA
TR AEARE D, AT N RFIREHE 1) H bREL.

FHECHEEG ) PR 740 ik, FRABCHE — H DR B A 5 25 5 I e) @ 2002 4
—ALENEETFEMLIRE K Agrawal, Kayal, Saxenal[19] $%3] T 2 B0H & 1) 2 WU
(R AKS 59%), R E 2% 0 O(In'2 N). AKS Sk #ig LA mEr
LS, AN ST I 3 T 2 P R R I L S e R 2R R W O KB
K, — I PERT, #10 Lehmer N — 1 &5, Lucas N + 1 &G0, A% 5 2k 25 EUE
W (ECPP)S54E, 4mih &5 B0 “R 80 I, e ORUERAS I — e h 315 oK
k1Y), W Rabin-Miller £, Baillie-PSW AS 5555, 44 Hi &5 W « 2 50 1,
AL — 5 ) vy Ak 2 O A I 110 3 . ANk AR 23 M A N — 2 LA s P A 0 R
(CED

APRCL J5 ¥4 Fermat 28 %Y ¥ #8322 F 2] 4 [ Bk b, 5% 2% 1 Adleman,
Pomerance, Rumely|[15] $&tHi, 54 Cohen, Lenstra[57] Ik, I [A) 52 2% 8 0 “ix
7 2 1 O((In N)elmnn Ny b ¢ Shy— A8 5. W [ il 4 2% 3000 W 0 4 e
Goldwasser, Kilian[75] #&H, J5£ Atikin, Morain[20] SCEFISEIE, P34 I [H) 52 4%
FEIRE T O(In® N). X W7k S mioh B s B b e b wf e YEAS I i, 9f
TEB RS S U BN . ST IRAT B 1, AR K 2 kA 4HIX P 7
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2.1 FERMAT A& -19-

%, FEATT S B SCHR [50].

ﬁ%%iﬁ%ﬂ%ﬁﬁiﬁz%ﬂ%m@ﬁ%ﬁ‘@ﬁ?ﬂﬂ(Compositeness Test), XTIk
e i DUAT S5 S AOA E HOKR, AT w] RS — S O E O = thatie v, I3
JHERNE — AN EO S BUR R HERTCIR K, 1T R, BICIEANE 5 AR
£ 2% H (Pseudoprimes).

[5] 52 A  f E ) AF B M S ARE R B A R (1 4n [10], [0]). AR
SRR [147], [DO) M [R]. Bl LS 5 1+ AR Sy 1 1) [15] KIS
25/ T TR AR 9SSR

2.1 Fermat &N

JLF- T A 38 ORI (K AR B AT 2 38 44 1K) Fermat /N E B, BIEE p 304K,
(a,p) =1, M
a?'=1 (mod p).

FT AT T A5 21 e i B0 (R RN S0 — Fermat 45 PEAS .

Hi£2.1 (Fermat /g #AE A G YR,
R a, W (a,N) =1 H a1 £ 1 (mod N), M N AHH, 750
il N ATEEN AL

EX2.1 (Fermat thZ50). W2 a1 =1 (mod N) FIEE N B h—ACF T3
a)ft) Fermat th %44

7E 25 x 107 BLR, A 21853 M4 T3 a = 2 ) Fermat th % 50(5% [149]), W
R FIATIHN o = 3 MASIILE, R BORIEF T 4709 4, X T a =2,3,5 H
2552 N, a = 2,3,5,74 1770 /.

iz ] Fermat #3001 G 82l Bl 71 5% a? mod N. R¥ia 5H R HE5
W41, 4.2, WTLUE Fermat Rl 65775 5 4% B A 50745 1.5log N - M(N)(F
M(N) FoRFeiFiz SR A %), Cah Z A 5L T, 1A Montgomery £
L 4.3 v LLRE gE— 20 P

Camichael # /& F KL Fermat 05 2805458 “wr 27 1 — 2844

7E X2.2 (Camichael £0). WARAGH N, MAEZWHL (o, N) = 1 [FEH o #AH
a1 =1 (mod N), WFK N & Camichael 4.



20- F_F AR

W2 U, Camichael UHKG 23 & Fermat A7 K U 9 2 #17. f /M) Camichael
B F 2 561 = 3- 11+ 17. £F 25 x 10° LU F—4E47 2163 4~ Camichael $%, ‘&It
X4k a = 2,3,5,7 If] Fermat th R EULE ARG Z IR, RGN 72, 3,5, 7
HIRF, N {#A] L& Camichael #0110 JF Fermat £5 2 %1

2.2  Euler #:0
Euler £MlIZET Euler 1 R FlRx w2, BT p AR, (a,p) =1, N

alP=1/2 = (Z) (mod p).

Horp (%) #& Legendre 5.

H3%2.2 (Euler FINIER G HEAN).
W N AHTH, AR a, W2 (a,N) = 1:
1 W aV=D/2 £ 41 (mod N), M N &%
2. W o(N-D/2 = £1 (mod N) H. a(N-1 /2§_£(£) (mod N), W N h&
4.
3. W oN-D/2 = (&) (mod N), Nt N W ek 4L

ENX2.3 (Euler th#40). WRAH N, (a,N) =1, i a¥~Y/2 = (&) (mod N),
MFK N k(T2 a 1) Euler Th 244

EX2.4 (R BN HEGH N -1=d-2°, d JHH N GG TH a
) s Oh 22 2, Wik
ad=1 (mod N)

WA TR r(0<r<s—-1)H
a?? = -1 (mod N).

E16. SOy B E SO LUXHEE Y 5 N 8, U

N-1 _

a )(ad + 1)(a2d +1)(a* + 1)--- (a2871d +1)

(af
0 (mod N).



2.3 LEHMER N — 1 & #m| 21

X T Euler £ 25 5055 08 Z 3035 AR 4 BB Fermat 08 250000, ol 2
i, HENR A EE o 2952, &R LUK S BRI Z 50 Tk, 25 x 107 DLF
13 AR kL 2, 3, 5 (3Rt 2%

ELT. [145]) UEHH T, Euler Th 2 500 8 /2 il 25 48

2.3 Lehmer N — 1 B&
HEHE N PR e, T N + 1 B @R R SEE]. X— R rEE
RMHT N — 1 R 120

EHE2.1 (Fermat /Mg HLY E B, Lehmer). A EBF 4B N -1 = ¢ - g
Rt a K
aN-1/4 #1 (mod N), Vi=1,2,...,n,

a¥"1=1 (mod N). (2.1)
W N R4

PEB . MRALTE 4 R IR My = (Z/NZ)* f )8 KE, SAMRET o 4 My 1)
— NN —-1ITE, M |My| = ¢(N)(¢ A Euler %), NI o(N) > N -1, X
AARIE T N =5 O
E18. IXAZ (a, N) = 1 FI4&AF, 2ROy CSgaRmEX 2.1) 21 T.

T4k My A SC(HEE G HRAE N 1 — A U 43) # A TR e R
H e & A R e M 77k, — AL SO W R N A FE S, Wi A R
P )42 ) Lehmer N — 1 A0 P54 441 a, BY My 16— AN EROTIE? F7 4%
AR LR

1 R (8) = 110 a, AR T F RS o
9. BN g TFEVKAI, BRY q; BN, SRIBCHG AT REE R

TEIR2.2 (Selfridge MIZHEAE) ). 4ok Vg;, Ja; A7

alN DG 2 q (mod N)

N N A&



.22. F_F AR

EY. Ba; BEN B g, WL ERT ARy f A2 Hory | N =1, M
¢ |rj= N —1]@(N)= o(N)=N - 1. 0

E19. EATER My (A BOTR K IIRHEARR AT, O BATA B R — A>3t
I (1 a K.

EIE2.3 (Pepin ©H). K F, =22" +1 4 Fermat F# (n>1). W F, HEHKEH
2%

277.71

32 =—-1 (mod F,)
JERH. FHERE 2.1 Bl HFErEEZsl 3 0k 12n £ 5 B 5000 - UCIRR) 4. O

E20. IR IR AN T, 48 1963 4F [160] WEW] T Fia(f5 4933 NHkhIer) 2 &4 R’
EAHIAE A LA TG AT A — AN R 7

R IT)E B FRATT T DA AN DL 5 Ao i N — 1 (R,
EH2.4 (Lehmer EFLWERA). - N—-1=RF, (RLF)=1HBR<F, A%
Aot F=1]dq  FH attiF
Jj=1
a(N_l)/qf;—él (mod N), Vi=1,2,....n

H
o 1=1 (mod N),

N N AFEH.
PE. W p AREL, p | N, Wa B p 2 d, WIHSAATA 4| N -1, TEdJ(NT;l. M
mvy, d| 1] «, TEdJ(R-qu_IHqiﬂi. [ &)

= i

=1
¢ |d=F|d=F|p-1=F<VN.

FJE! O

EXE2.5 (Proth EE). X N =h-2"+1, £ h A4, 2" > h. WwRAEE o 1247
aN"D/2=_1 (mod N).
N N A&

BB, fEE B 2.4 A F = 2" BIfF. .



2.4 LUCAS #h&#m5E N 4+ 1 A4 -23-

2.4 Lucas hAZ=EaN5 N + 1 BU4EM

IR N — 1 WA, X IR W MR R ) N 4+ 1 B
Mgy N — 1 BRI, AN ZRE Fermat /NE PN Z _EHE) 21 00
ARACHEEIR 125, BARUIBELI oV~ — 1 (W2 PTIE Lucas J¥F1 Unir.

W D hIE IR, il O Jh k38 Q(vD) ARKECEEETR, FA 13 (3 W, (0],
P139)*4 D = 2,3 (mod 4) i,

O ={m+nVD|m,n € Z},
MY D=1 (mod 4) i,
0= {m—i_;\/ﬁlm,neZ,mEn (mod 2)}

16 O ] AR s b e AR M-S, R a = b (mod M), fa—bJET M
75O FAERMBA. id a b o 78 O FIILYE, Bl r + sv/D = r — sv/D, WHE O F
FATAH U T Fermat /N EF L.

'3
D
a %() =1
al = o (l];) (mod p).
a &H|—)=-1
p
B, W20 =r+sVD, r,s € Z, Wi Z ER Fermat /NEF, — 3@ T & Euler
U AR E B
20 = (2a)’ = (r + sVD)P =17 + (sVD)?
=r+ st%l VD
D
=r+ s() VD (mod p).
p
M3 T 22 4518 O

ERL 2.6 P FWBARLUEE, T AR A ER 2.6 g, ATIIA
Lucas JPH R, Lucas JFA1SEFr & —J8 M 5L i — i 4 77 41).

ENX2.5 (Lucas J7H). % P,Q € Z, Ff1E T FE N2 — PA+Q = 0 IR A a, b. W
P, Q XN Lucas 541 X
a’ — b

U, = , V,=a" 4+ 0"
a—>




.24. F_F AR

E21. HAFIE T RER N AR R, FIE (UL}, {Va} B0 Z P51

51382.1. L F R AN 2.5, &EH M #HZ (QD,M) =1, M a,b,a — b 3¥H#E M T
#. FHUL,=0 (mod M) % HAXE (ab~)* =1 (mod M).

PER. H(Q, M) =151 QH M n[ifi, fjab=Q, Hab-Q ' =1 (mod M), Mifi
a, b R M . X a—b=+/D, i DYM) =1 (mod M), "4 (a — b)**N) =1
(mod M), M a — b A M ],

BT a—b# M i, Uy = (a —b)"'(a® — ) (mod M), M

Uy=0 (mod M) <= a*=b" (mod M) <= (ab™})*=1 (mod M).
S| FRAGHIE. O
EH2.7. & p AF K, HR(2QD,p) =1, it e = (D), WA Uy =0 (mod p).

JER. A (%) =1, Wi 2.6 WM aP~ =P~ =1 (mod p), I\l (ab~ )P~ =1
(mod p), H5I2E 2.1 %1 Up—1 =0 (mod p).

1 (%) = —1, WE B 2.6 W40 aPT! = aa = ab (mod p), [FIH P = ba
(mod p), MM (ab= 1P =1 (mod p), HFIHE 2.1 %1 Uprq = 0 (mod p), Xk 5E
T UER. O

Hy T AR 2 PEERATT E SR 345 2 Lucas DA R AT

ENX2.6 (Lucas th#EH). ¥ N NATEHL, #7474F Lucas J¥H {U,} ifF e = (§) #
0 HUyx_-=0 (mod N), WFK N 4 Lucas th =%k

IEWBATIAE Fermat f: AT Euler #6007 21, — MR B NAE
EPEREIN A, AT B AT B3 £ Lucas O 28 Bkl 53,

H7%£2.3 (Lucas th =20k ).
LM Lucas [PHZ40 P, Q, fiif3 e = (%) #0. % Uny_- 0 (mod N) NI%iH
N AEE S5 N e =4

222, T RIEIIA R, FATT LUPER N RN Lucas 5 HON Fermat £ 3
A (s Py O Ml BEE R AR, ZAEAI A S WA T Baillie-PSW ARl 592 2.6
.



2.4 LUCAS #h&#m5E N 4+ 1 A4 -25-

FATCLAFE) T Lucas Ph s B PERLI, A1 N — 1 RUEISREL, JeA 1k rewg
ITHPEMWIE. AERXH, AN — 102 N + 190, 3010 LUE 20K
(e B 5 e PR 2.1 2 2 A “TBAL.

n

EIE2.8 (Lucas fill). #AHZRF oM N+1=]] qu, EH Lucas 73 {U,},
j=1

1% (2QD,N) =1, i#HE

(U(N+1)/Qj7N):1a vj:1a2a"'7n

Uns1 =0 (mod N),
W N AFEHK.

B, Wph N —ANERET, %k BN IEERAER (ab™1)F =1 (mod p). H
FMM Uni1 =0 (mod p), Uniaysg, 20 (mod p), NTIARSESIBE 2.1 41k | N+1,
kt(N+1)/q;, Vi, Nl k = N + 1. {HARYE & K/ E, g 2.7 WA k| g+ 1
Hk|lqg—1. il g=N, N hx=%. O

5 N — 1 BRI sg e eNa T A2 LR 4728,

EIE2.9 (Lucas MBI EIRA). # N+1=RF, (R,F)=1HBR<F, HZH
FoamF=1]] qjj. EH {Ux} A Lucas F3], (2QD,N) =1, i# 2
j=1

(U(N—I—l)/qij):la \V/]:L,TL

Uns1 =0 (mod N).
W N R4

7£23. Lucas il 1) — MEFAAE T Lucas 741 o] DU L s PR o5 %

U, Vi
A, = | Vet Ve
U Vg
iES) .
P —Q P —Q
Ay = Apr == Ap.
1 1 0

AT LU DR TR 1) 7 74E O (log k) 0 58 U 81 ) 15



26- F_F AR

E24. FIRFET N 4+ 1 4R S5 Mersenne 2527 — 1 JUH A, Rt gl 2%
# GIMPS! (Great Internet Mersenne Prime Search) >R, H a4 1k £ 40 1 %
K] Mersenne 2 %02 GIMPS vHEI7E 2008 4= 8 H 23 HAKEIHIEE 45 4~ Mersenne
2 0 12978189 AT HERIAL. AR AL, 2009 4F 4 H 12 HIKBIHER 47 4
Mersenne & EZLLE 45 DRI/,

EI2.10 (4 Mersenne % 1) Lucas-Lehmer ). & n A, vo = 4, v, =
iy — 2. M M, =2"— 1 h&HE AR

Up—2 =0 (mod M,).

AR, R R R T B 2.8 ARIMAT AT — 2B EOR B DO, X B A A
T BRI AW Lehmer £E 1930 HUEW] [113]. 5340 J. W. Bruce 71 1993 fE45H T
—/NREE 2 GUR “erival” fRUEI [17]. ]

2.5 RN TTIE

ST AT R (10 R AR A I U5 V. Knuth[105] SRR PR 8 1 1
Sk o5 U SR A MR U, BN U e R 0 K R BT T A R 1
A, JATH T EALEE T Foh £ T — 0. 7B ) SR AR JA 16 A% SE i ) &g
P A BE ) BT A EC A 2R MRS AR ? MR PSR R L 1 Solovay,
Strassen[164] T 1974 4E4& i, Rabin-Miller 1433t 77724 Mathematica {4 T %
M. Baillie-PSW A6 M £545 7 AR BE R PERIN 53, H v Lk 87 $R 21 R
[t I H G UER PRI 1015 LUR (R B A8 2 IE A .

2.5.1 Solovay-Strassen &l

H7%2.4 (Solovay-Strassen £ ll).

1. BEHVERHE 1 < a < N M85 a;

2. 4 (a,N) =1 H (%) = a™=D/2 (mod N), Wfirth N b ZH, 0% H N
FIREA A HL

"http://www.mersenne.org/


http://www.mersenne.org/

2.5 AEE ML T ik 27

EIE2.11. Hik 2. TAPAT B R, S h4RGBE A 0(5 N HFHAT )R 275 (4
N Ao%n)
B HURUEWY N AL (a,N) = 10, (&) = a™D/2 (mod N) [fIERAE
i g BT

G = {a—i—NZ | a€Z, (a,N)=1a"N"1/2= <]c\z[> (mod N)}

WG < My, B HFFEY] G # My Bia].

WA N BE AN HLRKARE LA T v, s, BATIEW A Va 2 (a, N) =
1 #4512 =1 = (&) (mod N)(Hi Jacobi 55 i P J5UAE 413X S A AT BEH).
AR, AP EFE R CHEEB WL D =1 (modr) H b = a (mod s). NUH
bIN=D/2 =1 (mod r) H 6(V-D/2 = 1 (mod s), Mix5 bV-"1/2 = +£1 (mod N)
e JE !

R N = p° HFER, W Va L (o, N) = 1#47 a” ' =1 (mod p°), fH
BEuler s FEAM1E p¢~1(p — 1) | p© — 1. MIXEAATRER. O

2.5.2 Rabin-Miller ;0

Solovay-Strassen £ I K| T Euler £ 25 20“H A 27 v, AF I BEHLE H
(R)HE a 22 OCEE S0 T 45 th e ) 238 1R 2= P AR I 5 SR R 1 ARV Al mT DAt T
SRE R A Lucas h 314k, #7012 2 44 1€ Rabin-Miller £33, 5 2 W4 iz H 3]
Baillie-PSW £l .

Rabin-Miller £l 7] LA S ATIE: 16 o BATE R — A Bdtb.

®3%2.5 (Rabin-Miller 3£ ZE0).
WN-—1=d-2°

L BEHLERSGHAZ 1 <a < N L o;

2. K5

S.
ad, a2d, a4d, .. a? d

A B kPINAT

(a) k=1Ha%=1 (mod N), Hith N nRe R EE;
(b) k>1Ha? "= -1 (mod N), Bl N WREHES;
(c) k> s, fth N hE%



28. F_F AR

7225. Rabin[146] UEBH T 5% 2.5 TH ki, 45 HIEFAIRER KT 1 — 478,

226, fFTHANE o (1) Rabin-Miller #50 v] BE2x bt VF 248 o TSROV 2L, Ktk
Sz B TP IR T 4 P 22 5519 Rabin-Miller K. 451 4n 48 F AT 7 AN 504 i 22 3
Rabin-Miller J3X, o] LARUESFIELE 341550071728321 ~ 3.4 x 10™ DL N #2455
(%, 1 ELIX AN FH AT 8 AN EUSE M Rabin-Miller JUAR T 34T Bt

2.5.3 Baillie-PSW #&37

HoE Al 22 5511 Rabin-Miller AT GEAF AN 21 4F (1) 255 Baillie[23] #4504 2
[*) Rabin-Miller £l 5 Lucas O 22 HOkr il 45 5k, 15 21 56 4 A4 801 2= Foka I o7
%. Pomerance, Selfridge, Wagstaff 7& [145] HX%f /N T 25 x 107 [EIAE T 55 M
IE#AYE. )X Pomerance[144] 5 6 T 7870 Kf¥) N, €17 Baillie-PSW A5 I 1]
S, I HLEL 30 36 08 Bt — AN SR ) S 9 (J5 R 3G hn 21 620 36 c), Aid
S A A AT 3, I AT L5 AN VAR B — A Rl an Rk HR B (1) 1%, 20154
10000 NI BE (S [121]).

N IEFRATIERS H Baillie-PSW Al

B5%£2.6 (Baillie-PSW K ill).
L ATH/N RO N, HREERR, fl N oS

2. M%) 2 (1 Rabin-Miller s {h 5 Bkl 2.5, 5 N ARsm Py 2%, St N 4
aHL.
3. WRELU N R EZ — 15 Lucas FPAIMSH P, Q:

o (Selfridge )L D Jy 5, —7,9, —11,13, ... H{fifd (B) = -1 fsE—4
#, iﬁ%le,Q:%;

o (Baillie 2230 D K 5,9,13,17,21,... i (B) = —1 15— 4,
HeiE Py > VD IS, Q = B2,

4. M P, Q WZHUH Lucas th R EAGN L% 2.3, 4 N AIF Lucas th 3 4L, fivth
N a5, S N TR 8. AL 4.5 80l N 25 sE a1 U AL

227 T D = P? —4Q?%, R 8 4 4 1 % Selfridge 877 ¥ rh AE
—3RMNY D =-3MHP=0Q=1, K" E{1,1,0,-1,-1,0} AFEH I



2.5 AEE ML T ik -29.

FUI) Lucas 551, K 1345 28 & OB T P,Q 19 Lucas By 2%, 3151
LR,

7298, SR R AT A () 8900 1, W N AT A se AT
J78e, BRI FIEEE 4.5 6 N AT PR AR LA T, N AR T B
MBS R D IR, YA B A (2) = 0, WA N AL,
T P L

720 23 WEWI T, 7E =beh, BEROFRIE 4B D T2 BN T 2.



EHE T 5

FOR T2 HCH e R, TR 20 il (10 S B B IR IE BB A PR 1. A7 0 il
BAAEATRL T ZBCAE M 2 B, XM T RSA ARG L LR
Bt (L. 56T A I L R M P A 2K, AR FRAT A T 20 P T, i e e LS S
I8 HAREER AN A B, AR ATREAE 2 T AR KT T 5 B0H e 135
— RHAIIT.

DR 790 A 00 T35 93 R — R VR RV SR T3 3 P DRI, 3 U 7 - S0 B X A i)
IR N = 27 — DA IR S, R AR B A 2R ik, P22l
TR R, AR IR AR B2

PAVEA T P B TR 07k, LR N Rosf o it H s

M. DA T 8 BAT RIS O AN G ACE B A F R (B 4 [10], [6]). A
MEZESH A [50], [175]. BE B USH TN I3 0G5 M [15] KAAbSE
2%/ VSR T TR AR SR SR,

3.1 iRXkE

o1 RO I 2 K1 43 iR, 1 BRVE (Trial Division) #2156 2 HEAT 12 2R,
FEAR AR PR SRS AT PREAS ] )8 5

o JHALHE RIS AR AEAA KR SR BN 1. A7 T3 m] DU K, Eedn

HI A RS, SRR BERIRIA ISR 2k — 1, 2k AoRAAK 6k £ 12BN

30



3.2 EUCLID &% -31-

o ANFE T OB A (B R Ak A7 T AT 7 B2 ZR A 7, TN 28— MR A il 3 AU 1
FERe, B T 2, 3 BLA 6k + 1 B EEECRAE AR A 1.

RARER A — AN EEBEAT /N T RO, BIRIARYE Mertens 32 #L(Z UL [120]), #F
B AT = LU (1

a 1. 27

P:H(l—];)w e T — +00.
p=>3

AT LLKIIE 76% K77 £0CHR AT /T 100 12 R, AT /T 108 PR 1R A B L 451 4

H6.1% (W ZE [147]). BULAE R ZEE O, BRI S ke 2 2y, St

ST 5 A TR L.

3.2 Euclid E£
Euclid 83 H T A4 AR i, A IS &t/ T 100 = H2 M

Do = H p = 2305567963945518424753102147331756070.

2<p<97
pAFEH

RIRE po 5 HAREL N BE4T Euclid H3%, &5 58 po 5 N WK AN T, 4805
i 2x D7 AT AR 2UAE 100 BN IR 7 20 i 7. AR R ATISE oF S 100 21 200,
200 2 300 I RBORM p1, po 5. AT LR WEREAN — S, 4 N AR K
I, AZNAE B RS BE S AKIEAT N BR LA p AOERAE, DRI Bk 2+ 0 FERT, 1
Euclid J5iA& ] LA TARAD B, FHAENLEAE L b 58 it 22 (K 70 i, SR

3.3 Pollard p — 1 A%

Pollard p — 1 J7% 1 Pollard[141] T 1974 442, HALARISEIXFEM): W2
¥ p| N, H Fermat /NEB, XA p|aP™' =1, I (P~ — 1, N) BEATHESE N (1
=R UBEF. S8R, TR EAANE p 2> — NGRS p— 1
R F AR/, e, p — 1 A =R FESU S AER 55 FB = {p1,p2, .. .om}
L RATRSEAHF LB —A o = [[ o 6B Etp— 1, WRY p— 1] ¢, AT

=1
aP~t — 1| a®— 1, REIRATATLUELTT R (a¢ — 1, N) KA BT Z R FLEF. 41
WRRRET LEN B, ] LRI c = B! Be i/ hA R4 LCM{1,2,. .., B}.
FH% H Pollard p — 1 J7 kI —AN A



.39. FBZF EHATHM

®3%3.1 (Pollard p — 1 J5i%).

L WHERN RN ERA B, £ B LUNRTEQ pi B0 NI =8N 72 3%
{pi}, b p; KA p; 103K, B2 2, 8,2, 5,7, 2,3, 11, 13, 2...

2. FEALELEIEAEEL o, MK

bl a
bit1=b" (mod N) i=1,2,...

3. MR AE(BIEES n k20 REON) (b, — 1, N), # (bn — 1, N) > 1, WG
= N BT BWGREESS 2 0 e

230, i TEUNREAE p— 1 T B RO fEl R, FB RN R (B 2,

T LCM{1,2,...,B}.)

231 FEMA I G, MATREIL (b, — 1, N) = N, BIJTAT N 692 7 460 i
BUAET by — 1 227, I ] LUTE 7 SR 0 TR 5 O WL A o AT A

E232. P Williams p+ 1 J77EH T p+ 1 RN, 2 441 Lucas
JEAVAR T IX B a TR, VLBt Z/pZ (V) (¢ h p I IR AER 40) A% T FFeik
# Z/pZ*. NIt Pollard p — 1 J7¥55 Williams p + 1 J57 75195 R 45 22 506
) Lehmer N — 1 G5 Lucas N + 1 BSOS R —FE. HAKWZF [180].

£33, SZER B ML 106 A4
7£34. Pollard p — 1 JF VAW 28 B Ky O(NV/A4+e), o e h—ANIEH(Z L
[175]).

3.4 Pollard p A%

H AT LT B S FH B 90 i 7 140 2 2 1k i Sk, H bR 2 3B RETHR. o 5
%, AE (2, N) > 1 IR R (M d5 KA PR n] DUR SRV, BT Pollard
p— 1 —, FHEPEE 2T Pollard p J it AN A1

Pollard p J5i%H Pollard[142] E 1975 “E4& i, &k A — MA@ 352 AL
UKL e/p DR (e R —DHE), WA IR R Z A0 X SE R rh 4R 31 P AN 2 A p



3.4 POLLARD p 7 ik -33-

[RIAR . SR AT LR A (R AR i 413 51
ziv1 = f(x;) (mod N)

Sk At BE LKL, o f B Z/NZ — Z/NZ. %% p & N #— 3, Hiks)
z; = z; (mod p), WITHE (z; — 2y, N) HATRER ] N 1 — DR LT

Ts
x4 O/VO

/N
T3 = xg/o\ /

X9 r
r1 ©O

Ts
K] 3.1: Pollard p J5i%

H Z/pZ WA FRYE, i b5E SO — B s HE e 21 {a; } AR p i SON 8 2 i
LRI (A8, B B LB R EE p). WHIF LA KB m, 153
WKEN 1 F AW Floyd BEv LUE m + 1 2 W s B e 51 v i A~ E 0
5, I H R B i 47 2% ).

B3%3.2 (Floyd).

2. FHHSE, Wk, 4RSS 125,

ke s, HTFEHWERE WL m <i <m+1 H xoy =z BT 29 = 2
ST, B R (my m+ 1) 1 AR AT SRR A BRI {2},
R R 20T @, 205 FFBHEV 2401 = f(23), o1y = F(f (22:)). O

SRR f A

zi1 =27 +a (mod N),



.34. FBZF EHATHM

T IR A 51— 5 T e g 2 8 IO BEATLYE, 55— T Tl v BB R tha AR g i

¥3%3.3 (Pollard p).

1. FEHLIER o 5 2.
2. RV 241 = 22 + @ mod N.

3. i

n

Qn = H(.’L‘Ql — IL‘z) mod N.
i=1
4. BERE—BUN TR (1 k= 20), 850 (Qnk, N), & AP LR L, 50482

2.

E35. 2 N BRI, MEEAS ¢ #EERW (20 — 2, N) PIRESFE RN A], P4 TK
T B b5 HOEMR 3 N R LT, v RLEE T Q,,, 8 A (Qui, N) K
R = R €

/2£36. 1[A] Pollard p — 1 7%, Wl g LT E kR KA K F (Qn, N) = N,
XIS AT A W (B R & BRTIECAE a EHTHEAT U5

E37. Pollard p LI AR A E K O(NYVA ) (S L [175]). S2br b5 2% FE H
T N /N ER T P~(N), fE5 8 N F/NRF LA 3

7£38. 1980 4, Brent[39] 451 T Pollard p J7ik i —ANekdk, 760 f 35t , 1% )5
RS N 24%. XASEHERE G Floyd 5T 3.2 11, A AE Floyd ik,
FAEREREH 9, 24, 26, - - 25, Brent F 41 F ok, T mEE VA, HALGERIFE
AR R EE TR, IF H R EEEEO A ).

H7%3.4 (Brent fust).
1 2j=2i=1,4 z; = x;, WEIEL .
2. BRI, j=2k &i=j KikSj=32141 321492 ... okt+l

PN S 2; = a7, FHIENEEL L

FookegA SO, R EVEL R 5 — 0 B UGE  FTE IE R, ERSAVR 3.2 1
TS AE AT 4. O



3.5 7 A& 5 (SQUFOF) -35-

3.5 FEAHESE(SQUFOF)

07 Ty i (SQUare FOrm Factorization) & B Shanks 78 K2y = 11 & & 1
ik, AEAR AR AT 1E R 0 (B 0 [79)). R SQUFOF 5%k O(NY/4+e)
AR EL( R A4 CFRAC, ECM, QS 548 & IRFEE 1), {H
AT B SR — i EE T RS, (0 se I (B 2 T AERh S 1A 9%
ESEB), I HAE 1010 £ 1018 5 A A EOM R AT R S S D).

SQUFOF T3¢ — YIREG M 1) 43T, Al 101X LA AT A R, s 5 iF
W, BT 2 [79]:

&3%3.5 (SQUFOF).
w N AP, RS, MR N R — AN R L T

1. %P =|VN|,Q=1,Q =N - P2

2. RTHHE b; = L%J, P, =b;Q; — Pi_1, Qit1 = Qi—1 + bi(Pi_1 — By),
HE Qr M2V (i=1,2,..))

N — 17 72
3. W by = [%J7P0=b0@+3‘—1, Qo = VQr, Ql:NQfO'

4. BEEDHRIVEE, 5HE Py = B, Wl (N, P).

3.6 ESANTIE(CFRAC)

%4y X7 (Continued FRACtion) & H Morrison, Brillhart[128] - 1975 42
W, AT iE H 7 R S gy iR T Fermat 2 By, B LA K Z SR EAHIN IR
I (QS) LA R BUE T (NFS) # AL T N — My F g sz )

22=9? (mod N), Haz#y (modN).

W (N, z £ y) Bt N B DAERF LT
MR, TR 2,y AREREEE R, CFRAC Jiik 2 iE — 41 4

xy = (—1)%kpith ... pfmk (mod N), (3.1)

Horp p; ZRR 75 FB /N2 i SRR 30E 0% 22 X 14 [R) 42 =X (1 A~ 44
n>m-+ 1), WAFH I8 Fo L1 Gauss ¥4 7oik, W LARBIA G REL e € Fo A



73
ek(€ok, €1ky - - -y emr) = (0,0,...,0) (mod 2).
k=1
AT
1 n
(UO,..., 52 eOkaelk‘a"'aemk))
k=1
EAiRPaEe
1=1
A AT T 2210

22 =9* (mod N).

U R X 4 2 A A e ? ﬁ&ﬂ]iﬂ 8 5y R 73 e sUnT LU 1) — I B AL
VEN(K e N)GFiA7 G, 3 0 iﬂ/ﬁ\ﬁu/\iﬁ, MAat =P -~ KNQ* [f
LR HARAN, IR ¢ ARV BEAER 75 FB R0, RN P2 =t (mod N), flifER
FFAIPIAE M R AR (3.1) .

®3%3.6 (CFRAC Jii%).
1 EFRIE AN K e NCEHIUY 1, 253 5 20 28 IR /N T6 17 A2 2 9% 1)

FRKNIESE T A K), & FB = {p1,p2, ... Dm}, 13 <KN> £ 1§ =

7

1,....,m.
2. W41 VEN WA, B8 RANELIS g’f.
3. Wty = P2 — KNQ}, ¥3X4E FB T2 b, (5M 8, 45 5 RsIA

2 )€ok Hp

4. MR EEZHIRREMN(n > m+ 1 BIA), H Fo £ Gauss 1H ik 2
(3.2) F111) z,y.

5. 47 x # £y (mod N), firth N BAEF ;L (N, z £ y).

239, T (P, Qr) = 1, BIEAT pi | tp = P2 — KNQ}, % pif Qp, BIIL KN i
B AR p T4 MO — 25 hmT LR R B e 45 =40 .



3.7 LENSTRA # [ # £k 7 i% (ECM) 37

E40. TR T DU R DU 5, Gauss W 76i% 0] DA — S84 B B

& SRR, Rtk CFRAC A8 18] 1380 7 ¢y, Wil L, 900t A8 22

/N TN AT NI= 2 o 2 01 (152 N M 1 PSS W

E41. CFRAC JrikMI MR AN L[, v2](WL [175]), Herbh LAd 5w X
Ly[o, ¢ = O (exp ((¢ + o(1))(In N)O‘(InlnN)lfo‘)) )

EA2. FERFARI (3.1) REAT AR IIATE E 58K H Dixon[68], At 41 22 H

BB MIE I 2, SRJGTE FB RO o2, SRR RN Ly(s,2v2], WS4
ORI (0 — R A il T3 k.

3.7 Lenstra f§E #4775 (ECM)

DR i B & 4R o, A4S (2, V) AP L, DGR T35 4R 1 & 1
. Pollard p — 1 FiEE M aP~1 — 1 KRB E I, 52 LR Z/pZ*
W% A Lenstra[l19] 4 t BUM 1 # £k 77 V% (Elliptic Curve Method ) #% M 7E47
B 3581 AL 110 A (52 fhh 28 70 b 5 1 pm) . bR AN (B 2 T DA VR 2 AN TR IR O
ECMJj %2t Pollard p — 1 s RUVFZ, B H AT k2 58 =PRI B 5~ 70 772, AL
T RO IR T

T AETATIES IR R i e e
EX3.1 (8 F ERRGIRE L), % F 2REAR 2, 3 (NI, 2% + az + b € Flz] &
FITAT, O FoRJogiac si, W)

E={(z,y) e F*|y? = 2>+ ax + b} U{O}
RN F B2 2.

Z43. 23 + ax + b VI FEEN T 5150 —16(4a® + 276%) £ 0, B fih 2k 2
750, B LR B <R m.

AV 152 2 W 2 A QB e SR — A it

EX3.2 (Ml 2k Lrynikiess). 8 By Wik, P,Q € E, i P,Q NHZ
RLE T/ AP,Q,S}. =S & S KT o WAL 5 SOk

P+Q=-S.

T =R IR E



.38- =% EHRTHM

1. # P =Q, WHZEMN P AT,
2. 77 P=—Q, MxEX P+ Q ANILFLA O;

e

3.

V=x-x+1

_al
Kl 3.2: Al fh 2k
HH S S I fi B () o S FRAT T AT A4S 3
3.1 (A EAEIR). & P = (v1,01), Q = (v2,12), P+ Q = (x3,y3), M

T3 =N — 1 — T2,
{ (3.3)

yz = Nax1 — x3) — 1.

A

Y1 — Y2

T1 — X2

322 +a
2y

44, T RLENE BB SO SEAE B SCA T — AN IINEAS S OV 455 PE SR IE
et S IR N AR

L TRTERATT G R T 4 L AR R £, RO T IR R AT Aok, BRATT T
B Z/NZ ERIRREINE. H1T 21 — xp 554 Z/NZ HhoR LI, ghi BT iy inikis

P #Q,

2P =Q.



3.7 LENSTRA # [ # £k 7 i% (ECM) -39

FAR W REE XUf, AR TR L, Bl oy — xo AT, JATC L AT LLE T
B (w1 — @2, N) RAFE] N (AR LA 7, I B SE MO I Hbs; 02 21 — o
A, D] AR 4 R SRR AT IS . DA X L RATTANFEAE T R
A R 5ok E X Z/NZ LRI T .

AR Pollard p — 1 SRABL A ARG I AEA 1 i £ .

EX3.3 (BEPLHTIE). BEn FROVE B-GH, B HE&EKENT PH(n) < B.

Pollard p — 1 J7EI S Ut & 44 p — 1 &8Ot Re/fE N+ FB R
I3, Al Pollard p — 1 J73kH ARVEZEL, ECM H E Se WA Hh 2 E B LI —
ROP, BATHE P B n 2 29000, AIiv] LAYE FB o0 fil, SR Ja i iyt
WITHE nPCAOSRIRATISC FEATNIE n), R E LR P LA T, k1§ N
(A

H7%£3.7 (Lenstra ECM).
BL(N,6) =1, B WG ENHL R, p1, ..., pm N B VNPT RAL

1. BENUEEIER o, B HHHER o2 = 23 + az + 1.

2. W P=(0,1), e, = |Iny, B, WX (3.3) ettt (H pi’“) P. #HitE
J5=i1l
AR I TG ¢, WBISE =20 B2 .

3. WH d=(t,N). WH d # N Wi d, F3kgak; il d = N WRZE P,

AR — F R B I, # Pollard p — 1 vk —#F, Fedl 175 240
EARIK Z/pZ ERE E BNy, F A PR3 5 i 28 5 32 22100 2 #H D) T Hasse,
HIREANEE E e p 224 (20 [50]):

EHE3.1 (Hasse). & E A—HRRIKRZ/pZ LW E ek, M |E|=p+1—ap, £F
lap| < 24/p.
NI E B T O TG I —AMEE (Z 0 [50)):
EIE3.2 (Canfield-Erdés-Pomerance). 2
U(z,y) =#{n <z| PT(z) <y},
#HF PH(z) ATz GRAEET, Fik
L(z) = exp (m) ,



40- FBZF EHATHM

| A A%+

Hb o HIEFH.

oL P AN 52 B R AT AT LA/ BN B 465 H, W EH p | N, i B =
L(p)e, M5 3.1 fl 3.2 4038 FHEHR L(p)2a oW & fli2k n] LIS 3]—ANH b Bk
VIR IR i 2, B30 3.7 VAL T IR L(p)otaa o) ANBRE S, HEIE S R,
LA @ = J5. Sl B (R0 PEROT I I  A2 BRI, 0 D 2 1)
B TR 1020 LUR, AT B = 12000(#E L(1020)1/v2).

i b TR T LU Y, ECM (I W S A BT N BN E B 7 P~ ()
MAE N ARG Y Lp- [, 1)), RIARE BLERBRIEA Pollard p 7732 J5 il ECM
AR BN T (10-20 A3 22 47).

ECM 5 808 R R P B e T RES ST Mg, I CHE I 2 B N (kg
L. FoATAEAS T B 4 tH Montgomery|[127] F— AN, 845 3R AT AE % 7 i o
2 MR I 2 0EAT SO IE 5

&;%3.8 (Montgomery).
Bay,...,ap ANEEH N BERRIIEA, AFIER ML by, ..., by G N
— AR LR

1. IBHETHE

¢ =a; (mod N),

¢ = ajaz (mod N),

¢y =ay---a (mod N).

2. AT —IXY R Buclid 5%k (u,v,d) W2 d = (ck, N), uck + vN = d.

o Hid=1, N a ¥WHWY, BIFE
o i d>1, WiKIHH (d,a1), (d,az),... HEI (d,a;) > 1, Hithl (d,a;) A N
FI—A B L 7.



3.8 ZRIHE(QS) 41

3. ILHEVHE b; I

by = uck—1 (mod N),

br—1 = (uag)cy—2 (mod N),

by = (uag ---a2) (mod N).

3.8 ZXI®ZE(QS)

IRV (Quadratic Seive) & Hl Pomerance[143] T 1982 fF4& H 1), E 2 1993
SEATIAR IR TH J L 20k i DA PR P KB B R 20 i, 28— B B SR B
I (NFS)FTHUR, A X1 120 47 DA T 488, — K 0idkid /2 2 L Aok it — 2L

3.8.1 BEAZIMNZIRHE(SPQS)

IEWIRATIE CFRAC JiiEh 42201, QS ikt B — A &L (3.1) , (HiE
bk G T y AR T FB N B3, T IE M AR AN AR B DL R R
SREMFER . W Qa) € Zla], 7 m | Q(a), WAMELAEXN TALE k € Z, B f
m | Qa+k-m). TREAKE]T —RINEEA T m, EFE—DNFHEMET QS
T3k R LA

BAT y = Q(a), A THHLEHEA 22 B N R, HRATGE/NUMERE FB T
o, ZREZIRZ A Q(a) = L)(|[VN]| +a)? = N, x = |[VN] +a, W 22 = Q(a)
(mod N) H Q(a) A O(NYZe) (B, 5 & BATHI LR, 12 KL I 2 1) 1 i
T FB il S EWMR B > p° MEE p LB RK e, HHRKMITFE 2 =N
(mod p®), FCARE (U SRA i 111 )

1 p=2e=1,2
n(p,e) =1 4 p=2-e2>3,

2 p>3.
It HA# A0 v AP SR A 6 T B AE — AR 2, 2 a0 = 2 — [VN], WA

P* | Qlag). 4 —MURXIE T(EFRAK), MAER Y ag Z p° AL
a €I, Q(a) #AR T pe. AT —sKEAEAFIX 8] T P AR JEHO M 1, 2450t e



49. FBZF EHATHM

fp Y eiltiTin ER)E, MR ER, WREIVEL T HE FB T e i 5
BT HPRKAPENYS CFRAC 15 FE5 7 58 A .

EAS. S RE R DI IE ARk, 25 p¢ | Q(a), WIXSIY. a BRI In p(iX
AT, e JE A A R I HE0E In Q(a), BIRTANE Q(a) 7E FB W 58450, It
Ak FR ) B e B T ST AAS IS ARG, SRR ZEAE 1 BL R BRI

7E46. fE—S R KRR T, A Canfield-Erdés-Pomerance [#) %€ ¥ 3.2, A LLAN
8 QS ME G 2R Ly(3,1], 5 ECM ZAZ. Hi FIRERZH, QS MigH
FfAf 2 SEER B ECM, BRAERAE P~ (V) BT IE.

3.8.2 ZAZMAXFEEMPQS)

MPQS &Xf Fik U —A ik 2 B SPQS J7vk ) — AN sk, A E 2
(1) =R 2 IR/ Q(a) WIAE, AN FB IR/ FHE R IX ] 1 E. % 8
Q(a) = Aa®+2Ba+ C A Z T (A > 0), L7 4 AQ(a) = (Aa+ B)? — (B% -
AC), BRI ATIEM R EE N | B2 — AC, % 2 = Aa + b, W] AQ(a) = 2? (mod N).
TATFE Q(a) RVTREM /N, WA RXAIWASE I| = 2M, HARMAE T 1) E
1 Qa) BT~ 8, et

B? — AC
A Y

|Q(=B/a)| =
H Q(a) 75 I LR KE S f/MEZ 2N

B B\ ..o ,B*-AC
Q<—+M>—Q<—A>_AM—2 1T

A

MIEE B2 — AC = N, H A#:E V2N /M. REEPE R B0 fE ] LA R gEA T

—_

CIEFEX A M.

\V)

| JEREBEE T V2N /M I A.

w

. Kkfi# B2 = N (mod A)(#I Wi Shanks 5% 12.2).
4. %4 C = (B?> - N)/A.
P2 R I D BT XX FE R I 22 A4S 2 TN AT 0, B 2819 22 0% 2 14 [
KRARHAT Fo L1 Gauss 1 76E.
E47. MPQS Bk FE A 5 FFAT IR



3.9  HIRJF & (NFS) 43

3.9 HUEIHE(NFS)

Ik 52 (Number Field Sieve) e B [118] 76 1993 4E$& H 14, 24 H w2 Stk
Eﬁ B PE7ofigJrids, SRS TR S 2% Bl Ly (4, o), Forb i 80 o AT AN Il 1) 7 51

L et TR e — s Tt BB R IR BRI 1 (SNFS)H ¢ = (32)3, X T
ﬂ&’;ﬁrﬂafﬁrz(GNFS)ﬁ c= (%) T 120 A7 LB EL, NFS 2 om0 i
Sk N TR ) o A KORSEE o g T H NEFSNet SR FH B 2 vk, |1 T4
R MBI, TFERZ S, T RIERATA R, BER 1L
BRSFE [50], [8] B AR SRR

"http://www.nfsnet.org/


http://www.nfsnet.org/

i
N
EE
\:)g_j
>
in
DH.

AR WHERECHE, 10 i CLAMOVE 2 JER B 505, AFa PodisR 5, T
UATIN, #EE 1 B5e K A R F-(GCD), Legendre-Jacobi-Kronecker £745, H[E % 42 &
P g AR 3 R — 28 e R B AR X e R B AN AT A B )R
WK, T BLAE THRAUARECR Gerh e A 3R SRR VR, i/ 22 At B 53 2 ) ) it
AT HCA.

I5e] 15 A B SR B A A BT AR BGe FOR (BN [10]), AR R ESHE N
[56] A1 [105].

4.1 REKRE
4.1.1 Z#HAFE

W G A—TIERE, n € Z(G W Ui, WINBRE n e N), i g € G 11
TR g™ SRAEVENARBR G P 2 B iE H L2 G = Z/NZ 1), itk
PO BT SRR AR AR MER . B LA n — 1AL, Al BA1H
VISE NN LI G SN P €8

— g BRI AR S T s, B IRATT SR gt i 11 i i RIER R A
11 =23+241, LMK gty 92, 6%, 6%, IS g3 =gt - g? Jegtt = g3 - 6%,
JCHT 5 WORIAE 2 T 45 J. RO iAo A A7 1 42 1) 38 J5 1% (Right-left
Binary). S4MNEH —F A 2 A7 1) 387 75 (Left-right Binary): X LI 417
ki gb, 2, gt = (¢2)2, ¢° = g*- g1, 910 = (¢F)2, g't = g0 g, FIREF 5 KR

44



4.1 Mk RF 45-

AR RER.

Hixa.1 (EEWEE@%&?‘?&).
WoHERR n = Y ep2P(BUE n > 0, EWHE (g ), a =1, ERUNS
k=0
B EDKk=01,..., mPIT:

L W g = ()
2. Fep=1M%aqa—a- g

3. 4 k=m, fiith g" = a, HIEL L.

FEAS. SR n 0 IR AR A UL AR, JE T G R AE) ITBA S 6% 1
VLRI T

49, AALRAE G PHATR n WREIITRENREN m — 1+ 5 e = O(logn), X%
SN T FUBEVER o — 1. =

Hi%x4.2 (EE@EE@%}&?%‘).
WoERR 0 = Y a2F(MBE n > 0, EUHEE (o)), a =g, EEUTS
k=0
B HEELk=m—1,m-2,...,00H47:

1. #ep=0, W a — a?.
2. Hep=1Ma—a’ a—a-g.

3. % k=0, %ith g" = a, HEP L

JES0. Bk 4.1 58EE 4.2 35K n R PRIE IR BRI, (BRI 4.2 5 0 R
Pl I AT g TELATH: 4.1 - LA T ¢2° ik,

4.1.2 m#FAE, BOFZERNEE

TR AR BARIOHET R m MEDT, R n 10 m 3EROR, Bl
D5 VERE T AR B M BEAT m . mo= 28 (A5 I LT 80, DRI A S i b o AR
WL AT =377, m MR T ERAMELE 6%, g, ..., g™t B 28 W7
Rk — 2 Bt 2 TR B 11 5 5 (Window Method), HU—NE & K JF k4 1 (1<%



46 EACE- S Y E S SRR

) B A8 A n 0 Z3ESRIA, THECE P I 3R (A TS O
G5, g2 Y, SRIE I RS B L 1A A GRS T, R AN
Ll ORI, HEIPEER. #lu%iE n = 26235947428953663183191.
F 8 kD75 B 102 Wik, Wil kK B 4 (19 % 1 5 vk Rl DL B 93 k(2
[77]), AFETSER 24 — 1 RS, 71 PP A 14 bl k FE i aeik. FaUERoR
TR DO ER R R, L R L e — 4, IR 14 & FRIZ SRR —R0h
1) ok e g e i

1011 000111 001 000000111 01001 01001 1101 01 0000001011 11 000001111 1001 1001 0101 0111
1

11 7 7 9 9 13 1 11 3 15 9 9 5 7

TR TTVR I AR BT LR A A R D, — MR BRI R g T
B R T i 1) B /> eV OB 22 /00 IR AR T oK e IR B I o K
I(n)(Z 0L [105]). Fa it B KA BB (R0 N9 A 2 e oA DR HfE %) 1) 8, 1 SEE e v LR
T IR S I VA BE. — M I D7 VRl R, SO TR AR
—JZE 1, MBSk EE, NAEBIEAR RS kJEREAT R n, RN A
n+l,n+a,...,n+ap1 =2n, LH 1,a1,a0,...,a5_1 EHRRE] n (K2 n 0%
AL AR S ILE T SR T, T BSOS T 4 R

1

|
/3\ 4\
5 6 8
/N N\ \
7 10 9 12

16

K410 A 4 2%

T BMLZ)E, BIATEFIEA n SO, R ZAE %W S n, KXt
BN (L2 n FEs AR BRI

A R BT L (EDGH SRR e 8 (R R S AR K (SRR 81 17 AR P il
RUIESE). AVF2 R R VER SRR B A% n R RS RINESE (S W [77], [30]).

I ANE D5 IRNTRBE ] DLES e R AT . 2 AR NI, i 259
JEHSI g IR ECRIE 22, T LUK IE INVE P 7 (55 P e e K R INVE B ) R i/ TG 14



4.1 Mk RF A47-

VR R BRSO IR T 10 1R BEAS D /D STk ) K, A9 o i i ) 49157, T B
H 93 YRRt Db 2] 89 k. MR TS 8 YT H ikl A

1011000111001 0000001110100101 001110101 000000101111 00000111110011 00101010111
5689 933 117 47 499 343

GESL. IR (1) 3 T AT M I e 2 A Y403 P (49 T A o e v, 22 T (e
7). B eTIS T SR, BT T 2 AT e Sk s (. B GO A [
2 W RE IR B (70 31X JLZ IV BE), BT o0 I RN 75 2 Sk 45, v LL% 8% i
n=> g2 (g € {0,£1}) MITR _HEHIFIR, K DRZNE. XT G=7Z/NZ

>0

FIRF IR TE AT THORE B A 24 1) 3% 44 1) Montgomery 2401 F.

4.1.3 Montgomery ZJ{t

Temiz Hoan i WIS HBLYE G = Z/NZ . Montgomery[126] 3 H — ™k 4
TRBR AT SRR I 7V, T N g, 72K E L B RE G HA A,
MULIEWGRE N (138 A BNLES 7 (19 232) (P 55, 1 ) A PR S
).
EX4.1. T =zmod N € {0,1,...,N — 1}, Bl 2 B N (4530 &% R h—A ik
il 1) 25 (O 3 B WL - KB/ X)), Wi 2 (R, N) =1, R> N. 1 30 < u < N,
0<v< R Bezout HEu-R—v-N =1, BIMNEX 2 := 70, WAz B
Montgomery K 7s.
E52. HE XA uR =1 UK T = zR. FHY o M N 10— sg R a8 RN,
T MHERL N P aFR R, B 7 ZRMRRASHURE .

NIRRT T A9 Montgomery R RIA A% L.

H7%£4.3 (Montgomery Z{t).
B0 <z <RN, LINEEIH 7.
1. 5 m = (z mod R)-vmod R, 0 <m < R.

2. it t = (z + mN)/R.

3. BHt>NHiH ¢t — N, FEH ¢, Hik&it.



48. EACE- S Y E S SRR

E53. 2 R PO TR, 25—, D RO SN R idos SO AT 15
PERIE AT

Fokeym . HEH o+ mN =2+ 20N =2(14+oN) = z2uR =0 (mod R) 4l
t HEEL Pt = (z +mN)/R, 5l uRt = (zu +umN), Ml uRt = 7u, BIA

=7 HEH0<z<RN,0<m< R, 510<t<2N, a|ffEERAa%E O

T AT R B, 7 Montgomery K~ I, mn BIERR m 5 n 3R,

4.1, X m,n € Z, N

——
——

m-n=m-n.

—~—
—~—

BB, e X, m-n =mu-nu = mnu? = mnu =m - n. O

sk 7oy, WA T, 7 WA Montgomery #1k oR, yR, TR A 4.1 F
S 4.3 B

E54. NHBTE 4.3 W ESE RO AW LAE 0 M RN 218, 1ff 2R - yR IFA 2
PE4AE. Al PR A e N AR, X AR 2R = xR? R5EM, 1 R2 /BN
AN S AR T A S, B, SRR R, BT R, N [, KR
P — L 10 AR 4 Montgomery 7, W] 45 R 42 #H Montgomery £ 7xKiz
HOSHED 4.1 B 4.2), FEn) fe 2845 F A [n] 1 Fom Ba], etk T sk 1)
E55. M (R,N) # 1, WH M N A MEE, s E Tl N oEh
2% . No(No METE), Sent S 4.3 XF No BB, T 27 % (R EA &5 s AR B,
B T b R A e FE 4,16 FEAA H 45 Rk

E56. [38] #EH T H Montgomery J7 V% AR FBURESL, AT R LIRS T 30% 3
50%.

4.2 B
FEVF 2 R F (B SQUFOF 59k 3.5 ), fa AW — AN HUE & &5 4Py

B PRI T 2 A5 O S HORE ), WA B, 3 R PR, P AROK 4
A, RN AR, B e S R AL T 2L
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4.2.1 EHHEFH

X RO T, HARE T R0s R RO AR BAKE B, (HBATAT LA
28 ML) Newton IEAQVAM ANt 2 AR 13 B 22 i5F

Bikd.4 (BEOFH).
HONKEH n, LR EEH L Vi),

1. /%‘\.ZU():TL.

zmmwﬁmﬂzlm+gﬂwj

3. A Tpo1 > xp, HOH xp, FIELALE, BNBEIE 0.

AT, Sk s S O s 5, WA s R BuE S

Fkegh A0, H

rkl + Ln/xkﬂJ S Thoi nfrpa -1 1 -
2 2 2~ ’

AR FARE K, A o > V). # oaper > o Hoag # |V, WA x>
Vi) +1. T4

v — o wn/m—ﬂ ) V_x%J 0.

2 ka

%E! y\ﬁﬁﬂl‘ﬁ T = L\/ﬁJ OJ

4.2.2 FHHEMN

BTSRRI, LR S 44 3 /)2
Ko AN, ASRERAEISREICZ T LA 1 SEHRR V2 AR T SO . DL 7
SIS W n YA I ARHEREREA b, n {5 2/K2 S
AT H

Bika.5 (FIAL).
N n, PIRTHOR A T8, R, R
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1 AR goa, A

. 1 #FkAZ/6AZH T T4,
qd64 =
0 #kHNZ/64ZH AT 5.

FANA A A = AN BA. ges, ges, g1 -

2. 4 gea[n mod 64] = 0, % th 1 U5 8, FkZ& ik AW HE r = nmod
45045(= 63 x 65 x 11).

3. # ge3[r mod 63] = 0 B gg5[r mod 65] = 0 B g11[r mod 11] = 0, i AE V)5
£, BEAE.

4. WIS 4405 [ n)?, BAET o i ARF 058, 7 M4 BT 7R, Sk
1k

A58, A7 n AE L, WIEEET Bl 55 — 2 el Be kAR /N, B 64, 63, 65,
11 IS5 BN R 12, 16, 21, 6, M AHE il &A= ML KLk A
12 16 21 6 6

64 63 65 11 715
FAI L w] LUE B BY A4 64, 63, 65, 11 (5.
ED9. FESEPR L, FATAEAE L S50 R SR I £ 1 BOk F 77 &

4.2.3 ZRHEKEN
TRATTA I 22 75 AR I — AN BEHL S5 R BORE pF, B S BRI AT DU

— AR P R AL T L. B n = pF, W Fermat /N g B 6 TT R 4840
a #H p | aP —a, M p| (a™ — a,n).
#14.1. Bon = p*, BATE (a™ — a,n):

1. n=233% Ba=2 M (a" —a,n) = (227 — 2,27) = (134217726, 27) = 3.

2. n=>5%Wa=23 M (a" —a,n) = (3% — 3,25) = (847288609440, 25) = 5.

3. n=25la=2 Ml (a"—a,n) = (264-2,64) = (18446744073709551614, 64) =

2.

(RS F3E IS LA 7 T U IR 6 0 R #RAT (0™ — a,n) = p. Xl
JA R BAAF B0 R 5.
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Bi4.6 (REGERI).
WNEAL n, AW HE G REBOR, 2, Ml FEH p.
1. Bla=2.
2. HEE 4315 b= a" mod n IHE p=(b—a,n).

3. # p =1, Wil AR R ECR, TRl WX p 247 & A I (61 41 Rabin-
Miller f&:Jll, 3% 2.5 ), # p W EE, WA a — a+ 1, BERIZE 20,

4. %t p AT ZPERI (B 40 Lehmer N — 1 #:0, € FE 2.1), #F p K& WEH,
N4 a—a+1, BERNE 5.

5. p MEH, KUGHE p,p?, ..., p¥ EHE p¥ > n.

o Hp¥ T, WHAERKRE, HHBELIL;
o IS n — %’ EHE L, Hn=1.
p

6. Hirth A p, FILA L.

E60. # p HEREL, HVUD RIS EARA R A

4.3 wmARKPLEF

AR TR 720 i, SRS a, b R A 1ged(a, b) (Greatest Common
Divisor, GCD)%&tk EVFZ, FLREEE A TR FIES 0 A N i1 2 70
DA THSEPIAN T 7 R R HEE01 B KA B AN J& — 1 Hfk .

P [92] B, — A SR AREEE 5 (1 Wk 2 o0 2 A ZH ) Grobner 55 )il
BRI 2 DAL A IR v S AN R B R A R T, VIR R B K
PR AE T AR R G T B E 2L, 68 RIBFR A REAn LR

N T BERIRYE, FEARTT P IRZ ged(a, b) ARERAR AT, 1 H BLAE SR 4
A (a, b) MR o6 - B0

4.3.1 Euclid £

B PLISRAERL a, b () GCD 702 HAER PR i, (HIXSCAE 2 RIR T,
HRAE a, b #1100 80E SR P2 BRI A T REA LEAIAL. A A



A

.59. v EEhHGEHEE

IR AR NATT AL C 28 8 A T BEAT 28 K5 T, L) Buclid H9K BN 2 4
W A R AT RN R

B5%£4.7 (Euclid).
EINEEH a, b, 5 ged(a, b).

1. #b=0, Wi o, FIEZILE.
4

> (a,b) «— (b,a mod b), BEFIH—.

Knuth[105] @l — R 55045 H T Buclid VA2 1R RTRR I SRS k1
FEI4.1 (Buclid HEMDH). K a, b AL T [1, N], 1]

121n2
7T2
2. Buclid i ERIFHEATHIHEZ A |logy(3 — ¢)N| ~ 2.078In N +
0.6723, ¥ ¢ = /5.

1. EBuclid BiE8-F¥) 5 3Hh

InN+O(1) ~#0.843In N + O(1).

4.3.2 Lehmer INiRE %

HHE B 4.1 7] 0L GCD ] LAFE Z2 TN A N 3K Y A Buclid ki — 21K
AR BRI S AH Y FE DRI [H], Lehmer £15003X — s g 7 D0 iy g v, JLAEEAAR L
SERBRIR | 7| KRR 13U a, b BRI TR, WA DU SR 102 5
AR T RS 2 1 B HR B
#14.2. TATREEH ged(a, b) = ged (27182818, 10000000), 5 ¥t HHLI 7K H 4
ANHERECT, 4 a = 2718, b = 1000, X a4 1, b BT Euclid 53 A9 7 45 1R
AIREY a, b FATHIEE R — 30N, Wbk,

a b ¢ a+1 b g

27182818 10000000 2 2719 1000 2
10000000 7182818 1 1000 719 1
7182818 2817182 2 719 281 2
1 1

1 1

1 3

2817182 1548454 281 157
1548454 1268728 157 124
1268728 279726 124 33
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WAVERNEHBE 6 DB, ¢ 5 ¢ AAE, BT UM o 5 b BETH T47
AR TR SRAFAER I R, — AN (] U G er 4 WK s 1) TE AP 2 A ke 7 v 2 ml A
ISR 55— 4 ged(a, b 4 1) = ged(2718,1001) (k7.

a+1 b a b+1

q q
2719 1000 2 2178 1001 2
1000 719 1 1001 716 1
719 281 2 716 285 2
281 157 1 285 146 1
157 124 1 146 139 1
124 33 3 139 7 19

BARE A RAF R R AN, BT ik R A R . BRI T

\\\\\

H;%4.8 (Lehmer I L).
MINIE¥K a, b, H a > b, i1 ged(a,b). ¥ M A Bk 25 i b B (451 4
232), BIF a, b, A, B, C, D ¥y ks A (B < M).

1. # b< M, H#H Euclid HiEtH i ged(a,b), HikZl; 50> M, id a,
bk MEHIT o, b BRI, <A C) . <1°>.

B D 01
40 0,54 D#0. WA g | 2| SMBHBABN L, HiEH
a= V*BJ RUBKSI5 =25, FOUBKEISH
b+ D

@
s

( ) ( >< ) <da5)<(1)_1q>,@@u%%:,,

4 EB L0, 4 (ab) — (a, ( ) BRI, 70U RS R B B
i (a,b) < (b,a mod b), BEFIH—1.

261, Lehmer [ HNI#E SVE B AR D BOM I K Buclid H9502 —FER, (HER 750U
D JeE PG IR Ab, 0 T BN S S ORI Rk, IR ) T <
AR
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E62. VERAEMBE PR T MR R, M a = M- 1,4 = 15
b= M —1,D =1, VAT AE R SORE (R0 L, mT LUK MRk I/ b G
RO L REDA

4.3.3 Zi#F % (Binary GCD)

P =371 (Binary GCD)AE SE e HP B ARAT I, 3 3 BARV 2 Pk S
RERACEARM BRI REFEMNZFLHIN L T, (Bl Tk e B s 5
] B 4 R I T 3 S AR AT R

TR THI A s BURS  HAUR T R RE I A A (B [109]).

EI14.2. K b BE, a MAWSA. 3 a, b#4T Euclid Bk, T FHREH g 0
MEITH Py(q), A

: (¢ +1)?
lim Py(q) = log —d+ -/
pm Py(g) =log 775

E63. HIEHL 4.2, MK HAG THAREN 1 IORER A log 3 ~ 0.415, I {E N 2 1)
W40 log § ~ 0.170. W HLRERIM GO N BRECR 4 I BOH0 2 LR ), T LA o
TR

®%£4.9 (Binary GCD).
MINIE¥EH a, b, H a > b, 1F5 ged(a, b).

1. FH RS EE S (a,0) < (b,a mod b).

2. 74% b= 0, iﬁﬁﬂj a, ﬁ/ﬁi@}ﬂ:, 7:'?)'_\[”& a = 2ma0, b= ano, ap, bo j‘]%?ﬁ &
k = min{m, n}, WEAIRIEHH (a,0) — (a-277,b-277).

3. %t—a—b FHt=0, il a 2F FHIELIL.

4. Wt =25, to AT, #to >0, & a «— tyg, TME b — —tg, BEBIEE =20,

E64. HTHILEH o A1 b WTREAH ZEAR K, ANIEH I B A, R A /7 225 — 20
(1 ek B R
7£65. Gosper $¢H T/ Binary GCD A% Y5 Lehmer JNiE &5 45 G K107



4.3 wmAAET 55.

4.3.4 ¥R Euclid &%

TEAR 22 ) G rp (B A SR ABE N R0 ) AN ARG 21T ged (a, b), 3B K H Bezout 55
KRB u, v, AT

ua + vb = d(:= ged(a, b)).
SRS Buclid 803, 2 BUARY Buclid S0 bR B AT (R A1
ST, o Ao ok, At ORI B2 ) TP R, 1T LA S R B
FAF Lehmer DIl e 04 ( ) M S 1 L P M

b VRGN R

Lehmer DS EA L HUR A 17 <9 &7 (4PE, {1 Binary GCD 1) “¥ " fig
NI EERRBEAMAEEL T . AdAFHIBERFE AT R, L2 Rk R
Ko, v K.

H7%£4.10 (¥} Binary GCD).
WMANIEHEE a, b, H a > b, 1FHE =JCH (u,v,d).

1. RS EEH (a,0) « (b,a mod b).

2. A b=0, farth (0,1,0), FEZ L BWB a = 2Mag, b= 2"by, ag, by N7TEL.
# k = min{m,n}, BRAEIEHH (a,0) «— (a-27Fb.27F).

3. & (u1,v1,d1) «— (1,0,a), (uz,va,ds) «— (b,1 — a,b). # a W& %
(ug,vo,do) — (0, —1,—b), BEBIZE H0; BA (ug,vo,do) «— (1,0, a).

4. F uo,vo BINEEL, 2 (uo,vo,do) — (uo,v0,do)/2; 154 (uo,vo,do) —
(up + b,v9 — a,dp)/2.

5. 4 do JAEEL BERIZE UL

6. % do > 0, /7“\ (ul,vl,dl) — (UO,Uo,dQ); 7|':|:J”JJ/Q“\ (’LLQ,’UQ,dQ) — (b — Up, —a —
—dp).

7. /?\ (U07’U07d0) — (u1 — U2,V1 — ’1)2,d1 = d2), % ug < 0, /7\\ (u077}0) «— (UO +

b,vo — a). #i do =0, ¥t (w1, v, dy - 28), HELL; PSS Y.

Bk a9 2Ok, AT DTSR R — P R #BE 2 0 < up, uz, up < b, —a < v, v, v9 <
0,0<di <a,0<dy<b, Hiti @ uja+vb=d;, ¥i=1,2,3. FHiEMLIErEZH



56 v EEhHGEHEE

2. O
E66. 5 IA 1 Binary GCD A7 X BRI, X200 T R IER B AERR LA 2 1M
LGk G

4.3.5 dmod 5 bmod

B EBAT B H R E A 2T mod 112 5 dmod(digit mod)F bmod (bit
mod).

7E X4.2 (dmod 1 bmod). ¥ 8 A —MNHEBIHEE, EHE o, b, WL a > b,
ged(a, B) = 1, ged(b,B) = 1, lg(a) Kx a 1 B-HEHI LR A7 5L, d 6 =
lg(a) — lg(b) + 1. & X

la — (ab~™! mod 3%)b|
30 '

a dmodg b :=
8= 2 B (B HIEE), fiidh
a bmod b := a dmods b.
E67. H1T a— (ab ' mod )b =a—a =0 (mod 3°), i dmod F! bmod #2& 1 LA
5T ST

#14.3. ¥ a = 155 = (10011011)g, b = 15 = (1111), W lz(a) = 8, lo(b) = 4,
20 = 2l(a)=L(®)+1 — 39 15-1 = 15 (mod 32). MIfi

155 banod 15 — 195 = (155 ;52 mod 32) - 15|

|15 —21-15|
=

5.

P T5H ged(155,15) = 5.

A LLEHERIE ged(a dmodg b, b) = ged(a,b), 1M H. a dmodg b < b, BILHT &
S IE F A AE AR B A S T mod. i HLFRATT AT DLEE ik Br, SR sk AN
Pr RIS @ bmod b, e OCHE ¥ WA PR m = ab™! mod 2°, & Tk
(R Bk RV R, B AR A ke 13X AN ) 8, REVE RT3 5 R EOE KA bm = a
(mod 2°), MEEIFERH m 1) I FRIBKUCK .

Hi%4.11 (W5 ab~! mod 2°).
HWINIEAH a, b, 115 ab~! mod 2°.
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1. & d«—a, m«<0.
2. EHUTERGE=0,1,...6-1): &2 §d, WL d—d—2-b, m — m+2.

3. Hth m, FEAAL.

Frikegh B, RERGE P WEEIRE d = a — mb = 0 (mod 21TY), Al AN VE
A . O
72£68. Weber[131] {4 bmod 4% Euclid H3% 41 (1) mod #4E, 155045 21 5H
72: Lt Binary GCD il —1L,

E69. WM = 2% HHRT BN LR Ma >0, la(a) — la(b) + 1> w iy, 7]
DL bmod #RAEBRHIAE M T A Sk B, B 6 = w, BRI lo(a) A TR E
lg(a) — lg(b) +1<w.

4.3.6 Jebelean-Weber-Sorenson fliEE %

Jebelean-Weber-Sorenson JIEFIL K FEAAL K B Sorenson[165). # a, b1y
n B, WRAFLE u, v WL |ul, |v] < v/n 15 ua = vb (mod n), KK ged(a,b),
2 FEORTIN 1) ged (Y2t b) 0] LUK a i/ K& /n £ (X ZE 4Bl F Binary GCD H
BrUL 2 MO R, PR n-ZU4). IXFER w, v IR AT HE & A7 A1, 1 40 2% 183 2
lug|, [vo|] < v/n/2 Z TG4 (ug,vo), XFEHI =04 4EA n A, T woa — vob b
HWARE n [F4, K AR 1395 L AT 1) (w,v). FIHPFEE MR E T

(u,v).

Hi%4.12.
WAL a, b, n, W2 a, b5 n BE, WH (u,v) WL 0 <u, v <+nH

ua = vb (mod n).
L 1 c— ab™! (mod n)(*4 n 2k 2 MFEHATE &L 4.11).
2. % (u1,v1) « (n,0), (uz,v2) < (c,1).

3. A7 ug > v/, WA (ug,v1) « (ug,v1)— {Z;J (ug,v2), 4 (u1,v1) 5 (ug,v2),
BEEZE =20,

4. i (ug,v2), HIEA L.



58. FWE AL F

Foken A s, FIEA R Ll g — A Buclid 55 T IE 80wy BT R 8 B,
HEDLIEARD G2 KN uw < i < wy, TE R AR 2 08 Fr
uﬂw!—i—uﬂvl]—n, T%Dul\m]<n, U\ﬁzﬁ ‘02’<f. O

ET0. L 4.12 B5E —Pak ] DURIREE AL B R ik bR, 4w, v AHZEAS K
EIERL.

PLAE AT AT AR 2 13T 5 ged (el b) T, ANRE AT — AN 1) B, R
ged(a,b) | ged (Y22 p), (R R LA, MR EETEAH, TRERSE
BRI A BN AT L e A AR BRI, B A4 Dirichlet 036
JE (2% [105]), MH K R AP I— /N (< 3 I ELB o 82.7%), B Ja—
A R AR B AR D I 1]

EI24.3 (Dirichlet, 5 KA T 10 40). K go(d) A TE 1 < a,b < nLENL
ged(a,b) < d 898 FFH3F (a,b) 945, A

d

6 1

Jim 20— S5
k=1

H7%£4.13 (Jebelean-Weber-Sorenson JI# 57%).
WIEIEEL ag, bo Wit ap > bo H 8 HZ&, HK¥E by MK BEIEHL s(b) 5 ¢(b) (B
%3 =2nlEN 10 5 32).

1. 4 a — ag, b — by.

2. % b=0, BB T,

3. #7lg(a) —1(b) > s(b), W% a «— a dmodg b, BEEIEE =25; FMAMRYEF L 4.12
K43 (4, 0) £ wa = vb (mod B2, & g W

4. K a T B ETLBR(E B = 2 INBBALRIT), JFAcH o 5 b, BERIS —

5. W5 « = ged(a, bp dmodg a), THHHIH ged(x, ap dmodg z), FLZ L.

Z71 TP TH] dmod ISR T ged(ged(a, bo), ao).

ET2. MR Weber[181] [R5L50 45 F, 78 8 AN FRE B 3K BE T (R &) 77 A1 il
i), Jebelean-Weber-Sorenson HIIEH LI 4hiEE i Binary GCD.



4.4 LEGENDRE-JACOBI-KRONECKER 4% -59.

SR R UL R R 1 #AR /S, A B S0 1R I, Sedjelmaci[1558] EAAHAR )
Fibonacci 1 (Fi, Fx.1) HP, 24 N = 300 i}, 1K+ 5, N = 2000 i, & [H
b 122542875, 14 N = 3000 B, R 7 Ok 1.02 x 1012, 1y sEbr L AHAR 1
Fibonacci #0042 H 2 1.

ATt Sedjelmaci 45 H1 T — > ee R G B PR 1 (152 ), X AORT B Atk i W

) iy

§1>

#14.2 (Sedjelmaci). K F % 4. 124 F3] T (u1,v1), (u2,v2), BH % <+/n,
N it

=
=

lura — v1b| |uga — vabd|
d(a,b) = ged .
ged(a, b) = ge ( T

AT DL 31 2R R Y Jebelean-Weber-Sorenson i 5 v2::

&;%4.14 (Sedjelmaci e iREH ).
WIEREEL ag, bo W2 ap > by H B HEK, WK by MK LIRS ¢(b) (1404
B =2 ER 32).

1. /&\a<—a0,b<—bo.

2. 47 ab = 0, PR 1L KA (a,b) «— (max{a,b}, min{a,b}).

a

3. %7 > B M4 (a,b) — (b,a dmodg b); 75 MR EE 4.12 K (ug,v1),
v1b| |uga — vgb])

(ug,v2), 1§ uga = veb (mod B2®)), 4 (a,b) — (\ula; : -

4. ¥ a, b B AITERR(Y 6 =2 WAL, BeE —
5. fth a, b PAA TR, FIRA L.

VETS. AEBEWSE = D nT ReMiE T e ], (EORE T RS B B K A A
BB .
4.4 Legendre-Jacobi-Kronecker 5

Legendre £ 5 AMXA S ARE L, M0 HAEZVERLN, D7 20 S8 A0t 20 40
RS
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EMX4.3 (Legendre £7'5). W p NAEE, a € Z, Legendre 75 % LA

1 aiBipll A,
<Z> = 1 kBl RS,
0 pla.

I PR R BATIAE AT S R AR R R

4.3 (Legendre £ [RIEEANEJ5). Legendre £ 5 it & :
)G - ()
p) \p p)
G)-G)
p p)

<a> =aPV/2 (mod p).
p

1. (FiE)
2. & a=0b (mod p), N
3. (Euler £N])

A i L 4.3 102 = 26 (AT DU AR 12 S R I3 Legendre 545, I [H]
FRIEHR O(log? p). Xof BET7 A it _L IR IOJE M T35 44 1) —CHL R A

EIB4.4 (CRERA). 1. Ep, g ARMEFHELR, N

(-

2. (ZRERIEHINE)

()=o)

A Al 4.3 A —, 45 M IR E AT LIS B — DN EERHE (%) 7
(XA E TAVEW EHOR AR D I 1), AL LR T a DL 26 rh (i) 45
R 20, M AR A R — 1 o 3. (His e AR A B 7%k, v L
WIS B B 2R BE % 5] O (log? p), IXAKHT Legendre 755 [{1#E) — Kronecker-Jacobi

=

(N

E X 4.4 (Kronecker-Jacobi f%). % a,b € Z, & X Kronecker-Jacobi {5



4.4 LEGENDRE-JACOBI-KRONECKER 4% 61-

1. #ib=—-1,

<a>._ 1 a>0,

-1 -1 a<0O.

2. ¥ b=2,

(a>_ 0 2| a,

ay ._ .

2 (-1)* 5" 2ta
3. #ib=1,

4.%b%ﬁ%ﬁ,c)%X%L%mmﬁ?%

m
5. Wb=c- [[pf, Hhe=+1, p; NEFEE, RAEATIYS € X
)

g
(-{ o

ET4. B0 ATTHL, M Legendre £ %5 — 2L, 4 (3) = —1 W a AWK b 19 = UCIER]

S ABTEEEEIR, (9) = 1R B o IHLb 10 UFA.

Kronecker-Jacobi £7 56 Legendre 75 #E) 2| T P #5015, I Hlor
DLR R 3 .

6. 2™ b =0,

4.5 (Kronecker-Jacobi £ 5 [FEANE ). 4o F JLAR L :
1. (§) =0 HEALH (a,b) # 1.

2. ’AEZ a,bce L, K

EEH bA0,c#0, N
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4. Ka#0, 2 AEFTEHK. Fa=0,1 (mod 4), 1

<x+a |a\> - ()
)= ()

5. % a, b AIEFE, WA K BLRIE:

()~
(_bl> = ()7, (i) = (-

AT B R A, Al ThT LTS BT Legendre-Jacobi-Kronecker
g LT .

% a=2,3 (mod 4), N

H7%4.15 (Legendre-Jacobi-Kronecker £ 5).
N a,be Z, W (9).
1 A b=0, fird 1, SIEZE; 35 a, b BOOMEL, Hth 0, SR L.
2. BEb=e-20. by, i bo HIEFFH. HENEEHE m= (9 ()"

3. # a =0, HEXHBENH m — () -m, Hirth m, HIREIE 3 a £ 0, B
a =€ 2%y, ag NIEFH, tHH m — (é) (%)e ULl

4. Ja M R A I M SR

(ao> _ <b0 mod a0> (_1)(%—1)4(1@—1)‘
b(] a

W m — (32) - m, it m, SELE,
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ET5. RIS IE, TAVRAE T ao 73 %, Wil DME I E BE 4.5 (158 = 4.

(a=1)(b—1) 1)(b 1)

a—1

ET76. (=1)77, (=1) e (—1) PRI LA BRI KA, )40 (& 3
AN VASE Y(E
(et {1 7 akb&2,
1 el

ETT. ATLAE AL 4.15 5 Buclid HYEIE A, S O(log?n), I n H a,
b I — ESL, L Legendre &5 vHH B =20 — 4.

JETS. Bk 4.15 B DY L e LU ZRALT Binary GCD 57, AN Euclid 57k
ﬁﬁ<%ﬁf%>ﬁ%ﬁﬁﬁ(m%%>ﬁ%m—%$2%%ﬁﬁbﬁﬁﬁ
. Y ag, by BKHS, 17 KA bmod #1E.

4.5 HERKEER

H ] e A B D BN 22 DL [ iy 4 PR T E B — OGS KA SR
e EER. ON T e RN, TATLUE I Z B S RGE IR .

Bix4.16 (P EFEREE).
W m(i=1,...,n)WNEZER, MXMEER x(i =1,...,n), fA/EME—RH
B oo(fEBE M = T] m; IESCE), 2 z=2; (mod m;)(i=1,...,n).
i=1

B L My = M/mg, WX TARR 4, AF4E ai, WAL a;M; = 1 (mod my), MM
r = a;M;x; BIIE 250, ME—PEE WA . ]
i=1

SXAME A (R W AT LA 21— A LI o [ o BEATI, AN 2R M ARK
(FI1h, HRSRT AT 2 RIS, BATTRT LA A et

B3%4.17.
WS UWEM 4.16 .

1. :&pz =mi---Mmi_1 mod mz(z = 27 500 7n)7 )EH%}L}{?& Euclid ﬁ?i-H“ﬁ Ui, U 1E

2 uip; +vim; = 1.
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2. x5

y1 = x1 mod my,

y2 = (z2 — y1)uz mod ma,

yi = (2 — (y1 + ma(y2 + ma(y2 + - - - mi—2yi—1) - - - )))u; mod m,.

3. Hit z =1 +ma(ya + malys + - Mp_1yn) -+ ).

BEAR FRESR ¢ = Z vipi TINRE i, 1 pi ARSI M; J/N T ki

EI’JE SRE HE TR é?ﬁcﬁ SR FUAL B, DRI B S AE my 25 0 I O R ik
1T 2 UK a8 Wk my w%fﬂ%ﬂ’]fﬁ, B NTTREMTREAN I n— 1 HW
ANTTRER T R SIS S — 28, AR K A 2 = 2 (mod my) (i = 1, 2) IR
T12, FFR A2
{ x =x12 (mod myims),

x=x3 (mod ms).

(IR 103 5558, WIbifiHERN ],

4.6 EHHERX

E*ii&ﬁ’](“ﬁﬁ)‘ “%ﬁlﬁ’iﬁﬁfuiﬁﬁﬁiﬁii%ilﬁﬁﬁ(ﬁﬂiﬁ, HOEE). A
rnfae MRS E e AN B R A A 2 HAC H o kB
Bk %iﬁlﬁﬁﬁ’ﬁﬁ) HEERZE P ICH L AR IR T B R S mT 59 e
RORE MR (B N FHAER 720 il (¥ CERAC 5%, Pell JrREIFISRAE).

AR, B by = \f;po AR, BB qo | d — pp(ENHE

vV qu +p0‘QO|) A BB
qo0/qo

1 1
bo—a0+——a0+ =---=ag+ ;
by 1 1
o+ a+
by 1




4.7 FHIHERH n(X) -65-

W XA 3
bi:ai+m.
T Chd e
" Vd + p; O 2 S
4 Vd+pis

EC AT B 0 A0 A B 20 W A

d+ pipi+1 = @iGigi+1 + ¢idi+1,
bibi+1 qiqi+1 T 4iqi+1 (4.1)
Di + Pi+1 = a;q;.
P2 (4.1) W28 =R L piyq A —2U45. 3
d— P?H = qiqi+1- (4.2)
e (4.2) L AR + 1 IFEZERA R
p? - p22+1 = Qi(%’+1 - Qi—l)-
FRE (4.1) W =20l 5
ai(pi — Piv1) = Qit1 — Gi—1-
A3
\/Zi—i-pi
a; = N
qi
Pi+1 = a;q; — Pi,
Giv1 = ai(pi — Pig1) + Gi-1-
. d — p? d—p2 | . .
Heh2s g = 2O IR S22 pmo).
q0 q0
N o | +
E70. g = 1, Was = [VA) +pi, TH g > 1, FMRiE o — | LUHR J 7l

FEEEOT I 53 4.4 7T LU S 8 80s SORIEHET SR Y a;.

4.7 FHITHEE 7(2)

RE AT BT F AN T 2o BN n (o) PR, JF HE0e i —A
FEA ) UE RS () PES (B8 A M= EOE BE). MmN Ry



66- FWE AL F

%: W Eratosthenes Fiit i « UL N IR EG K, Bagoh— F e gl s
Mertens 25 — & # (S5 [120]),

1 1
Z:lnlnx+a+0<>,
Inx

p<w

Forbr o 980 SRMERRS A p. DI Tl 58 A v ol 2 A B R BN

Z % =xzlnlnvz +azx + O (lnf/f) =O(zlnlnx).
p<Vx
B T H AT ITAT R BOR AT BAT HAR AR ? W] AT I 5 19 TR 8 ps
RAEER @ N8, RIS TR o DU IS 8o o LA 3

Lt m(a) —m(Vr) = o) = VJ* 2. VJ

pi<yVzT bi pi<p; < /T Pib;

R o

DiP;iPk
pi<pi<pr<ya - 7

AU PR A Legendre 1. 4R Lengendre AlH (R HEF TidEH 2 (KAH 2(1 _
In2)z 3, W22 [111]), HAGE S HENH T m(z) M5 4 T 9> Legendre FlHp
(I, 19 THAEE R 3% 5K Meissel & Hy T #4002 F IE#f KRS T w(108). 1959
4F, Lehmer &0t T Meissel (17575, JEHTHENLRTE T 7(1010). 1985 4, Lagarias,

Miller, Odlyzko[l11] 5 R54H 1) Meissel-Lehmer /573K T (4 x 10'%), 1996 4F,
2/3

Deléglise fil Rivat[65] iEB] T 7] LA{E O IxT i A O(2/3Ind 2 InIn2) %51H]
n-x

WIS m(x), R EE R4 m B T w(10'8).  H §r Gt 2 5% 4 20 A Xk B
H pi(x) MRFER) 7(4 x 1022).

4.7.1 EBHTHERE

7
F8 73 it bR A0E SCA

H(z,a) = #{IEHH n <z | n KITHERERT > p.},
i

Pi(z,a) .= #{1IE¥H n <z | n BT kAN ZRTHIHERT > pa}.

"http://numbers.computation.free.fr/Constants/Primes/Pix /pixproject.html


http://numbers.computation.free.fr/Constants/Primes/Pix/pixproject.html

4.7 FHIHERH n(X) 67

A15E Py(x,a) = 1, HfE Ol LAAF 2]

a) =Y Py(w.a),
k=0

SCe B RIS B LA A, B0 > log,, @ I Py(za) A, T AR
FRIITAL, FATH y WL 213 <y < 22, a = w(y), WSRFHAT =1E%:
d(x,a) = Py(z,a) + Pi(x,a) + Py(z,a)
=1+ (m(z) —a) + P(x,a).

Mt
7(x) = ¢(x,a) + Py(z,a) +a—1,

FATH BT E BRI ¢(2,a) 5 Pa(z,a) BIA].
4.7.2 18 Py(z,a)
1€ SLORMBGE n ok IE3E4),

Py(z,a) = #{n <z |n=pq, ZH p,q> pa},

&S]
Py(z,a)= Y #{FHq|p<q< }
y<p<Vz
- (%)
y<p<vz P

iy % < 2?3 p < 2V2 BUEWH EE (1, 23] LRSS A TEALE O(x/31e) 1Y
[0 A KRG Po(z, a).

4.7.3 tE ¢(x,a)
39 I TSR A M — R R RS

I

¢(xva - 1) - ¢(x,a) + (b(i?a - 1)7

AL I HA E XN ¢(x,a — 1) RN EHAEH T po FIBES, 10055
IR e < S oF: 1§15 NI E G SE K S

{¢@a>aaau¢§;an,
$(x,0) = |z].
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¢(x,a)
¢(z,a—1) ,a—1)
d(z,a —2) —2) —d(E,a —2) Goea—2)
4.2: VI ¢z, a) 1= XH
FH AT o (e, ) 100 SRS (I =22, 3288 U 8] SRR PR I 5 o fe 445 38
Xz
o) = Y um)|2], (4.3)

n<z
Pt(n)<y

HAr u(n) 4 Mobius BREL, PT(n) £ n EKHERT

B (4.3) KRB R R 2, Bl =515 < y ERADECY
O((x'/3/Inx1/3)3) = O(x/In® x). RULIRATTE LEXT - SORREAT B A%, 91 2 v LR
R0 AR B AR )

1. a=0Hn <y; (H&5m)
2. n>vy. (FHEEIE)
HH_E BRI AT 1S ¢(x,a) = So + S, Horp

So =Y u(n) [%J ;

n<y

n/P~(n)<y<

P~ (n) F7R n 1R/ FE R
< a2, <, WILE O (/%) (R THE So.

4.74 &S
B p =P (n),n=mp, W p(n) = —p(m) H P~(m) > p, 3 (4.4) &N

= 2 ( pﬂ(p%l)’

p<y P~ (m)>p
m<y<mp



4.7 FHIHERH n(X) -69-

K S [ AN ESRFR S =0 Sy + S + S, KA RN 23 < p <y, 2V <
p < a3 Kp <V @EHMp > o, m AR, B P (m) > p AT
m > p? > Y2 >y, Wl Z SRR %, o Sp Sy 1T A% EE m 325 g
T, HIEH u(m) = —1.
4.75 HE S

P 1t ZT 5

Si= 2 Z¢(pq )

z1/3<p<y P<q<y

ERERY g > p > a3, pq<x1/3<p,a&¢(pq m(p )_1>:1, H /3 < p <

q <y Al
_ 1/3
51:<7r(y) ;(w )>’
CINEE: 3708
4.7.6 tHE S,
BAIVFHEH 5T

RSP IR < pw(p)_1>'

p<gl/4 P~ (m)>p
m<y<mp

ATBLAT R HEAT: RS 2 LU R BRI (1, 2] BEAT YR, U
po SHERLIR, RPFTAT (L, y) BT 7 B 7 ELE AT W2 B 35U KRG m B
pm)o (25, 7(p) - )(JXJH’%ETE I VS0 B AT ARAE). T m <,
p < 24 WHGE RN A ZRE N O (ya'/4).

477 itE S,

PAl T 2

S= Y qu(ﬂ )

zt/4<p<al/3 p<q<y

FEREEIM g > 75 L AT < p NI (%, m(p) — 1) B0 L AT PR A
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%%q>]§5qg%wﬁ&, Ol Sy = U + V. SrEIATAN

Uv= >y #{%@M\*<q<y}

21/ A<p<al/3
x
= > 7y -nl5).
21/ A<p<al/3 p

HF 2,y < x, AT BUE I 56 2 0E A8 O(x/24e) IR k13 U

4.7.8 HEV

A ¢ < =, Blp < — < 212 < p?, il
p? bq

¢ <;q,7r(p) — 1> = PRy <;q,7r(p) - 1> + P <;q,7r(p) - 1>

vt (Z) - ) - 1)

:2—7T(p)+7r<;>.

Ve ¥ Ter X% ()

x1/4<p<gl/3 p<q<y 1/ A<p<zl/3 p<q<y
q<=z/p? q<z/p?

AN c]

=V+W.

HIT p < 21/3, vy W] LA I 2 IR v v s S 1 sk A5

4.7.9 TEHE 1,
BATH B 5T

= % Z<)

x1/4<p<x1/3 p<q<y
q<z/p?

XHR AP IACER 2 %, Nt Fk b R =28 i, BT ¢ A
BRI, 25 o

£z T 56

1/4<p<\/z P<q<y \/*<p<l,1/3 P<q<y



48 % N AE# Py 71

R A AMZ SRR LB, 3 5ld o (48 2 SRR

Wl = Z 3
x1/4<p§y% p<q<y
W2 = Z ’
y%<pﬁ\/% p<qS\/%
W3 = Z )
y%<p§\/% \/%<q§y
Wy = Z ’
Z<pset/? peg< [2
Ws= Y.
Zp<elfS [Togcy

Wi, Wo HHFRRIIGH 2 y < o < a2 ] DU I 0 9R k 4h EAT A, T
W3, Wy, Wy H <255 il SRR BHATHHE T, BT Ws 5 Wy /24 [ g
p DI 7 () AR, DRI RT LA /WG 3 7R T
m () PR g, DTN SERL. SOETRATE RS T 55 =(x) 1052 5735
7£80. 1987 4F Lagarias 1 Odlyzko[112] &1 T 58 A [F 4347 75 ik 5w (),
J7EHE T X Riemann ¢ RREL AR 20722 4 (R B AR 23, Jorp — N RROAS 1 R 7 22
O(a¥/5+) T3 O () %14, 33— MARISLET B O(21/7+¢) W) 5 O(a/4+)
ZXME). HH AT RIS A # B R SEIL, IF BHASTHE 1017 BLUR I 2 2L Lagarias-
Miller-Odlyzko J5i%:18.

7281, Gourdon[75] 7 2001 44 H1 T — A 0 BOK 7 V(B ER Va 19315),
Iren T AT IR T I .

4.8 FnNEHp,

AERE 0 25 58 IO AT PR SR U, 4 tH 28 n S FREOR S0 IR S0, 0
TARKI) n AU, SRR 28 A MR AN e 3R 4, mls R s R By = 4, #
AV IR, AL FATCLENIE 7(n) WA THEE, T p, FEREFNE X Ead 7(n) <R
B (7(pn) = 1y Prgny < B2 n W FREN S5 0T, AR A — saT B s ok
AL py.

Lehmer[114] $2&H T —A>— BRI 28 “aifi p 550 i 502, Ath 2% 184X

Sk = Sp—1 +n —7(Sk—1),



9. EACE- S Y E S SRR

S M IPIE So < w(n), RO EH S, MRS HE Sy = n(n) JFENE
B AR A AR R SO E, B sk n = 1000 B p, = 7919, B Sy = 7000 175
T2 49 BIEA.

BATRT LAZE 8 A R I I, Al — AN X Y [a, b) 815 p, Ve AEILH, (0]
W m(a) < n < w(b) KHIE). 2RJF X1 [a,b] A [a, | 2E2]], [|452], 0], JF
T ([ <52 ]) HIBE py, EEWE—AS TR, W SAT, B8R p, MATE.

4.9 Mobius K#{ yu(n) A Euler eREL o(n)

Mobius PR p(n) A Euler BREL o(n)350 B Z I HOL %L, Mobius FREUE X

j\j
0 EaR T S Oy rS
p(n) =41 Fin=1,
(1)} # 0k AR T T
Euler pREE XA
— nH
pln

A AR R A T () TR M (n) = Z p(k), ISR p(n)(Z 0

[66]). IXFPLLE J7VE M R S 2 Ny O (a?/3+), TH%EJ%EP*M Eb B BT n AR
P e SCPFELE AR, DU n AR K (B0 n > 1020), A4 A HL2 w] Db o) il
SR LG J7 320 F T BB K T TGy .

X T Euler AL, FRATRGIELR b 21 RIE A I

dn

HIEFEEEEREN T o(n) TR S B L RER ORI 2 ST ST,



S
¢
Jik
)\ﬁ.éq..

BeRH RO BRI RE 4, v AT RO B 80 W e 75 5 th b —
TR B AR, V200 R BITRIY, 5 Ik o BN R BBORAE I S0 [ B e v
B R, W RIS S RO T I B A W B AR R 1, A B B RS Pt
ATACY W0 NN 8 O VAR SN b ZE Rl N7 K E VU DR IR SR e

5.1 [REREZE

AR T S5 8 2 1R DBl T- I o AR TR 4R T, W R Nk R4
IBFFUE RS, KR 0 B AR M 2 TR 20 i R B2 i R 3 = i e U7 0%, #
M R FERI T E 2R 385 —IL 8 A1 . 1706 4 Taylor IR A
Jifi Machin ) H 5 1 V) o6 $4 %) Taylor 204 XS DI AVEBE SR T 7 /NS
J& 100 f7 7, 1949 4736 E AT FIHE - SN 7 /NI R I 2037 A7
B, Huroh & o /N Bt Rz (S 0 [09]) PrFrE & H AR K Yasumasa
Kanada(%x FHEIE), fli T 2002 45— S BHIFAT RN K 0 (1) /N Eehr 2 2]
TN 12411 1247

5.1.1 F{EFHE
HraskFa

#12F SK M (Binary Splitting) (2 WL [55])7& FRIUE R 980 W [1)7Ef
T A A A P — T TV

73



74 PEE  HEEHR

LT AT — SRR IN T 2

EX5.1 (THNT). o It n B THYSesE A

I'(a+n)

Y

=ala+1)---(a+n-1).

EX5.2 (#ILATED. P

- (al)n"'(ap)nz
F(alv"'7a;b17"'ab;z):
P P I nz:o (bl)n"'(bq)nn!

LK B LT,
82, Vi % B B AR LTS R TF 2, BB T & = oFo(2). BRIEZ
B, MY B R A oy TR R TT 2

VR HA A0 LR ARl LT AR B A IR — R, LA 4
Bk nl LS et M

_ ~=a(n)p(0)---p(n)
5= 2 ) gf0) - g(n)
i a(n),b(n), p(n), q(n) LA E LI,

#15.1. L Chudnovsky 2 X A, S48 10 2405 B

s(m) = CV"(An+B) (6n)!/(3n)
1 (nh)3C3n

a(n) = (~1)"(An + B),

b(n) =1,
6n)!
p(0)---p(n) = m
q(0)---q(n) = (n!)*>C®

FHAB W ISR L 7T LAR HE p(n) = (6n — 1)(6n — 3)(6n — 5), q(n) = n3C3.
2 R Sy




5.1 B BFZF 75,

i

FHET = T(n1,n) = BQS, T4 S = 5.

KA T — PR T30 50 1) 5 v p s s HE A ARV P Q, B, T
EIB5.1. K Ny RN <Ny <o, FRE 1y <z <no ARAE 1 <2 <y
By <z <ng, A TARLr AT EEXAANFTREG P,Q, B, T ¢914, #)
4o P = P(n1,nn), Pr = P(nm, na), R 2 A £ #EHAK

P="p-F,
Q:QI'QW
B =B By,

T=T-BQ +T BB

AT UG 32 SRS B PR R T

BiE5.1 (PraskAn.
GBI a(n), b(n), p(n), ¢(n), X [n1, ns).
i‘ﬁﬁﬁ%ﬁﬁ*” P(?’Ll,TLQ),Q(nl,n2),B(n1,n2),T(n1,n2)-

L AR ng — g < 5, HARRGEE M (P,Q, B, T) Jfi[A].

2. & Nm = [%]7 (]DlanvBlaTvl% (PT7QT7BT7TT) %%U%ijﬂ:‘?’ZfEﬂ
[n1,n) A [, n2) E19 (P,Q, B, T), fEPANF DX I k43 3 W F 97 2 3k
M EA.

3. W P = PP, Q = QQ,, B = BB, f1T = T;B,Q, + T,B,P, il
(P,Q,B,T).

E83. AT RIS [n1,no) RIMEAH (P,Q, B, T) J&, HAN S = 55
Al R B T DASK HH S R 4 S

HE R AL R S FUKIGT T M BQ LG, RIAEdT kA (P, Q, B, T)
R RE e, g5 — 2 N HE A /T LK P, Qr S6420437, B e AT R I ok
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AH A R A B ged(P, Qy), IXFE— R HIEHEA XK P,Q, T #8742 A [ K1)

5 i, ML & Bo MIRFFAZE.
jJT PUdi T ged(P, Qr), W HRIINZ AL VRIS R R P, Q M4y
FIR 70X, FEAE AR et [7) 20 SEF HLE 7 F K170 =X

MEER FORFE, HF SR B iz s, v ik 2 5 ek i A~ 20
BOE TR, XA ] L 784> K% Karatsuba, Toom-Cook F1 FFT &5 A H Kk
AL L A H. W RO e R F W Ok 50, IS A4 kA& AN
(1), FL 2 n e LU () G HCR AN 7 v T Mg, Btk 2 A, Fr 2SR AN SEBr b2 4 6 1)
Ao by BRI B/ A R BOUG T VRS, SXRE AT LLRE S 0t 1) 25 REAT BRIESE A
FERATESL, M AR S JE A R BRiE. AT RAUE R, SR R e SRR R o A R 40
S HIRT N AL FRATE O((log N)2M (N)) IRFEAIZH, Ho M(N) 1%
RS N AL FEEOH 3 P 75 22 1 AR IE S0 OB (SR A R B 19 FRT Jfeds,
M2 M(N) = O(N log N loglog N)). 11 3K AR FH PR3 AN A7 - X a] 1) £ 4 ok
B A XA s, IR & & T AT T

gcd(

Machin B3
John Machin FHK+H5 = A2
EI5.2 (Machin A3L).
T - -
4 5 9397
iEBR . FE a2 tan(§ — ) = itzn;, PA I (AT H S 1 B A 3]

n

T 2+ tan-! 1—tanzx
4 1+ tanz’
4 x=4tan! % AT LLIERH Machin 233K, O

7£ Machin A30(GE#H 5.2 ) A H tan—! 2 [1) Taylor &I

3 .CE5 $2n+1

-1 T n 2n+3
N E N T -1
tan” "x = 3+5—|— +( )2n 1—1—0(.23 ),
EIE5.3.

i B i (—1)F
- (2h + 1 52k+1 £ (2h + 1)2397F+1

E84. XA AL —IUCSIAGAR B, M0 — I > BE 547 5 1078, {8
T T AT A




5.1 B BFZF 7.

EX5.3 (Machin R AX). B0

n—1
T 41
1= kg_o a tan b ap, b € N,

I FAS W= E - RE5 =5 ¢/ 752N

n—1

. bk—i-i Ok
= b, € N
1 kl;[o<bk—l> ) ag, b € +

4Rk A Machin A 708k n B Machin 435K

%15.2. Lhn =2 R, FAb ="~ 2 B Machin 222

il tanfll—i-ta 11
o - n-1i=
4 2 3
1 1
=2tan ' = —tan" ! =
an an 7
1 1
= 2tan" ! 3 +tan~! 2

# Machin B2 (CE X 5.3 ) WEHOEXETT, TR ar, b € Ny, JRATH
A LUK 54k Machin 8 23 2 1) 780 6% A R 3- B AN 7 T R 5008 10 i) 8. 90 1k
BT PLIER] n = 2 ) Machin B8 20 30— 3RV LUEDRR, 1 n A1 2] 21 P
Machin ! 2203545 1500 Fi (2L [183]).

FEX5.4 (Lehmer %{). Machin /425

n—1

7r 41
- = aptan™ —, ag,bp €N
f¥) Lehmer (2 0L [116])4
=5 logyg b,

7285, ANA] Machin 28 3 e S50 B2 T LA Lehmer K7 5, Lehmer Z0H/,
A ISR P e .
#15.3. H 1T S A8 e bt Machin 78 28 S 3% WA (S W [01]) KDL

T 1 1 1
Z =183tan" ! — 4+ 32tan"' —— — 68tan" ' ——
4 an = ogg ostan T yaos 539
+12tan~! —12tan! # —100tan~* 1
110443 4841182 6826318’

BNV ] Lehmer 02 1.51244.
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5 AR v T EAH L, Machin B4 A IE S T IAT A, HEiH& © 947
Bt A 22 2002 4 12 H 6 H B 2R 50K R AT O O ST IR T T
Yasumasa Kanada (<5 FHHEIE) B E R, ABA T H A H 572w (HITACHI) |
VESR AL B T HAL“SR8000/MPP” 1 T K2y 600 AN /N EAT RIS &, 115
R T @ F A no= 4 1 Machin 25

T 1 1 1 1
Z=12tan"' = +32tan"' — —5tan"' — + 12tan"!
1 an-" g 32tan e = Stan - ogg 4 12tan T e
1 1 1
—44tan ' — + Ttan ' — — 12tan" ' — + 24tan" ' ———.
an o itan Coag an e TN o3

Ramanujan B 233X

Ramanujan i —A~ L 1 JUAT 8T (S 0 [29)).

TEIE5.4.

1 2V2 i (4n)! 1103 + 263900
T 9801 (n!)4 3964

n=0

7286. 5>k Chudnovsky i o5 (22 W [54]) 1 Borwein i 25 (22 WL [34]) X 23 il 45 B
il

1 s~ (-1)"(6n)! An+B
R Dy Tyl e

F=HA, X=HAXMNSE N A = 545140134, B = 13591409, C =
640320,

A = 1657145277365 + 212175710912V/61,
B = 107578229802750 + 13773980892672/61,
C = 5280(236674 + 30303+/61)



5.1 B BFZF 79.

Hl

A = 63365028312971999585426220
+ 28337702140800842046825600v/5
+ 384\/5(10891728551 171178200467436212395209160385656017
=+ 4870929086578810225077338534541688721351255040\/5)1/2,
B = 7849910453496627210289749000
+ 3510586678260932028965606400+/5
+ 2515968\/ﬁ(6260208323789001636993322654444020882161
+ 2799650273060444296577206890718825190235\/5)1/2,
C = —214772995063512240
— 96049403338648032v/5
— 1296\/5(10985234579463550323713318473
+ 4912746253692362754607395912v/5) /2.
&87. UL EPUAN AP A Ramanujan Y20 X, A FHARECEE A1 — 8801 il ie
A LAY 3 B 22 X R ) Ramanujan 842 2(Z 0 [184]), AH Ramanujan 2 5
Ry S BRI DA P AR ot B — AN R8O S 5 SR H n 1) - 3 A Sy R A, LA
X PYAS 2 A ) 5 S, S5 R U B0 R AT 8 A, 14 47, 31 A AN
50 f7.(Z W, [184]).

AN ANHEML EHE 7 1, Ramanujan 20 20 5 8 UR I8, &
DA AT SR A 7 okt (2 WL 5.1 ). HECTA A ENLE m /N 57 £
LSRR EFE 2 H Steve Pagliarulo JF &) QPI[134], ‘BAX T ERb i aesk i =
FIRT 100 JIA7, VIR A5t & 26—/ Ramanujan B33, ‘& /& 1 Chudnovsky
LR R ILET, R E AR Chudnovsky 223,

BBP 2%
I JEEA — 3R Borwein JUH AL AAEE LR R ILE BBP A:0(S 0 [22]).

TEIE5.5.

[e.9]

1 4 2 1 1
W_kzomk‘(%—kl_8k+4_8k+5_8k+6)'

ESS. VERBIAIET M RBUE o, PRI & HRESR 7 75 N2 R —
AMREAL_ERECT, AN G R B Z L



-80- 5AF BFFH

FESEEERD - F. Bellard X4 T — DA (2, [20]).

TEIE5.6.

5 1 28
GZ . +
2 2 n 4n+1 4n+3 10n+1
26 22 22 N 1 )
10mn+3 10n+5 10n+7 10n+9”

7289, H'e T E L BBP AU 40

5.1.2 ERGE

Jiids B, IEATT IR M A A ARV 7, i IE B D S kG L.

Wit A R BGESE R T = f(mn) BB, WIAEAE IS8 m A4S |mngn —
w| = |f(mn) — 7| ~ |mn — 7™, TRBIER PG PR 22080 R ZE 1 m Ik
, WR— AR B, XU U A R BOR AR 4y R AT A H m £, DRI AT
DL m (R R/ A Al i R AR PR RE (R 45 4.

REULMF9E

T 6K F Brent-Salamin H%(Z W, [35]), X &— DS tnEk AL, ©
2] T Gauss-Legendre FAREU LATFIIE(AGM)IEAL (S W, [33]).

EX5.5 (NEBJLITFME). Wa,be RY, a > b Rag=a, bp =0, any1 =
%(an +bn), by1 = Vb, W a, b FAEILITFE M E XA

AGM(a,b) = lim a, = lim b,.

n—oo n—oo

290, WERAGACECT B B LA B 450 S8 B (KT 341, Bl

(a%bn + b%an )1/4
2 )

] A2 R RS AL

9T A FARE LAT~P B AR T S5 8 5 3 271 20 58 M AR 20 (k.



51 & FFE -81-

ENX5.6 (SEEMERY). B R(z,y) A0 ERE, o2 = P(z) & o =KL
PR Z i, AR [ R(x,y)dz B AR f%t%ﬂf@ WF A

KT)_/ x e dé

0o VI =21 -k22) Jo /1—Kk2sin2p
1 — k2g2 2
ST gr= |7 V1= K2sin2gdo,
1— 22

I MIRR A B — RN R AR AR oy, T k| < 1.

EX5.7.
b2
I(a,b) = ~K(/1- =)
EIE5.7.
T
Ha:b) = S e )
JEBA . R R R M R AR A 1 e (e X 5.6 ) FRATTE
b)
Ia, / Va2 — (a2 — b?)sin® ¢
¢>
\/a2 cos? ¢ + b2sin® ¢
JH AR i
1 ab

u:§(t77)

LA I(a,b) = I(%E2, Vab).
W I(ag,bo) = I(an, bn) = I(any1, bugr), PILZHUK RS 2

I(a,b) = I(AGM(a,b), AGM(a, b))
1 ™

:AGMmﬁfqmzzAGMmﬁy

O
EOL VERE] I(1, &) = K(L5), KL
1 s
Kl—)————.
(v§> 2AGM(1, )

V2
ENX5.8.



82 $EF BERH

EIE5.8.
1 1 N e
E(ﬁ) = K(ﬁ)(l - ;:02 )

JEB . R R R M R AR A 1 e (e X 5.6 ) FRATTA

J(a,b) = /2 \/a26032¢+b2sin2¢d¢.
0

A a=1,b=cos¢, T7& K(sing) = m, 4 cp = sing, cpi1 = an — any1,

A ELEW

Sl 1o E(sin ¢)

K(sing)’
ENYL:
—)=K(—=)(1=) 2"7'¢)
B( 5 =K% Z
O
EHE5.9.
. <2AGM< L7
— 43 j2anmle”

B ¢+ =T, MAK—REE B M Z RIFA1E Legendre K&
K(sin¢)E(sinvy) + E(sin ¢) K (sinvy) — K(sin¢) K (sinv) = —

L ¢ =¢ =7 HTLIE 7 = 4K(5)B(J5) — 2K (%)%, W

S
S
%\

oo
T=K2-4) 2"'c),
n=0

W A] LU i
(2AGM(1, 75)?
24y 212’

m =

Brent-Salamin &%

My EH 5.9 , TATIAET] LS H Brent-Salamin Sk AN FE T .



5.1 B BFZF .83.

H7%5.2 (Brent-Salamin 57%).
BN GBI m.
iy AR m RS B 7 A

1. % ag=1,bp = 5,t0 = 7,p0 = 1.

2. n M 0 @J m — 1, J@?ﬁ'\ﬁﬁ Ap+1 = an;bn’ bn+1 =V anbna tn—|—1 - tn _pn(an -

an+1)2a Pn+1 = 2pn.

] am+bm 2

292, fiH] Brent-Salamin F350HHEIN, 57 = AAA AT LLAG 2L AUME

3.14,
3.1415926,
3.14159265358979.

SER AR

B T AR URF 2 5, NITERBL T VF 2 AR iz Qn 5K, filin
N = AN A RIS O B Borwein YU ALK (Z W [30]).

EIE5.10 (Borwein AR). 1. A 20 =V2, yo = V2, po = 2 + V2. #HIEAXH

1o b
Tn4+1 = 5 Tn + Tn )7
1 1
_ ThaYn +Tn®
Yn+1 = n+1 )
Pn+1 n n+1+1
2
—n—1

[Past = 7 < =5 lpn — 7,
7T22n+4€—2n+17r

o =7 <~ T
AGM(1, L)

<107%",
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2. A po=6—4V2, 10 =2 — 1. BIERANXA

1—(1—2})
1+ (1—2%)
Prt1 = pu(1+ 2ni1)

Tp4+1 =

N

4 o243 2
— 22" 1 (1 + Ty + 25 q).

}JK/A |pn _ %| < 4n+2€—22n+1ﬂ..

A 1 3—1
3. 4‘@025,7“0:\[2 ,50:(1*7’8)

L EBAEAXA

W=

tn-i-l = 1 + 27”717
Unt1 = (Irp(L+ 7y + r%))%,

2 2
Un+1 = tn+1 + lnt1Unt1 + Un+15

97(1 + 8, + 52)
wn_;’_l e " " ,
n

Aptl = Wpi1ap + 3271—1(1 - wn+1)7
(1—7ry,)3

(tn-‘rl + 2Un+1)vn+1 ’
3 1
"1 = (L= 8,41)3.

Sn+1

R4 |an — L] 9Bl SL.

Beeler 23

A EA — 10 /& Beeler F HANS) 55 #ELAI s 1 V) B8 201 Taylor & 25
I — RIS R 7 I HEA(S W [29)).

EIE5.11.
Dn+1 = Pn — tanpy,
1 3
Pn+1 = Pn — tanp, + g tan” pp,
1 3 1 5
Pn+1 = pp — tanp, + - tan” p, — - tan” p,,

3 5

b A po BLEIRA 8 —NERAEIME, Hlde 2,350 4



5.2 B ARITHUR -85

5.2 BAMEK
5.2.1 REFE
FLRHUEH 1T e.
EX5.9 (LR,
. . 1.,
e= e =y

P Newton It 220 A) LIS 5

TS N S I
%—ﬂﬂﬁ—?}%ﬁ

:in(n—l)'--.(n—k—i—l)‘l

i

M ey < sy, < e, Bl

. . 1 1 1
e=lims,=lim 14+ —=4+—=+---+ —.

b2 T LAY
1

e = sn| < —.
nn!

FIHSLIR R F B IR 2 G IR ZZ AN R, IXAMRZIUR /D, "Rk T n 29650
GRS, TR FRAT T T AR A I KL s, KB B ARXTRUR e
BRULZAb, A

1 1 1
-1 _ 1 S TR —_1\r—
e "= lim 1 1!+2!+ +(-1) o

WaT AR H e, B 5 RS — A TS SR X AR ol LA
Prap KA kT4

LA s, BT AL ] LAG 2T B AR R e R R 7 —ATER
{RBUIE /NS
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EfiS.lz. /7\ Up = vg = 0, Uy = v = 1, ﬁ;}ﬁ/ﬁ\\i\ﬁ

1
Upt2 = Upt1 + EUTH
1
Upt2 = —Upt1 + Up,
n
AR A
lim — =e,
n—00 Uy,
. 2n
lim — =T
n—oo

5.3 MEEH
5.3.1 F{EHE

XFECH B R 02 In 2, ZEVHENIR R B Z 11, Bh22 5 TREATT R GE A Bh %
BERANER 2 0 L H R 5E s B sz &, v 2

x
Inx :1n2—n—|—nln2,

AT LOGE S I n A1 0 < o5 < 1, IXFER TR 2E0H 5 In 2 K58 R B S FRitE (0,1)
DX ) ] R 4
FIH In(1 + 2) # Taylor f&JFX

1'2 373
In(1 —r—— 4= ...
n(l+z)==x 5+t 3 ,
% x =1 IR 2] In2 KB E X.
EX5.10 (W EH ).
1 1 1
ln2:T}Lnolol—§+§+...+(_1)n+lﬁ'

93, ML v = -5, WAty

N |
1112:—11'12:;]{:2]6

A 1EAE

1 1 1
n2=—3 In(1 — 1) + tanh ™! 3

] DS RIS TS A R I 5 2 K BBP 2P~ 2 5



5.3 SHECE K .87

EIE5.13.

2= s ey
= k4k+2 8k + 8"

k
2 X1 1 1 1
1n2_3+z;1 + + —).

6k 16k‘+12 8k +4 4k+1+2k

SuFE R o 6L, VXU 2 In 2 WA AH N Machin 435X
B9k E RIEVIR AT Taylor I

1.1 >
tanh 'z = = 1n Tt :Z v

4 x = LT LI EI—A 56T In 2 1) Machin A
EHE5.14.

1 2& 1
In2=2tanh ==y ——
N g 3;0(21@“)916

EYL. MR RERALT tanh_l L — tanh™ 1 1 + tanh™! 2$+1 IS5 AR 4 b n]
DIREI—RSn=2M1 Machln B, M Efjﬂiﬁ% (1) /& Euler F2KT15 In 2 i ]
B

In2 = 2tanh™! % +2tanh™* %
Btz Ah, ANTEAEIE KT —28 & B 1 Machin 223 5.

EIE5.15.

In2 = 18 coth™ 26 — 2 coth™" 4801 + 8 coth ™! 8749,
In2 = 144 coth™! 251 + 54 coth ™! 449 — 38 coth™! 4801 + 62 coth™! 8749,
In2 = 72 coth™ 127 + 54 coth™" 449 + 34 coth™' 4801 — 10 coth™! 8749.

HIT RIS 2568 LT 2 AR S 305

1 3
hWle=zF(=,1,°,2°
tan x x(2,,2,:c)

x 3 x
=—F(1,1, =, ——
1— 22 (’72’952—1

EIE5.16.

1 3 11 1 1-2 1 1-2-3
In2 = 2tanh~' = = 2(1 — S
. anh o =2(- 3+ 5 35 8 3. 7+ )

295, XA A G, AR M TR A Bk e,



.88- FRF HFTH

5.3.2 #EKAE
FRBU LT PHIGIEAR R REE TS0 00 5 In 2(Z 0 [34]).
i
1 1 _ - n—1/.2 32
a b) =1 n§:02 (an bn)v

ATBLE  R(a,b) 925 L prafig B4

N
102(N72) :

I R(1,107N) — R(1,2 - 10~N) 1E0 In 2 I UE, MKARAEHVH5 AGM(a, b) I 1)
EARGE R, B ALETHS AGM (a, b) MR 50T LLVHECH @, by, HETRT AT LATE 5 H
R(a,b), AR TV In 2 (00— Bl Stk A s,

|Inz — R(1,107Y) + R(1,10 V)| <

5.4 FEuler &%{

5.4.1 REFH*E
FEX5.11 (Euler #%7).

1 1
v = lim(l—l—f—l—---—&—f—lnn):: lim (H,, —Inn).
n—oo

2 n—oo

296. Euler HHUH LA v, WURH AL MIX AN E SORTES v Ko e s K
BT,

FH Euler-Maclaurin SR A 25 H,, G808 o] DA BT + 11—
FEAFAIEAL A 5

FEX5.12 (Bernoulli ). Bernoulli 21 B,, s H I

—1
T n TR R AL
EHE5.17.
vy=H,—lnn— — + Z Bak ik, Bar ) Bernoulli %,
n
B HYIR £ T A

Bog+2 N 2(2k +2)!
(2k + 2)n2k+2 7 (2% + 2)(2mn)2k+2”

€L, N =



54 EULER % 4% -89-

VERE R, = O(e™), M L= [0 T Ry LA 5

Z 1)k~ 1:]@!’
k=1
T L
v = Z —Inn+0(™), a(llna—-1)=1.

SINFH o A T &5 2 e Bl JOERUEY o = 3.5911. WIRHIE R, [
ik A, THH@M&@ZE B 25, A A S R I S AR AR R
¥ H Bessel & EUMSAIN) TAE, TATE1S 3

Ap
v = B, Inn + O(e™ M),

|

X o 158 X BT R, XA RHOSAHR R, IF HARE 55
i HIZRAL T Richard AMEINE (2 W [7]) B0 J7VE R R 72 L AT W sk e T, w]
DEGE A G,

Hrp

1 (R
O =1 Z% (kD4(16n)2k”
IHH aiif a(lna — 1) = 3, HIELMERH o = 4.970625759, F|HIXA A A LA
Sy BN 1424



90 FEE  BERR

5.5 HMFE
It B B 5 SR A S

e Catalan 4.
1 1 1 1

C=lgptp mig-
1 —1
o— [ BT,
0 X
3 — E1)2 In(2 3
CZ*Z ( ) +7T11( +\/>)
8 £~ (2k)!(2k + 1)2 8

e Brun 4.

e Mertsen 4.



2R TR AN

FETHEHUREL R GE b, 30 S A ARKIN Py T A 50 Y 7 T 01 ) 7L — S e 1
JIREALRRAE, AP 4. b ey RE A AN D VR 2 N AT i)
AR BUA R, I8 e A2 SRR, SO AN T N URECR 4L, AERE AR
HETE L2 Fir B R Bk L 4F P 1Y) Hermite FRUETE, Smith F5#ETE, Frobenius Frifk
T Jordan FRifE B4, HHRE X LR HETE IO 21 72 55 Diophantine J7 5K
iR UL iz T AR, TR S ST A DR CAR.

AN B I PR i g 2 P T REALSR AR I Sk, RAE bR TR 4 4L
VIEOGB I EEE v LLS 2 [30]2.3.2 F5 R IT A H 225 SRR

6.1 RIEFEFER]

TEL AR ) ) RE R SRy B A SRl 1) 5 S PR AR 2 v B v O
G ERPEARE In) 8 A T 294k A R PSR ([32]2.2 1T, [48] ZR 16 B, IR AR B ek b
BT SRR AN RSB (18] 5 15 FE). T n B AR RE ) SR,
HH A 28 U B AT O(n?) A 2422, A 1968 4F Strassen[166] KL —Ff
LT 536 S TR PR AR o ey SR UK, F R SRk Bk S R BE I dR A O 3 [ 3
2.376[59]. I T FRA [Py AN 20 LB, e AT SERR T AR RN . 1 S 2
5 BRI B B AR, TR A R i N A R EEE Y, AR TREL T
VX R MERRAE T IR 52 LTS3 [132).
PR EERR B IR S FR TS S AR S, RIVAE VT S A A B AN A TR I8 B R X B 5
TR AT 22 BB S H), FFeidiss S 1 T FE Bt 38 KT Dok o i e

91



.99. FoNFE &R

2%, BT BB W 8 fF e 500 2, RIS, n1 255 [135] K [18] 5
15 .

6.1.1 EFR=ENAEEH Winograd EE

A F o 8 AR SR (157,

H7%6.1 (Winograd W RIEE).

: \ In/2)
W = ($1,"' "T”)T7 Yy = (ylﬂ'” ’yn)T7 i § = Z L2j-1%25, 1 =
7=1
/2] ‘
y2i—1Yy25, WA (z,y) AT H TN H:
j=1
[n/2] ‘ 5
> (@2j—1 +y2;) (@2 + y2j-1) — & =, n A%,
(z,y) = LZ;;J
>, (w251 +y25)(Toj +y2j-1) — & — N+ Tnyn, 1 AFEL
j=1

KX M EILH T © = AB WAERECEIs 5, b ER 5 ¢, 0, WAl
TS AR BReE B, AR IR I A BT o PR N8 S8 0. Winograd 53kt &
O(n?) BISRE, DUEH] TN R SRS 5.

6.1.2 Strassen EHx

Strassen SE A — T 70 A SN I S0E. & L DU e ia 53 FEat.
NS AR Strassen 5%, BRI AGHL [100] 75 E AR A
H([175]12.1 7Y).

H7%£6.2 (Strassen 57%).
WA, B R n BrAERE, DEIN AN R AT LAY e, K

A A B B C C
4 A A B 11 B2 C=AB= n Ciz|
Ag1 Ao By1  Ba Co1 Co
AT N e

Lo #5n < U1 BIA ML), KA ERSEEA T



6.1 Beik4EM IR .93.

2. i
S1 = Ao + Ao, 52 = 51 — A11,53 = A1 — A21, 5S4 = A1 — S,
Ty = B2 — B11,15 = Byg — T, T3 = By — B12, Ty = T5 — Ba;.
3. T
Py = A1 B11, Po = A12Bo1, P3 = SyBag, Py = ATy,
Ps = 5111, Ps = 5215, Pr = S3T3.
4. iHHE
Ui =P+ P, Uy =P + P, Us = Uy + P7,Uy = Us + P,
Us =Uy+ P3,Us =Us — Py, U; = U3 + Ps.
5. iR [A]
Ui Us
Us Ur|l’

DL ESEIE A R i AR ol 3G UE. v UG, A 0 177 2 7 IRk
515 Wik, N HEVEE I ER O(n'oe2T) ~ O(n?808).

NI RS AN RN, B TR n AN 28 B BRI N 22 AT 2 40 () i)
IR Gy MBI T %8, — A B A &N I, BIAE 3 Hk F v, @?U%ﬁﬁil@liﬁ
h 73 A T W 25 RS N — AN AT (B A); 2 i, BIE TR T 46 1 5t
S MR B AR, 25 e AN 28 IR, RIS SR AN FAT RS, 20 2,
T 03688 Y a5 v AN 5 P52 R R R o 00 Il . 157 B 1 23 B m DA, ol 5 — e
77 2R I ZRAT F B 1) A 3 BVE 2 I SE R, 38 T SRR OR T B, PRI S B
eh R A Ak

J. Demmel %545 H, B Strassen $735 A3 I PRI B ey AE — e U (B
154557 B OCR) ABUEASE W [07]. FRATA BEATLA Bl 17 s B0 FE i AT T K, JFF
528 MRS ) 45 FUMON L, B SR WAUE AR E P W W R %

A LU 2, Strassen 5955 “m BEUHED 1 1) Karatsuba SVE B, 3525

] e B H I HE A 1) GE AN RE SRl Toom-Cook &k —#E4E) ™ Strassen HyE 2 5
Wi AT A AL S0 P T 3 5 2 R W 73X A I i S DA 9 77 TR [ 255 B e P 2R L A )
P 30 Sy AN W] A 8 17 52 1 PR i, AFCRERE 2 B 21 e x o PR R I RO



.94. FoNFE &R

RS PTAT IR, AKX 2 2 n (W HE) S GEEHOE FOI 4 B Fln, X1
n = 3 15 ¥, Laderman|1 10] 45 T 75 % 23 RiE I E L, AR B HHE, H
WTE R A PEFRECN logs 23 > logy 7, RIMAN M Strassen §3%. FARIXFh A1) =
5 [135], X7 T VIS SR GBI 2 BT B 4 R BT W ML W& e HL 52 sk 2
T IRTEA:. I J 0] T B afev 2 52 % 2 I 9 3 R A X AN T M3k AT, 124 1k e
ZIR B B Lt B O(n2376)[50]. (HAESZERT, A4 n WK A4 11,
WOEH AR . AT 225 [135][48]) KILrh pr G| FH 2% ST

6.2 ZMAEBSHTE

21T REASR AR 2 L ME AR o0 ) 2 —. BV 2 S ) AL AR B A R
R SVE 2 BUE S T 5 SR SR, A ITAE TRV S S 0 S URECR e A 5 4
HEEALE. P, AATRZE T R SR AR FREAT TIRARIBEST, 0 AR
B T KR . e, B S S SRR B (1 sk B
I R i A G AL R B S5, BB T LS [70] A [32]. BATHERE S LY
LA GORE RS T R B B, IR SRR 2 T HR T TR, A
A, 2 IR A BRI KRR, I n] AR 21— A, my il S

AR DK, RS AT 20 o DR LI (EFILIAghnl 25 [80]2.3 TR [172]),
FATTHe 70 ) e i 2 ) S A T 2.

o JHILIE. X —REVEL Gauss VH JCHE ARG, H i T AR 0L BT
AT 55 2 T v ) 2 3 B2 K™ 0 R e, 0 A G e 5 2 ) SRS o )
re9fe.

o MARSLL. XA T RUEVHE KRS H IS L.
o N TR G B S5 AL K AR BOE R 1R IR .

KA G50 F OV I Ze 1tk 5 RE A ) SR, A [76] A [32] oh, BEXEAS IR Y
A 5$(Vandermonde [, Toeplitz F4F1 Hilbert Eig—"?s)éﬁTﬁéﬂﬁ/J g, 53 4h,
L5 SR A G M Ty R A D) AT 9% 1) A Il RS SR R BN E e 1k T R R R
fif#(Diophantine %), ‘&5 41 M (¥ Hermite ba#EE LA H VI X R, BiFEHE S
 [80]2.3 1A H B R SCHR.

A WG LA AR JCVE AR AT RO LR, IR AR TR A A TR A A
PR BLI. XL e B Gauss T 0k HE A, TR REGE TR I ks

SIK LR BRI 158 XT3 % [32].




6.2 KT ARUE N TE -95-

SO FEREREAT A4, 752007 REALROAR. A RS A DO AR BLAE SEE 2 O 7. W
FERAE, A A 21 (K = o S35 A0 2 T0 o R IR AR H7 90 G R JE1 5 ) 5 B v B R AT
PR U BT ARG AT, BRIZLEFEZ AN, AT FiFR ) Exact Division 5%,
A0 AT R R BT R AL T R, W B T G R PR EEATI A
7, AP BIAE FE T s AR GG, WIS [24]) M [188] 5 10 5.

6.2.1 ETHERKEEHEITE

FATTSe o] B UK A Ze P T RR AL ) — RT3, B Gauss T IGIE, JE4 H— 484
KM, XAEAEAT— AL ACE A AR AT DL 3 ([12] 268 3 7). O T g —
5T, BATVEERMRI HFEA N AX = B, Horh A m x n (YHBE, B m x ¢
BHERE, REDTCHESI S n x ¢ FIFERE X, IF R A 5 B A s 02 WA R A FE, X
TRERHOERE LK s UK 0.

RS L EAREUR R, 2t R AL (1) — R A& th—ANRER 5 R B RE 1)
s [ RAE, B T5 R A AT S 8 P] R IA h iz R it B 22 2 1) o ) B A0 A
TATTEER G VT RRLA I — M, 390 2 ] I S Hh LRGN 22 3[R 1) — 41 K. Gawss T8
TG BE ARG 2 o Bk J7 R 20 1) 28 80RE B 5 386 )RR R EAT AT M 45 AR e, K LA
AHHRIIAT BELI B B8 JE B (row-reduced echelon, RRE), Bl F B (5511 0 I GE &
TR, R ):

BRI TR A
o 0 1R AR 0 JEFFIAESIINHARTE RN 0, L JEAE 0 6 F L B
ST AT RS
o A O ATREZEAE 0 SLRIORCEL, BIAT SHMITATES, #5470 (T H9HF LR
P2, MARBHIE B AP SIEL <k <y < < hy <, K

1< r < m(r BUHFE B FK), 43 B(i, ki) #0, B(i,j) =0,1 < j < k;, H
Fir<m, WEr+1,.... mATBH0. KK = {ki, ko, -+, k. } 4 B FEEL P

CRHEE [12] ke 3 FATEE TR TR AR 0 ST ERA 1 IESK.
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#i(reduced echelon, RE)/741, B(i, k;),1 < i < r %4 RRE FFERIXT TR, 4
A5 BATHIK, WHEFR B 4 A ) RRE, K 24 A ) RRE J¥41. X1 &4k ki fh
T2 Z B B 5 1 )RR, TRAT AR 5 2 I W e 1k T R 2 e A AT O sk —
filt. 76 N IAIFE LR BT, JE 0 AT L — DA LI E d THaR, AT T3 5%
B T R () SR A T LS S o [] o S50 R R 402K

TEANT T, AN —FdEH TR RS 2 0 2 B RS AT FE4 K
fiR L [122], IX P SV I [F) AR IR K 28 B0 B 29 A0 A BRI _EREAT T el 5.
FEGT R SE T, P17 2 W45 o [ A WL & 5 a] J, JLAITbRAE B i T s SC)
Y (Ja, La) FRAE.

H T BOR TR, BATELIIATHEMIL S KL < i <iy--r < iy < m,
1<ji<jo<-<jg<nmxnWHE A= (a;) PATH i, ip TR
g1y s Jp SIS AR T 3% ST HE LR 7 BFERR A A B—AS p x ¢ BY T B, d2h

) (il ip> |
Ao e
WMy AFERE A IHT § IR B FRERE. € SUFH Ja = {j1, -+, ar ), HP g b
BR/NEER § AEAS rank(M;) = h. AT ASRAN AR 1) B 2 T R MEAH T, T

B 3CE AT RE JEAI, 1 HodME— 1), 6 TAEFAE0E A, nf LA S| 51 B 74
%&hlu'” 7h7‘7 1 Sht§m7]~ Stériﬁj/@;

A(él hs) #0,1<s<r.
Jro s
FA0 g1, B WIERIEEL W H = (hy, - ) L, - m B ANEES.
WHTH X P H B S Pa, W Py T, AFAE— DB 305 5/ ) P 21
Iy = {i1, - yim} SETHLUL, XT 1 <t <y ap AHIRIE H R I B/ B HE BT A
XEAT M PETCOE, TATT r+1 <t <m, i PIERIBUTHLF. 5 A D F5ERE, &
TR ASRHE L Ta = {1, ,m}. FFEN Ja x Ia WFHST, (Ja,1a) > (I, IB),
MHANM g > T, B Ja = Jg, [4 > Ip.

FEE LT A (Ja, 1a) Z )5, BATFIANMT I IEN RRE FEFE. X5 T m x n By
HEBE A, 2 X

hi h,
_ , A , 1<Ek<nr,
Ag(k,j) = U Jk=1 J Jk+r o Jr
0, A

O3 HUM A TC F G SO, VR
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M Ja, Hy W2 X5, Ag i RRE JEFE, HTDIEM, Ag 5 A ATHHHK. R 5,
Y Hy = Iy, BIACH A, 5N A IEN RRE(CRRE). 18 54K, X brE
REMEHER. N T H = (hy, - hm), EX

hi - h,
5H<A>:A<.1 )
jl ,7’!’

A NEHBE, WE X 6 (A) = 0. BATER] Ag MXTALITTRERIBET du(A).
B, 3T H = T4, ¥ 05 (A) fiiich 6(A) 5k d.

SRR T, R SR AL AR R CRRE, HA H 45 21 4%
PETFEAL — M. o, AU 2 R O IR . AT BT ek, A LA
FEBEM CRRE, BFEREME T R —Meff, BN —AMREAR RN FR A0 BRI 22 ).

S/ RRE iFF E E40W. % E b m x nfridE%E RRE %6, 3
RE J¥F0 Jg = {j1, - ,jr},r < n, AEMXAICEN d. id 1 3] n F15% RE J¥5
ZHANAIITCEN 1 <k < <kyp. WFHHEE R x (n—7) HiFE Z,

o {¢ w=j,
Z(3irj) = E(i,k;), Z (kj,u) = (6.1)
0, u # j.
RO EZ =0 H Z HHIMATEE. 29 E AR AR A 1 RRE B, BIFELE m x m
BAliipE U i3 A=UE W, W AZ = (UE)Z =0, \ifi Z 45T A 2801
— 3L, R g5, AT LA e FEAL 3G RERE C = (A, B) fifihitn F45g:

EIE6.1. X C = (A, B) ALKMF A2 AX = Be93g ) 4%, ¥ A mxn B
46, B A mx q M4EME. R C 9k A r, EH C 8 RREW, mk a3t ATA
d. BEREFAREAME, X 2 AREE S Jo e Ly XMt he94EM%, X Z A
Z'E n TS5 n—r 3THE, Y H Z 88T n 4755 ¢ 318 T %, 1 (d,Y, Z)
R AX = BW—ffg, BP AY =dB B Z K&k A R =0,

. A
iEH. HOEBLPTIR, K5 Z7 X orh .

Y s b A
v WU IR 2 18 T 45

CZ' = (AZ + BU,AY + BV) = (AZ, AY — dB) = 0.
Z BN TGRSy Bk O

SR, AT R BN TR, 0 SR B 40 R R B B AT AT A e, JF PR KR
) I8 O3 R A0, MR A Z) B ARL kg B0 50 350 4o v B 21 3 7y v i) 0 X
JiZ ]I (intermediate expression swell) (1] in] @, BRI 28t 2 akeykJa, A ) a8 47
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e, T TR R AT 00K 2 T R B0 A b A 7.
TSI, [ 20 40 60 AR TR IE T RS RIS, BIE i R AR
BUSHZ B F, RIS S Fylor,...,zs 8 Byl ..., 0e1] KIVHEIE 5 (% 125
WF Fylar, ... as) B zy — ap BOTRIZSWUR), K500 15 2 TR 5 LWL 54
WU F, L, SRJEAE F, BT Gauss 157608, SRERE A T 228 1 52 1 UKL,
T M A e VR 8 L TR P 2 1 1 5 v, R A St 75 L
TR A

d THE
Mo(Zzy, ... 25) —22220 M, (Fylay, ... 2s]) —s M, (F,)
lﬁa@ﬁ% lﬁ‘/ﬁ?& lﬁ‘f}%i‘% (6.2)
mod iHE
My (Z[z1, ... 2s)) —L My (Fplz1, ..., x5]) ——— M, (F},)

KT A S0 5 SR B0 A HE R R ol AT Py R, T SR AR 2 1 R R Ay e
5 22 T4 AR R Pk 27 AT &5 . X b S0 s ] DU £ v RE AL R A5 A AR EoR
PR AR UE, BT EE S W N A2, MR T (6.2) i =N
ViR

Lo (FEM A2 ) MR, $5 Z B2 o2 DR B R R 21 F, b
12 o2 W R B EE, 511 P2 505 SR HEA T B, frdad
A% o BRAT 2R R Bl PR A o0 2 AR RRE. 45 A5 24 1E 5
S ) T i

2. (Bkmb )2, M T 22 A R BT RA)N T F, LlZu2m
XA, W T HE S AL By LIRS, 51 A 25 A
RRE, fili it 2 o 2 DA E A2 F, B2 o2 002500 RRE A
K

3. (EREEA R F, L Gauss #8255, % F, LROAEFEL . RRE.

SUUF ISP BR PO A B30 B U BRI, I AR A8 50 Bl (R Rl AR T, A2V B, 3K
BB = A AT AR R AT S8 AR R A, AERXASRSCR, A2 B L 11 i TR 23 )
T R A5 R AZ M AR I R RSO R o0 A BRI R, 28 AT 2ok 43 3 REE JE, T ifi 1
AR HORT SRR T I (R AN B T BESE AN R, 451 S A e

o]

FERE p AT S BIZHFE, —F10 RE PR RAE, Wik REE JE T il 1728 2 AN F] K.
ARSI SR T I (0 7 AN B B RAT (AT A e e AT ], RS S F SR 2 AT 1, 3K 1 A2 40 1) 78 70
FAF S, JEii e gy VR I T
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XX A S AT LAIT AN P52 79 A5 AR B 1) A, BRATT 50T Jat i)
Tl ZALER Y 7 B2 502 T R ST A e 4 BRI, R A I 4 007 BEAT
FHIE (0 Ak B2 i, PR3 I e s 57 g FLAK SR BAT it 2 (R AR P2 )5 (R 45 R IX I,
FATRE T A F i L, RIS ORAIE AT (14 P 2 b B “Te I 48, A v LA
Jis 246 A mp BT PR AT T K 45 R B 2 U, AT SR BT, A refk
E T DA R A ) A% P (R A A B SRR 1) RRE WE? VR4 Uik, wT LLJ4h
AN (R = A i)

Lo BATPTIE T Ae”, T3 PRFpAT 2 “ff E g, Mg DL et 5 0 A &5
R?

2. A AFE IR B BATT BT 5 (14 “TE B s 47 2

3. JRAI T E 2 D IXFE IR A BE A5 21 3 1E K “To B e 4557 7592 B A7 Il
RN AN F 2R 3, 0 T Fp (X 3 F, K, 1A B2 AR E ).

NI HATIFEX L [, R4y 2 MRS R 0 SR A RN S

HOLITIRIIE 3 h S B MR (A et SIAI L 5Ll g A r— A* K
IR, BLT 2 A — A ZORUHH REE JRIAT AR, 45 0 5 T w48, AR
00 HATAHbk. FEXME LR, AT A* HEATAT AR A = (A)*, Aifin] LA
XF A T E R A g PR AL IR A ) REE JB. TR 8BRS H T B 50 4
PRI 78 3 2 AF:

EIR6.2. K A A m x n MERE, RS 0 TaMRA A" = 0(A). % (Ja,la) =
(Jae, La=), W) Ax = (A)", B 05T 2k,

JEB . YRR BIFEAL R SRR AT A S SR T A . R T4, Ta R X
T 5058 BT 0O

TAIFRIAL (Ja, La) = (Jax, La-) BIREBRIFR G “ATAT [ (accepted)”, 77 WK
AANHIAT R (rejected ). VEREB A ATVEFFARR U AT IR 0 240, A IR AR

p 1 0
A=10 p 1
1 0 p

A p WO T LR AT, (ELBE p WA T A ACHt. S ft, STV
TR
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NIRRT, ANRTAT (B AT B IY. FERLE T, AR B 94T 511 20
SURTREMAR O Wl 0. ARAEHIFERR LA L T, Lo IE AR, 047 7(A*) < r(A) BX
(Ja=,Lax) > (Ja, Ia). BEWLEE 0 PIAT 2 HACEX T 1 < k < r(A),

A* (Z} ZE) 7& 0.
]1 ... ]k

BAPUEUE, B 0 ANATAT 2 HACS XA E,

. ( ) Y
Jiocc Uk

X (AR RSN A H A by 22 U B A IR, 20 00 i B = Y A S 2
T s B R DAL, 3RATTRT DU R RE 515 21 78 73 22 1O I AT ARG 58 v
SR, XH) <580 27 b R A E B 2 Ui E A SOk g

SR, BA 25 I A A8 TS i A 18 (Ja, La), TXZA T RER). BT
VR TN A R R R S AR RE JP oI5, Bk, FRATE 7206 DL B 4%
480 FCA 25 A 25, ARSI SR 5 PR R st ok DI, A7 LA AN s 2,
EAGF AL TR o BT 4 (AU
EI1E6.3. X C A mxnWIERIESE, %Kr <n. EAHmxn¥ RREEM, L4k
' <rRor =rJg>Jo. K ZAE ERE (6.1) MEERGERE. F CZ =0,
n Jo = Jg.
B A <r 8 =1 Jg > Jo, WIRE SIS ANGFEIAAHEAT CZ =0 K45
xR O

#E%Exz SERL, FATEVHE P, REDEAEPE2RI1 Z RN CZ = 0 BHATIUERD
L R R, o DL bz e D R R % RRE A E ) RE 741
M Jg = (1, de)y SERATIWEN k1, ke, AIEXATON d, 8 X E RN

oy E R
pep(l 7 (6.3)
- ky - kn r 7 .
A E0E, B P IR BRXS MG d AMER 0 JuE. XoE X C A FRELNR:
o 1 ... m
. o \ky o ke
HZ X b, W CZ =C'E —dC", \Niii 510N CZ = 0 B0 4 F
CE =dC". (6.4)

A PR e AT AN TRALE.
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EIE6.4. K C A Fylay, - ,x5),s > 1 LFERE, b+ 1 ARBIFME N K69 REK
BREBGHE ALY ERFETELE). KU, AL a; 20 THEBRS
0<i<b, BCO =0, (C)# REFF Jow) =Jo, @ lgw =H. W H=1Ic. it
—¥, % E AR CO) ... OO i B Hh 75 kM 49 RRE 4%, U E = C.

B SEVE. 18 H = (hy,- - h), Io = (in, -+ yim). A7 H # Io, NPT
hi 7 i BRI by >, WARNAT 1 < b <. WAFAE b+ 1 ASTHEWU U, 45

U, (6:(C)) = Uy, (detC (?1 Z’“)) = 0.
Jr o Jk

{H T AN AT W SR 26 B i B (e B ks J7 R A AN 2 B, B deg(0,(C)) < b
FITEIX A TTREM). I H = Io. 3 WS 10 22 #e 4 RO A5 i 4 1 5 V0 3 1)
E=C. O

e ERgG T B R R S AN D TR
WC = (AB)Nmxn+q W85 Mk HESdwe 6.4) . U5 RE4
AX = B —/tf# (d,Y, Z) n] LAl N i
_d7 u :ja

Z(]lvj):E@v]): Z(kj7u): { (6'5)
0, u#Jy;

Y (ji,j) = E(i,n—r+j), Y(kju)=0. (6.6)

R4 H (7 5 75 RS I A A, b BV Hh R e o e 7479128
o 4 T R b T LR A B E TS PR, S S RS 404 ) SO T, s
% EHTLSE [127].

EHE6.5. X B A I[x] Lo m xm MM, MaF FAEZHELK:1<i<m,

< . .
deg(det(B)) < 1rgr}cagxmdeg(B(z, k)) + ;eu \in eu,

# - <u<m.
£, eu 1§y§1%§t¢ideg(3(t, u)),1 <u<m

EIE6.6. X C A mxn MAERIERE, Jo = (1, ,jr). X f = max max deg(C(i, 7)),
J7FIt Lsism

'
ey = max deg(C(i,7u)),1 <u<r, A& e ey,e0 =mine,, & g=f —eg. &
1<i<m =
L

e, <0,
b= g
et+g, g>0.

MFEE H € Po, b IR Cy b L& K& LS.
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DL PR AN i B AL T 448 55 D /5 o 1 22 U e IR oo R s Al o —
FERVE, o [ 98 4 e AR R A B (M 7 38 B ST SR, CEARRVE TR T T
(6.4) FIARAKZLS, BEAN 752 ST

XFE, AT K R B AUA I T

®i%6.3 (WSHM=5H% PLES).

WINZ[z1, - xs],s <0 BT m xn/ rHERE C, #Ein: 1 <n<n. Hi,
C = (A,B) H&M A AX = B 3] 4, AR m x n MMAEZMEFE, B A
m x q VEERE, ¢ = n' — n. BATETTE— AU B 250 L.

W =04 (d,Y, Z). HEMEITRAA MR, W (d,Y) M AX = B Ri#, Z
N A BRI . FEVETRRA T, W d,Y, Z 45wk 0.

1. (W) & r = 0.

2. (B p WG ERPE T O AT R FHE £, MERRM. B0, B —A45%
Hipel, WH C* = C (mod p). #7 C* NFHEE, He25H 220

3. (M HTHERRESR )2 H CPRRE 83k, 118 d* = 6(C*), J* = Jox, I* = I¢»
PLK C* (RS fi 5y W,

4, (ATESER AT MR & r* = rank(C*). 5 J*(r*) > n, BEd=0,Y =
0,7 =0, &9 (d,Y, Z), eI JTRRAToff. & r* > r, BeRH 5 8. 5 r* <,
R 2. 7 (JNIY) < (1), 2% 5047 (J5, 1) > (J,I), 2 2
W HRHE, 25 6 0.

5. (PHEB L EHEEVGEE r=d=0,J=JI=I"h=1, BW X
rx (n' —r) PrEHRE.

6. H1rp R A e BT IR AR R, th d, d* b, p VEEE 4 SRITIRBLN D B,
W, W* h,p W15 r x (' —r) WHFE W (FoCE. B h N p-h

7. (HERK)E d =d, W =W, 2558 F, HEd=d, W=W' %%
%20,

8. (fRAKIEMYE (6.3), HCHIMEC 5C". WHHEOW 5d-0". #
C'W #d-C", T2 5.

T AT AT B Hadamard A2E03R L, W Hensel #8271 77757 —5.
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9. (Wi —MAR)HE r < n, ¥ (6.5), B J,d, W Witk r x (n —r) A Z:8
r=mn, B Z AEHME. B (6.6) Wik n x ¢ Y. & (d,Y, Z).

EOT. W B LI EE p WL p? S 0 Fob 0 USRI G, A
AR UE VST BR A 78 23 R LA R FE I8 S B8 0. SRR IR 22 302 m DA S A7 it
T, W nT DABhAAE . 1 2R B AR AR S 1R 1 P 75
298, A A A5 56 8 I gt v AR 4 o B AR A N A (I AN R AR A 4
FF). B A5 INZAT S, A4 T Lk S 0 ARSI B R Be PR TR, MR AR
A (138 5

NHEIEEH Fyloy, -, xs],s > 0 FARE RRE BRI, T Ko 0 1%
5 PLES HiL2 KU1,

&3%6.4 (' )/ZH1L CPRRE).
MIN:Epx1,- - ,x5),s >0 LB n x n BrAERHRE C.
Hith:d = 6(C),J = Jo, I = Ic, K& C MIAEXH 385> W.

1. (MH Gauss £ C A F, LR, T HN4HE CRRE HikitH
d=6(C),J=Jo,I=1Ic5W.

2. (AN E r=0,a=p,k=0.

3. ((MEFS)E a =a—1. # a <0, WEIERBOR P FW, & C* = ¥,(0).
FHC* =0, %253 5.

4. )T H CPRRE H%, tHH KT C* WM N 45 Fedr = §(C*), T =
Jow, I* = Ic» LR C (AR MBS W™

5. (LRI TRERI)E 1 = rank(C™). #57° > r, BE5 6 512517 <7,
B 3. (I T7) < (J, ), BEEH 6 54 (J5,I7) > (J,1), 55 3
b L, HEB TS,

6. (HMEAZAIE) Er =r*,d=0,J =J* I =T" Fr<n, Wi rx(n—r)
MrEHEEW, Hr=n EW=0. & E(z)=1.

7B EEVERIER LR, hd,d E(x),a WiE d. e < n, BERM
FIThEH WW* E(z),a WG W'. Hr=n, BW =0. EH Ex) «
E(x) - (x—a). #H k=1, %2511
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8. (MERI) A d =d, W =W, HEH L. FN, BEd=d W=W %%
3.

9. (FRAKER)# r = n, F 25 10 2. 1R4E (6.3) , 1 C M J Mi& ¢ Fr C”. AR
ANC'W 5 d- O TR, & C'W #d-C", %EH 35, FEUE k= 1.

10. (XH EFHIAE 6.6 v DRRE JEHFE T3 KB EF b.

11. (REALER) 37 deg(E(x)) < b, #2320, B, B d=d W =W’ &Ml

E99. R BIAESIRIN S 3 b il BEAT SR R MOR P AR KR A
PLES HEAR L AN 1 T PLES 5% P gl st (1 3 80T AE s R B0 e By,
PR FCAREVE A R R R D (L ZE e T i) CPREE S35 2)): 48 1M, i1} CPREE
FEMVHE SR BEAE B, ki, X2 A BRI, P rTREAN ). ST, T K
AU 5 I, SRR AL p 7 KRN AL p? < 0 KT

TR RNZE, AINVH F, EI Gauss 1 2754 M) REE . BT
Rt AMRAER I, BAT ST LA S D BRI PR iR B ]

Hi%6.5 (NZHL, CRRE).
HINF, BB m x n R C.
# R AE C 1 RRE B0 6(C), Jo, Ic, LRAEXTfLE W,

2. (A RTTY 225 ) WAE I AT 221000 k — 128, BA1e288 T o*-D, 384
E—1AJeE%me) J 5 19, fERarE 2058 k25, $Urin PR

o (FHE)EB Kk k+1,--- ,mATH, & A ZC A ZESIFH I, H2]

BAAEFICE CEU(t, ). ¥ s RINE J W, BI4 G = Jo(k) = s B
d « d-C*=D(t,s) AW k 4T 5 m AT HESIIGUF 45 5] ¢ 1) —
AT AR S ¢ ATHRRIER kAT, HRBATKIEFHES, RN EE T I
T E

h, 1 <h<kilit<h<m,

T(h) = { k, h=t,
h+1, k<h<t.

B A 1 P TR AT TS 1(7 (k) B I(h).
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o Xe=(CW(,s)™, CH(k,j) — CHP(k,j) es<j<n.

o (FIRTHE)T h > kAITHER s FcEIEZH, CO (R, j) — C®)(h, j)—
C®(h,s) - CP(k, j),s < j <n.

3. (MJalE) @i EE, RIMNCLE3 T C KR, % rank(C) =
r, WIZAHAT r — LA S 2P RS E] C 1 RRE JE. 7E M5 £ 1058
E:1<k<r—12 FMHABr—kE+ 117K r — k470 jr_pgr FICE
TH2. FTLAER, U320 RRE EFFidh C, ik mT DL 21 AR Ao
W.

Z b, AT 5EK T AR AL AUR. McClellan 7F [122] W45 H T R4 5
KB NEI T, BATA IR BARG R FATR Y, IR0 S SE B AT R0R v
M T 2% B IR e 5 5 A A ST R 01 e o B R SR B PR e 1y R
FET- 259 IS T 2503 5 i B R M™% BRVA AT 1K) Excact Division SYASFAILE, KEEE

=T om s,
6.2.2 Padé BIREERELHERE

TR B A A AR B — g B A B8l 59k g R, e
fITHAELL Padé JE8 1T DL A AT PR pf £ st Svd o0 FEatl. FRAT 150 R A 2HX P/ 1) .
BIERNERE

£ 2 bR U 2 (Rational Function Reconstruction )% fif #i ¥ ] i % -3 1
nKZ W m € Flz] LEIRBUNT n 2050 f € Flz], IATE LR 2 1A
r,t € Flo] i3 A RS r/t € F(x) W2 ged(t,m) =1 H

rt™' = fmodm, degr <k, degt<n—k, (6.7)

oo ¢l 2 g ¢ TERE m R WA & O n, Wor = f, ¢ =1 SRR Y
— M AR IRANIATE L& ged(t,m) = 1 LI, W) je) 28] LAE 250 S 2 1 T —
M EElP S

r=tf modm, degr <k, degt<n-—Ek. (6.8)

TS AN
51386.1. XA $ AKX f,g,7,s,t € Fla] #H A degf =n, r=sf+tg,t #0350

degr + degt < n = deg f.
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B i si,ti(0<i <1+ 1) ZY & Buclid kARG % AKX (B SR XN
8.3.2% k), & j<{l,...,1+1} #HZ degr; < degr < degr;_1, M AEIFEX%
MK o € Flz] it

r=ar;, s=as;, t=aotj.

PEH. EGAIRIROL sty = tsy, AR, WHKT f, g A&k

2 2)0)-C)

rit —rt;
P =
Sjt — 8ty

deg L < deg(rjt — rt;) < max{degr; + degt,degr + degt;}

st — st
< max{degr + degt,degr +n —degr;_1}
< max{n,degrj_1 +n—degrj_1} =n=degf,
HRHA AT degt; = n — degrj_1, WA T LU RFEAHBR Bk B IHA0UE B, T
&, TAFHN TG deg f < deg f, BN st = st;.
Hi [175) 912E 3.8 %1 ged(sy, ¢5) = 1, LW AN ¢ | st = ¢; | t, TRIEZRZ W
X o€ Flz] i1 t = atj, H st; = sjt = as;t; 142] s = as;j, MM

r=sf+tg=oa(sjf+tjg) =ar;.
. .
ENX6.1 (FHEREENIER). ARERE r/t € F(x) O IENR, W r t € Flx]
WAt —H ged(r, t) = 1.

N E BLE TR Euclid SERAN BE bR B R R BN 0GR, RIS
T AT B R B

EI6.7. XA n KRERAXN m € Flz]) RN T n o) 2 AKX f € Flz], i, S, t; &9

EXFEGIE 6.1, LERAXT fAm 9 & Buclid L5 &N AKX A0S
FTh g=m), &% j BARNGEHAAF degr; <k, M4

1 BEZAXN r it HA (6.8) X, B r =1, t = t;, HLH ged(rj,t;) =1, N
Tt (6.8) N, BPRAFT A B BT E P4 E

2. & ’r‘j/t]’ S F(.’E) ith R (68) 5 T = 1C(7fj) 75 0, 4(\7“ = Tj/T, t = tj/T, }JIK/A

r/t A—tLERE. AR M, A B E R AT S B S ged(ry, t;) = 1.
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W R 5, FIB) T 978 Buclid SE N A ARG B 6.1 . A7 %838 )
IS [175]5.7 4.

Padé iBik

CaIR BB AmREL f e Flz]], 4 Padé i@t (Padé Approximation)%:
R B SR — LR p = v/t € F(x) KIBIZREL, B p 1) Taylor &I
REH L2« MRIRE f 5.

ENX6.2 (Padé iEiT). ¥ f € F([z]], WG FEREL r/t 5L
xtt, r/t=fmodz", degr<k, degt<n-—k, (6.9)
WIFR v/t 52 f —A (k,n — k)-Padé 1@,

HRBIWIRA m = 2", W) Padé @I A (6.9) 44 4 A B pa B F 4 ) i (6.7) .
Rk, A58 4K H E— sk vl LAk ) Padé @i 1. O¢T Padé 1@ i i
KIS BRI 40T LS5 [5].

6.2.3 Hensel I2HEH %

KAGAEAT 3 R AN TR A = b BIBESEEI 53— P L 2 Xl 24T p
e (p-adic, p AFRE)RETF, SRJG “UEKEHH A AT B, 1X—SEMH S T 2 0
THHE A28 1) Hensel 2T 5%, J& Moenck, Carter[124] 5 Dixon[69] $2H ). A&
/NS4 Dixon $2 H N ] T8 RO BRAL S, XHEOh p-adic 5. X —
JLE A RE TT AL, 7T 58 AR ] Hensel $&THSE 290 B, AHAT B —
TeZ Wi 1) Padé 18T 15 214 BE R BUR, IX 2 — M) Moenck-Carter 5%,
GZERASE A F R

1. GHLE R p, BoR ptdetA. £ F, Bl AW C, Bl AC =1 (mod p),
C WAAAEYEH C = A*/detA (mod p) frilE, Hrr A* J& A B9 SR 7 FE.
X UAIH F, E Gauss 1 7672 S8, AR A] R FH H A A PR E SR I3
AP EL

9. A5 178 A KM m, 4L 7, 6 AT = b (mod p™). 7 BN z 1) p B
2.

3. MM XRITFRIIE (I TR ) i1 o (9 p kAT 254 BE AR
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HEHE W]« 1) p B AT T DR

by < b,
big1 pil(bi — Az;),i=0,1,2,....

HEEIHT b — Az; = b; — ACb; = 0 (mod p), #3055 — 0 RS ™ A%
(0, PSR b1 A REEL IXFEEIA D B AE T AT R 21 5 by ZJRETR(m
W KAE R g ). X, 4

m—1 A
T = xipzv
=0
S NEE]
m—1 m—1 .
AT = p'Ar; = p'(b; — pbiy1) = by — p" by,
i=0 1=0
PNIDEEE:

Az =b (mod p™).

HT Nz 138 o, HED z — AR RE N &, WLLRIEN o= f/g, Hrb f
MR R, g|detA. LR g7 = f (mod p™). A WIF e B

EIE6.8. & s,h > 1 HEE, GEEI f, g %%
gs=f (mod h), B|f|,|g| < Ah?,

A N=0618... hF AN+ —1=08)—/MRk. RERAH S wi/vi(i =1,2,...)
A s/h #9E Sy KEXFF, FiT ui = vis — wih. FZFIF kb F—A k2
lur| < b2, R f/g = wp /vy

JEA . MR IE S AR AT, BAVFE P {w;} 5 {v;} @G0 {u;} WIEH7AE

M4 B, w; /v, WSLT s/h. KT IE X EIFIFEARNE T, 7T LAZ2% [151].
it f = gs—th, N

_fg 1

t
JR— < ,
g hg® = 2g?

5
h
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MITHEE ¢, ¢’ < g, H

1320, t/g K s/h R —DEAEENT, XHRER t/g 55T s/h B 5 A ([151]
B ), 8k /v BT w; 5o B uy] < |f] < A2, Bk E X
B>k J— Ui, B uy = vis —wih Koug = vps — wph 3] wjvr — ugv; =0
(mod h). HT j > k, [ujor, — wrvj| < (Juj| + |ug|)vj] < AN+ 1)h = h, A
wjvg = ugvj, B j =k I f/g = ug/vg. IEEE. O

fE EIREH P b = p™, BIRTER SR f /g B RS0, b m gy B 285K
A e < Ap™/2, Hor 6 2 g 5 f OT LA L5, T Hadamard
AEERGER 10.4 )45 M WEE LRI n T EE B = (biy) 7

n n 1/2 n
detB| <[] (Z bii> =1
i=1 \k=1 =1

o A ) 2-30 4, Bl BEulid KB, (5 Cramer EN%NE, ¢ 5 f THICEY
R RERER 0 B, AT AT LR 4 1 N F1 ) B 1) n AN ) SR
3 Hadamard 5t6, JF it 5435 m = [2log(6A~")/logp]. B Jm il iE 7 X ITHY
HIR, s WO © Mo Es, AT R R

o u_1+— h,uy — s,v_1 < 0,v9 «+ 1;
o Xfi=0,1,... 4T
¢ = [wi/ui—1], uip1 = wi—1 — Qi vig1 = Vi—1 + vy,

3w, < AY2
flg= (=1 uy /v

FEST T Fh, 54 45 2R 2 354 17 LUK Lehmer SV, wI LIS [105].
S5 AN AMHT, Dixon 35 HUSALIE 95 28 FE N O(n® (logn)2), BEEHH S
W ST 24 1 O (n), TR TSR BE T [ A2 s B LS5 U S0 50 J
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6.2.4 FEBZLKIEHME

55 Hensel $#&T1 71U Iy — Tl R K 2 oK 01 o A0 BRA VA A LA R P52 )77 B
i T BT SRR A IR s 7 i Baa S RE ), bR ok B B o
S AT B A VA A DL SRS 2 TR V7 s 380 B0 mT UK s v S 8. JRATTHE
N X K [177], T IE 2 RASH AR A S, Gl I R A IR A

Bl R B )V R B , A 7y R T B T VA S AT BASAR . TIR T A AR
B, JUAR PR BT AR AT . AHEL T Wan 25 H B IR GG SRE A A PR UE B, R T Z5 H
UEWY 7870 MIHT 173 73 2T AR 5T, AT B8 5 vl

X R AR RIAAGELE, 78 [70] A L gl ARl XROTRIFRA R
AP SR IA b RS (s U, AL RS D) v, e AR D OB T B, A7)
it SR I R L TE L. DRG0 AT H AT B ZE SRR Bk AN . FRATTHIA AT I
AN R AN AR AT e B R BB A 535 & b, MRV 2 = n/d, H
Tn=0,d=1KRErEN}b BEEEFEIIENT, S$ATF DR E*ﬂ%ﬁﬁ
iz B R BT Az 2 AAx = r, EEEGERE o, MITRETHOR, B
A Ad =a, An = (& Aa-x1,- - ,~ Aa - xp), BHEBELE N n = an + An,
d= m1¢%£%EﬁT—aWw4AnE¢ﬁEi IEAOP TR 5, PSSR
AL, BRI K2 15 0 BEL S (3 KA B R, #OE A (| Allso + 116]so
e A, IEACRE R o FAT AN T b B s . L s B L R L ),
FATREAT 40N 5L ThRGA I R A5 2005 FEAL RS R .

F3%6.6 (BUE 7RIS etk 7 R A7 B ).

HiINA N m x m AET TR, b R0 =

B Ay RAFERERS, Pttt 7R Ax = b A BEAE «; B0, Pl ot
i S “BAERG AL 45 B

L. AEHINLAESHS BE TR s s HAR R A 19 LU P oy fif (Foh o e T 45 ).
2. B RIASEEdO) =

3. B4 -0 =o0.

4. Btz i =0.

5. 14 A 1) Hadamard 5t

6. FRPUTLL FLIE, EH dD > 2mB2 (279|b]| oo + [|A]loo):
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1:=i+1.

FIHE 1 B30 LUP SR, FR g g 520 = A~ 101,
B A TN

-ﬁﬂ%ﬁﬁ@ﬁﬁd%:mne%fm%mnAwmﬂ”)

o #ial) <2, MR HIHER(E R BUERE AL,
o TN IHHBRK A E ) = (= o -itgi),‘-- o~ a7 ) QR IR e
2@ KL |2@ — o . 20| < 0.5 K&,
o PRGN 4O = 40D . A,
o I HBRMNE r®) = a® . 0D — A0 KRBT KT dO
.
7. B k=i

k N k g
8. iR L I n® = A 20, FEH 4 — ] o)
1<i<k 1<j<k

9. LI, ¥R = Kk g - n®) A, BB B B, WA
E 5y RTTI T ER 2] o

10. R[] .

2100, 55 6 A o) LR TR IR PR 2 R AL LR IR AR
a7 F AR RS LI R, T BE b R R A N RASHERE, MR T REC AR H /D, 250N
AR LAGRAIE AN 3Rk AN 2t Y X BRI PR 230 R T ARAE THE
LERAENASRGEZ .

BT AAG TR OE AT 5 AR B, IF it S LRSI E L.
EHR6.9 (SVEMIEHITE). Foh Lk St 326 o) F0A

(i=1)
@) < _ " oo
T 2T - 470

(6.10)

WA BB RF EAPAT, BPEFHE THEEREMBE, XREFFEAGLERE. B
EF 0 HERTE

i i 1 i —i
IWWm=WN%%J;MUM§2HMwHMM-
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. X FAIA A b, BATHE BRI RO o > 2, WIS eI
AHAT 58 B RIE R AR, BRI, i

d® = H al) > 9

1<5<i
A AN D BRI R AT A PR M e ZLiB H
it n() = a0 ) g i B R AR T AT B A o o) i 2
1<5<
e oo = Il 305 - o A7 oo, AL 513 5]
. . 1 .
@ — d(’)(b—A%-n(z)),
_ O RN
= 25 7Vl = 25 147V

AR I, RSO, [ AZ0) — 0D < L 6D . 4R 20
(e X, Bl A7 ||2@ — @20 < 0.5. U\ffﬁ,

[P = 42 — 0@ D
< o - Az® — o® ) 42 — o AZ0) | o
< 21 oo 4 S| Al
ik, w4 3]
[Pl < o lbllo + 4
RIS

o) —

O < 14 e (00l + 4l ) Vi < 1.
Wk PG LR,
2B det(A)e* < %HB det(A) - Ao (2 [blloe + [[A]| o).
M4 Cramer ¥EN, det(A)A~! [F /2 A W SLAERESRE RS, C RN O RAE A 1)

m — 1 [y, M,

2m B2 (27 1bl|oc + [ Alloc)
dk)

BFERAE] o) < spalrs, WH |20 — A7l < spabeor FFERSE Cramer

I, BAVHIE det(A) A0 Sy RH A B TR ERE 6.8, il A b HK

oy B AT, AT T LL e 2 3 5y SRR TR E) A b, K SE IR T A

. O

2B det(A)e) < <1




6.2 KT ARUE N TE -113-

FEA PG P SRS B A7 BEAR B BE, T LICRAD [180] s 38U —Fh 53k, wT
CARE S 2 B SE A A VR S A5 RIS A s K AAR A7 (8 LR, ] )i
(12 BREH— AN T, Bl A AT LU Pt o S b R A

EIE6.10 (ERFHFEN) Smith brUEE). K A A Z Le94EM, 4 rank(A) = r. &
BT LW T P A Q, 1843

S1

Sp

B:PAQ: ’

0

;d:—“l:' si\si+1, 1= 1,-" , T = 1. (81,"' ,87«) 7%:7!7 A f!ﬁz:;{@%éﬂ, B ﬁ:ﬁ A é/‘j
Smith A5 AEH .

JEE . AR 20 [12] PR 7.13. O

JE10L. kT A4 b e A Smith Fr e JEE—, 5 M a2 28 2R B0 I ) R AR R 1
5, >0,1<i<r. LLNERATERHZ .

EIE6.11. T mxm MAEFFETFFTE A ZERKAERTFH s, W 5,471
A BB E

PER. W B = PAQ & A [#) Smith ﬁ‘/ﬁﬂi, W) s, B~1 A HERECHRE, 1T P, Q A%
RETHTRE, NI s, A~ = Q(s, B~ P AIERHUTFE. O

W R, 45 s, CVRI, WIS 6.6 oH3E LA 0 SRS A AR h 7 ALY, TR
SN s, A0 Sy B, T ZE T 59/ 8 5 3 22 030 AR A B T AL
REARE s, 10— AT R T s, A4 ICRBE IR 20 b, 3B 5500 f—
AR B/ st @ AT, R4 s A waazl%aﬁ
=473

H3%£6.7 (B AAERT).
N M AERY R EUERE A.
B IR s | sy,
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1. (W 4 )M = max{[y/nlog|A|],4000}, p A £ A nlogA I &
B, bW, 6@ W ) Sy B AL o0 RS R b =
[21og, (|A||22~1M)], I q := p" > || A|IZ2~1 M.

2. XF k=12, PATW FIHE D

o z® = @ = 4-1p®) € Fr.

7

° y(k) = (R T g (k) = > cgk)xgk) g H
=1

1=

o B P Sy y®) iy er, 1 = 5(y®), MifT 0 < £ < 4|

3. it s¥ := lem( S),tg)).

EIP6.12 (FIEMAE M), Bk 6.7 %, sklsn, HEEA RN T 1/2 69444

sk o= s, B9%ER.

N TAERE 6.7 Bk R, IR A RS HE, e A T L LR R
SREEE R, N T RGER T8, TATFIANW RIS X35 2 5 R p, & X g = ordyz
WA pd)z, p9T o, BN o 5T p UEY. H P R,

2116.2. it 6® = lem(5(x{"), - 6(2P)), B& P |5W. nisEEE K p, A

thibde T
1. P(ordys, # ord,6®)) < max{1/M,1/p};
2. P(ord ') # ord,d®) < max{1/M,1/p}.
%G HUE S L [180].
HAT RO AE . sE |s, MRS RRZE 5 RN 5. FUTAE S
P(sp #s5)< Y Plordps, < ordpsy)

Plsn,p prime

= Z P(ordptg) < ordps, A ordﬁt,(f) < ordpsy)
P|sn,p prime

< S (max{1/M, 15}
Plsn,p prime

< 1
5
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TESE 6.7 ) IRAVDIR TG EER MR T FEA, IR T —FE IR 29

B, R BATATAE F, LR SRR, 1 y® k= 1,2 FIE R
W/ EEE, MAMGZ AT EE P T n WIKERIZH. X, 24 n ARKEE, FATmT
CAAI P o7 v 47 .
E102. H5E XA, o KEUR SRR A 4&EECE . Bt FoA 1A LA
— IR a, TG THE R I o AR, X 0] REIE A5 B o A2 22 (6.9)
(6.10) APk, SR, FRATT AT DUE kS A 42 o (1) VG 202 15 0 B3R T 18 >k &
WX AE . B IXME B AR, BATTH o Jl, FRRARAE BRI,

2103, 55 6.6 BRI SEIEA T LUP 73 . AT B AT — & HUE e E P
SRR AT AR SR, b 53k ml LAR A5 A s e 05 RE 2L 10 22 ol 20 it 3 LA
LM e ey REAL IS RS, T 22 [70]. A8 [177] — 3 stA & Al S8 AR
T AT RE L SR AR S

E104. WUERANEESRAE RIS, 5% 6.6 AT Z AT 58 B, AUE R — Al 9 ek
JE RV EAE R SRS, 8 AT RO AT 28R I BEAT A T AR L.

E105. [177] 4R, X —HRARHIE Z 2% 5 Dixon p-adic SR, B4 O~ (m?)
B, o ~ F55 RS BT AT RE S A logm IR, BTN O(m?te)
b, A SEERIRR T, ASNERIATRCR L p-adic HIEIIRZ.

6.3 Wiedemann E£5E2f{ A

TEHUEL AT, B4 (black box) FVE L) N AF. X —REVEIIEE ALY
SR, TERNESAT IR, ANUD FOb) HH TG 3 1) L HE R A (0 G B K e P8R,
JE R TR 1 AR I A B A %o [ s Jt A7 42 1k 7 3, AR IA — AN “JBAE . fEBUEIE &
AR A A SRR R A, kAR A ) 5 SRR OSSR TR
Bk B B AT 4544 1 H R (W1 Vandermonde B EY Toeplitz [F), BT 4775 BA61E T
PRI, FEAE R b AN 25 RO R I P g 2 B A P o, AL 57 Je 4
FEEARLE, e KO T S TR R R R AR S, B LS %
[76][170].

H 1986 4= Wiedemann[155] K5 B4R H 5 F T0H 5 BRI 16 i e v FE 4
(RS A A, RS Ze PR ARE b ) BRAR B B0 L 23 3 TR KRIM R . EEREAS R 1)
el @, I OR R v K R AR S D — T T, R TIUAL D SR RS A T S A
BN VZIB . FEART T, AR S TR A S TR B BRI, Bl S A
H A4 Wiedemann 5775 135].
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6.3.1 HIRME XS MAIESIEELA

TEAR SIS BT AR i PR 16, B R R A8 1 ff b 42 S V5 D B
PAT, BB BRI A A AH 2 IRATIK B 2 18— B R Y e N, SR T —
VAl DER o = R 5 =3/ 3 5 (=TI ) A < WO (11575 B 1T (5 0 20 3 =
Sk, EATRENE O AAT, JFRL— s IR AT BER I 45 IR, Xt 2 AR Y
MRS FE, A XL BRI, A2 s G BER 45 R T 7L, M
10T XA SR A FEE. AE“mMERE — A, IRATVRRLAR 2 XRS50k,
Solovay-Strassen BiEE, b — 45 1 d KA AR DR 7 SR F v R T B BLAL
PR XHL, 8 MRS AT BEARIN W A B — 2 SRV e DR M AT 58 HE,
AT BEAFAS B IE A 0 45 3, T A2 (AR e 1 5 R Bl HUR Rl — 4020505 B, XK
4 Monte Carlo B985 — & M E AT 52 BRI SR IR [ EAf M 25 3L, (HJ2 IR R
Re P AT, 17 BEAEP 3 SO BO6 — S8 b () i TR PR 45 H 45 2R, IXFRA Las
Vegas M5k

HER), UL EPRRZRRELE R DO IEA R LER 1. Eean i, A SR IRATTRE A8 s
For g vH 25 L ) TE A M (A BB A 7 o0 D R SRVEAR R ), I FRATT A B s ST AT
5, BEIBNMS B — N IEMZ R, WNXEESHN Las Vegas BUF). M%) T Las Vegas
R, AR IRATR AR AT 1 3 A PR IS TR] 0 A 2 [ 285 5, AT T4 e 1 [
Ik ] — AN A5 L (B S AT AR AN BE AL AP SR T 5005 i ke 280 H At ) 5
%), R BATAT LA A E R T Monte Carlo 8 5L

W4, 2SS A BENLI PR BT 73 2 DR R Sk A0 3 T BEN AL IR 2P 3R,
TESMEARE U, X R BEATL A 20 BRAT AT A v ) 2 B ey i o B AL A i) 58 R e
WEATIZ LI, o6 T FERE S0 LA T2 I SR 5, e o S () B HTLAR o R
N TRALBD B, X LA AN A AT — AN A RN AR P A — A
i Wb e A7 AT — @ ARE M o, seg i e it — P 2k, T
XA AR A AL (P BERLIE, 45 R nT B I AN L 25K, XA AR & B —E 1)
Atk A 7RI RN AT A R A, AR S A Ok 2 W & AR
Schwartz-Zippel 7€ FRMAG ]

B R RBAIN A L 21 Schwartz-Zippel & HE[157].

EI6.13 (Schwartz-Zippel). K Q € Flz1,-- ,x,], Q #0 &£ n LEAX. K Q
R QR xy MHERHFNIFRI S AKX, dy h o1 £ Q1 FHIRE, Q2 A 2P £ Qu
RS RN, BART, A d A Qi F 2 89RE, Qi1 A Qi F iUfl’ o R,
1<i<n. *1<i<n 4 x, ELCF¥BRMA NELx---xI, TQESH

di dn)
Ix...xl 7++7
I ”‘<|11| .
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R

KB EgE T 2 oo 2 I e RS BRI ES AR IRATRIUT

BEALA D BRrh, AR AT AR A A5 b BE N LR A 38 1) 2 AR . 7R R B o,

A e BV R i S A AT AE R B T A2 e 2 WU R AL R
Schwartz-Zippel &2, FATH AT LG 2R W AR AR B BR AT

PERA . HANE. no= 1 WS TE AR AS 2 BT 43

WL B Qg € Flwg, - -+, ) AL, BRI SR Null(Q2) A #Null(Q2) <
|[Iox---xIp, |(|12\+ +|I - 17 (22, ,2n) € Null(Q2), WV € I, (21,22, ,2) €
I x - x I, #VTRERE Q1 € Flay, -+ o] BIERL 45 (22, , 2n) € Null(Q2), N
REA dy ANy € LA (21,22, ,20) € Null(Q1). NI Q1 £ I x - I,, T &
EZE]

d d,
I [|I5 x -+ x I, |< CENT >+d1|12 X oo X Iy
|15 1]
d dn>
I x I, +o
=i ‘<|fl| L,
ANEL O

Schwartz-Zippel & A LN HIEHES, TR RVE R A R X

*Ei/t\,ﬁ]. ’LQQ € F[.’El’... ’gjn}’ Q 7&0} _E[_$1,... ,Tp i{]/é’,_ UCF *Fﬁ#ﬂlﬁﬂx Q
LRATWIE AL B Bk DA Q sk,

#i£6.2. EF=RXF=C,Q¢€ Fla1, - ,x,], Q#0. & (w1, ,2,) £IFX
ME U CF EHAGERIR, W Q(z1,- - ,zn) AHE 1 09ZF LT 0.

R, FRATTE LA U B TACEE D BRI R . G TR AR e B I
2 (P TRA B n) A K A N R PRALEE v, e v LS [51].
SR Gauss JHITIE

T L AR IE T 0 Gauss JH L. LS b, AT o2 BB A A
BT AN TOER, F IS e ot 742

A B
C D

SHE 0 TeAT I R 4 A e A By 3 BRI U S a3 oA D 38 1 (I R, IX AT AT
BRSO LI BAG R, e eI, Skm S It te. SR, IXAE I LN ] T

I —A1B
0 I

[a 0)
¢ D-—ca'B|’
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— FBCREL O o A KPR VR e S35 D R P SR A AR, IR I A 3 4 2136
AL SR, U R BT Gauss G AL EoCId L, 1B T RIEE T
AT L, AT RER IR AT TC P 3R

USRS A EOE M BT TRAL B

P:Mw— Mz=UMV,
Hoh U MV g fE & B W BEHLIE B AE RS, A5 M7 17 AR a5, sk
THTCIE AT BLRAT T 2.

#16.1 (BEHLIY />R H).
A B

C D

H(2n) x (2n) BYAE# SR, R = diag(ry, ... ,m), S = diag(s1,...,8,) Anxn
Boxk sk, HoozAE U C R SPEEALEE. W)

A B
C D

R R 22 7By IR 1 4R35 52

M =

I R
I —-R

A B
C D

I I
S =S

!

AEB. AT AEW], DB SR MY A B RERAT A TR R (1, ) A
(51, ,8n) MARFZ I, MRS EBEAT PHEN LIRS 1 4F 0. D

L RO HLDY 43 At — 2K B 236 B BLAE A 45 (random butterfly trans-
formation) (1. KA 10 ARV T 2K 52 261046 8. i1 T BEWLDY ) Rl
WA B, SOk T SRR AN, B T /M7 (04 SR e AL B,
5% [137].

Felbllls, I HI T Toeplits TALHLAS B8t AT i 8 I REFOACR: [97).

6.2, ¥ F WRGER WA BIR). M e oo, I i T4 S © F. %180
LA i

M =UMVT,
Hrp
1 u wug --- Up,
1 wuy -+ Up_q
U .= 1 )
U2
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1 v vy --- Un,
1 vy - Upo
V.= 1 ,
U2
1

KRIETC ug,y .oy Un, v, ..., vp NS HBENLIEIL. I r = rank(A), id AL 4 A" 1) i B
I 327 (leading principal minors), 1
r(r+1)
#S
WEIZ2% [97]. T Toeplitz FF 5 n) & 1) SRk 5 T4~ 2 T X 1) ofed:, ] H
O~ (n) i EAF RN, WA M AT ETiab B B85, 15210 M A2 — A4
) SRR R

Prob(det(A}) #0,V1 <i<7)>1-—

—PEERMER KR EE

FRIEH R — AN ZL AR &, VP2 2o EARE A SRR e i MR Bk 2 0. T
SRR L & UL Gauss T JGVE N RGN, O 718N AR HE N, R g
— AT 22 T M R B SRR BV [07).

TAVEE, TR M S, B TREE R T, B e Sk 2 10
RICEL moa WA BEIC R AU SR AR BRI RRAE 2 0 0 LA A AR, HARRE
[¥) Jordan ARUETE AT HBIL 1 B A E Jordan B (R 0 (AREE 504 120 L &
H[12]), MSE r=mp — 1 RIS X A BE AR B0 IR = Sz A0 B e b oA
XFETE. UE FIFES WL [97).
$16.3. & M € F™ HAAHE] r Br0AEE 550 78, 3 r = rank(M) (R50),
I r <n. & X =diag(zr, - ,an), P 21, 2, £ TS C F PHIHLEI,
M =MX, N

n(n—1)
#S
XA R 5 B, AEREAT W B AN FAR BEP BRI, RIRTJE TP A4
FEREAN /) 22 T xS0k B R 49 B AE R PR, 0 T A A 45 R IR AR R, 3X — R e vk 5
IRIRCR BT BRI R
ML EA 7 B ATTmT LAY 20 b Fd B 0 by 3 L i

Prob(r = deg(mpyp) —1) > 1 —

1. PiAb BRI R RN R M o€ Fon AT R 2t # P M — PMQ,
Pe F[xla T ,xs]me7 Qe F[ylv T 7yt]n><n.
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2. Mfray, o wg,yn, oy AR F(BUU C F) EBEHLZEIR.

3. T ZHAEMRITEBOS Y T Flag, - -, y] BARFZ I, IR 1R R £
e MR N BATTESR R R

FERIE P, Q MIREREH, A7 L8 U2 2T (1

o P, Q IMIEHCE TR .,

o P, Q EHATUFIIVE, 1% TR, BENS PR iliA T - ) R ofeiki sy
KWL HD R A eIl s 25 [51].

6.3.2 ZLMIBHET

TEARTATH, TATE e AL P47 5 (linear recurrent sequences) & H AR /)y
% TR DL B A G B0

EX6.3 (LTEikHES). & F IR, V o F ER&MESN, 1l V _ERES P41
(ai)ien, a; € Vi € N UK ILIER A VY. BR a = (a;) € VI Hethidfiz),

> fiiyy = faiin + -+ fraivn + foai =0
0<j<n
X TAERN @ € N#SOL. n B 2000 f = Y e, 27 € FIX] 0 a INFHEZ
T, AR 24 2 T e e 2 1K

M B b S ¥ F OV B350 Q, JIFRATTZAZR ) Fibonacei 741 & £ 1tk i 4
B, 2% — x — 1 BIBCE I —MEE 2 0. BATTHE, T — ANy, 76 O
FLRFAE 22 0 R e W) 00 J LA UL I, wT DATE S s 4 (1) T v podin - AL R 40P 41).
T FRAT T 28— L2 R ARE P R S MR HE S 14511, e ATTHE T T PR Bk ok
HE.
1516.4. A 25 B LMK — S B 2R I HE A X HL R OB 1 R A T ek
REH 11 Caley-Hamilton @ [12]. LUF F #3808 — 3.

LWV =Fvn AeV MEEIFE. W a=(A%,i e N hEEEMET], A Mk
N T S REE 2 T AR 2 o (RRFAIE 22 T
2. WV =F" Ac F" bec F" TR &, ERD] (AY) BT EEHE 2 Tt

Wk (A%) th R, (A7) AR PEIHES. o FIICEAERE V Rk
M= MFR K A5 b Krylov 1254,
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3. WV =F", A€ P bue Fr Oy VP IOER f R W (A%) ML RASE
LI R (T A'b) %, W (uT A7) LAY,

BTy LU 1 5 I 2 3008 PR AU I, A4 T2 55 1791 5 2 I S U R
k.
EX6.4 (ZHAX A AER). B f = Yocjcn fiz? € FIX] LEFH a =
(ai)ien € VN, €3 f 3 a MAEHIN

fea= ( Z fjaHj) S VN.
1€EN

0<j<n

TR R, AEME SO, B R BON A IAE H BRI EOR AR, AR E T 2 %) a IAE AR
MFPRE T ERERT, VN B FIX] ERIEL

2 a € VN, BRI o MRFIEZ A S 0 —l2, Mk T FIX] i
FEAL, AT Z N o MEAFIA LR Ann(a). HT FIX] 8 EHEAHIR )]
Ann(a) BIREBON— AT H mq, W mg IEECRAARIEE T o REE 2 T4
B, ma &P IREEACH B — 20, ATIRZ A o KRN Z I mg BER
Ha (PEHER . 255490 6.4 B JLAMEIT, B TRT BUG 2 MEACE P IR AE 22 10X
/N 22 T SRR AT S R P B i

AT ) B H B g b HE e 51 (A 2 I R g MR DU e B
TV = F NGRS AR/ 2 T — A A0,
EX6.5 (2 EN). & f(x) = faad + -+ fo € FIX] B dBr 250, id
rev(f) = atf(z71) = ford + - + fa € FIX], BA f HE
EH6.14. K a = (a;)ieny € FN AKMKEIRFI], h = 3, yaiz® € F[[X]],
f € FIX)\O, deg f =d, r =rev(f).

1. AT AEN

o [ HatHFIEE AN,
o r, h AT dWth %R X;
e h=g/r, A% g€ F[X], Hdegg < d.

2. & fHatiBZRX, N d=max{1+degg,degr}, E ged(g,r) = 1.

PEH. 1 HARANL B SR GO SR ) 56 1 BT
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2. d>degr, il d > max{l+degg,degr}. 47 d > degr, W z|f, H f/z KHalf
FrAEZ I, 5 f N, Bu = ged(g,r), W f* = f/rev(u) A d — degr
K2, r/u=rev(f*), H (r/u)-h =g/u’y deg g —degu IXZ . T2
r/uh a WEHIEZ I, u € F.

O

B3 F b, #5458 — AN RS o € PN, HIRATTREDS 756 Sl JLAk /N 2 10
omg BRE S BIANAERT 5] 6.4 1K) 3 1, myg R S IREA 2B HFE A
I AEIRXPE DL N, mg AT OB ISR QTR 1 Padé I8 i) UG 2125

h= (mod z*"), 2t t,degs < n,degt < n,ged(s,t) = 1. (6.11)

~| W

WAVER], (s,t) = (g, r) AL RER— 418, |1 Padé 3@ il U O ME— 1, HI
B ML

&;%6.8 (Berlekamp-Massey).

NI F F&MEEHEY) o € FN, 455 o BB E — A EFtn DK a 1)
W 2n NICE ag, -+ ,agn_1 € F.

it :a RN Z I m, € FIX].

1. h:=ag 122" 1+ -+ a1z + ag, MY JE Euclid HikiH#H s, t € F[X] H
t(0) = 1, fEf% (6.11) O
2. d:=max{l + degs,degt}.

3. 1B\l revy(t) = z%(1/x).

S o, X HIARAE O(n?) Ik F iz RA G H o IR/ 2 302

6.3.3 4 AH 2R Wiedemann Ei%

THEAMHE LT FRA Ax = b, P RBHE A ¢ P Eam R, W
G RRALEME . Bem = my = Yoo cqmiz! € FIX] W& 51
ap = (A'D)ien FIBNZ T, Wm e a = m(A)b = Yo jcqm;iATb = 0, NITEA]

A-(=mgh) Y mp A=,

1<j<d

T & = g 3, my AT AT RO, 4B AMT, BT i
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#3%6.9.
B F EAESRT R n T ME A SR n dE10 & b, ARETHE M TR
Az =b K o = A~ 'b.

L MBS (A%)ien MI/DZ T8 m € F[X].

2. R x:=—mg! ZlgjgdmjAjflb.

PLEZH T Wiedemann B3 AR R, (HIEAT — AN 55 2L jn) JA AT i v, B
SRR — A BRI n 4 ) B A B Ze R HES AR /N 2 DU o 5. ] 6.4
3, BAFIIE ap = (A7D)jen 5 awy = (uF ATb)y, u € FN PIRFAE 22 10 2 1R 2 22 g 1k
R.HETZ, BAENE ap MEANFREZ T aw 240, B Ann(ap) € Ann(ay),
T M |mp; 5 — 710, 5 f € Ann(ay), Vu € FN, W f € Ann(ap), 75 W& ATHL
u=fea, it} feay #0. XFE, AU IBEHLIESE, FZFENRHAT 58
Be IREESS HhIERAI 2R

®i%6.10.
BEME En B A5 n gERE b, EHIA LSBT o, =
(A7b) jen HIRR/AN 2 T my,.

1. Biﬁ*ﬂ;iﬁﬂ/? u € F", "Vl‘ﬁ (UTAib)ieN — Q.
2. I 6.8 HH m := my, € F[X].
3. BHIEIRAE m(A)b £ 0, AT 1.

4. R\ m.

E106. WERTHELEE RALARIK D TR R, BORA muplmey 15 may, # myp. FELL 15
P AR & g, disE b, VERE] myp 3245 T my 10— R LR T
DB ATt m] LSl tn S PR S 5 5, K628 3 20 BRI 20 SR e LA T P
AP HEE—Fh:

o mi=m My, 21 m(A)b # 0, WL b:=m(A)b, RIFDE 1.
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A W b s 1) TE A M TR 25 S E W

AT B HIE DL E SR B R DL 2 KMEZ 19 B IE R 45 . ik, FAT 75 20
FNAER FIX) BRI 4504 S s 2 1.

W f e FIX]hdxkEH, i (f) = FIX] - fAH f AR Z 0. 2
X My :={a€c FN|fea=0}, W My h FIX] LIOIEHEL, H My = F[X]ec, L
Fe=(0,---,0,1,¢4,Caq1, ), € Cag1, - - - NIRIGHT d DICFRIEIEAG R P41 00
7K e,z e, at e e MR T My 43 BATEER, FIX] A My EIOE
MW T FIX] 2] My 3R, AITRE T 0N R )

M; = FIX]/Ann(M;) = FIX]/(f).
BCREM A RIZ T 80 F R, & SR 1A 7 S 4 AP O

51386.3. X A€ F™ ", be F™"\0. f € FIX] # (Ab)seny IR AN 3R, HIE F—
KM HS ¢ ' — FX]/(f), 45 Vu € F", AT RN F 4

o [ H (uTA'b)ieny € FN 494 3 R XK.
o Y(u) H¥AL, B (Y(u), f) = 1.

SEOL. AT I8, 248 FIX)/(F) 8 M, WA ¢ : FIX]/f) — My RA1iE
TN Fe R pE

Y F" 3 u— Y (u) = (ul Ab)ien € My
, IEHf O My (AR /N 22 AT B o iih. AT O IE F— 2 A

b=¢ " oy*  F" — My,

FHAS LR
FIX)/(f) <22
A
My
X, BATH

f=my-) <= Vg € F[X](go¢*(u) =0 flg)
<= Vg € F[X]((g mod f)e(u) =0« gmod f =0)
<= Vh e FIX]/(f)(he(u) =0 h=0)
< (u) AL
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EIE6.15. X U CF, Ae Fv™n | ¢ F”\O, f P (Aib)ieN éﬁ*&d‘zlﬁi{” d—
deg f, M uw A U™ P FEAGEIRE, f A (ul Ab)jeny 9D S AKX E p >
1—d/#U.

KB T SATRE Al O, DR RIS ) Wiedemann SEARP R
A SEAL T

AEBH. i

u=(uy,- - 7un)T:u1€1+-~-+unen€F"
J Fr R E ) i, oy &SR]

'QZ)(U) = U1¢(el) + -+ un¢(en)
= (urh1 + -+ + uphy) mod f,

by, oo hy € FIX], BIREACT d. ¢(e;) = hjmod hj. 2 y1,--+ ,yn AR
JETG, 7 =resy(y1hi 4+ -+ + Ynhn, f) € Flyr, -+, ynl], Wr BEXEAEL d. H
T p(w) AL < r(ur, - un) # 0, H O, #er £ 0. Il w; € U BENLEFER,
p>1—d/#U. O

MRA 12 B, W LLZE Y Wiedemann 53% 6.9 KB G A T, IEW /T 2%
[175].

EI6.16. & F PAA IRV T anAAAE, WEE 6,988 225 A 4nc(A) +0(n?),
b c(A) AR A LROSHEHITE S, M A A £

DA A2 s 1 A BRI i F 3 A A5 7 72 40 B 1) Wiedemann 5% J A
RMEoI AT, AR 5, SRARSVE O R Ze MEAREIT 70 SO e I 0. e 2
XREVEN A T ) Z WG, nam RECERE TR, o R MR R A
7 R 24, I8 ] T ok e M ARES T AR SCIB R FLAth ) R, im0 Bk, AT 91 2048
A2 [80]2.3 A [172] AL A RS 2% UK.

YT REH AT 715 TE, Wiedemann A NAE [185] HHgh T —Fp o3& T-BE ML
JEAZ 4 (Benes A2 4) (1) AL D B8, 7 2 J5 FA B XK T4 BE D R DL KAH 4 T
HAH S Lanczos AR, SLHORE BEVEAFIEATT L0 BB VAR 212 IV
A EEAE BR R TR A N ARE, o [71)[97][58][06] & BL ERIERZ OA
7ELinBox® 2 4t 1145 5230 [70].

X T R TCRAR WG T, A6 RIFETAL 3P BRE DL L AT RO 23 Bk 3%
I, — R R R B EAT @ A K (X AE [185] TP TR ), fRE

Shttp://www.linalg.org
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CA_E I3 AT 18T ARXAEA A AR S 8 kA R B S 2% TSP 3R, £ LinBox R&4EH,
IEARR B 5K ATk, T AL AR v BRI 4 R g 20 3R, PRUETHSLZ 2R DA

B M A [70)].



— T % K EFNHE

Azw F B0 2 W SRAE A I PRI B [170], ENTA S HIARIRE
7%, IEAFT R Z R TR A, X —J5 1, A 268 il L2 [72],
[39].
AT AT A T T 4B 108N 22 00 QR AH DG B, 1 50— S8ad A 1 22 1 =l
SAE—TRIUL. WA 2 It
f:Zanx":ao+a1x+~--+anx",
i=0
MFR n A f BIREL 0N deg f, FR an N f A0 R 41 (Leading Coefficient), it 4
le(f), B a™ & f 405 505 5 (Leading Monomial), i 4 Im(f), #X a,x™ & f 1
A (Leading Term), 4 16(f), Ja 3O 20w I, BIAMIL. & X f e —1ik
E2T W)

7.1 KERZE
Pl —u 2 W 1 SR A 500k, FRATTAR & AR % 2% 44 1) Horner AL, BT
F(x) = Yocion fir', AT AORKHAH:
flx)= (" (fam1x+ fu—2)z+ -+ fi)z + fo.

FEZFILY, TEV I n — TIRIREN 0 — 1 k. R 2 I 2 it
£ n MAF ALK, WFHZE O(n?) Mk,

127
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MR 22 T H SR AE R E, Horner MR &2 L1 T . Pan[130]
T 1966 “FiE B T Horner FiUIME H ek (R Ik Fod 5/ 1, B n ik 2 U0 SR (E &
B RS

HEXT T2 mORAE K 3, Horner MU A — & £ &AL T . NiHigs th—Fh ik
W2 KUK SEE, MR O(M(n)logn), Hort M(n) 2R n ik 2 Wi 3
DA MEZRE (S5 [170) B =0im). b T Ui Ak, A1 n =2~ 2 2 11—
BCRE, 7 LRI R o, ur, .-y up—1, IFHAS My =2 —uj(j=0,...,n—1).
NG BRI A W, BL M, RO (0 = 0) 4 BECE @ =, WZE A
985G, SRR

M;; = H my,

2 <I<(j+1)-20

K7 18R L.
My o=moMmy---Mp_y
/ \
My-1,0=MoMy -+ M2y Mi-1,1=Mn/2Mn/241°+*Mn—q
My o=momy My 1=mymg My n2-1=Mh_2My_1
Moo=mo Mo 1=my Mo2=m, Moz=mg oo Mon-2=Mh-2  Mop-1=Mh_1

K 7.1 M X REE

R4 G e — IR Mo = my. B95 7.1 45 1 E s i e ade 5.

BIET.1 (M, — SXOMIESE).
L X0<j<n, % My;=mj,

2. Xt i M 1L HEIRE k, MRS 3 25,
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3. X j MO FEIRE 257%, My j = Mi—19;Mi—12541-

M T PR R 3 18— OB, BeATTRT LSRR A S

BHET.2 (PR E).

HINZ I f I n(JE deg f < ) A uo, . 1,
vt f (wo), - -y f(un—1).

Lo#in=1N%HH N f w4,

2. rg = fmod My_10, r1 = f mod My_q,,

3. J%Uﬂiﬁﬁﬁzl—‘ﬁffjk TO(“O)? B T’O(Un/gfl),

4. ﬁuﬂiﬁﬂ)ﬂj‘(ﬁyijz (At (un/2)7 00 0 g Tl(un—l)a

5. it BT SRR n AMA.

PA12845 > vt B R Bk
B17.1. RZTA f(x) = 23 + 202 + 32 + 4 1F {uo, w1, uz, uz} = {1,2,3,4} VU455
JOLHEIEN

fE: B H fmod Mg = fmod (x — 1)(x —2) = 162 — 6 Al f mod My, =
fmod (z — 3)(xz — 4) = 54z — 104 7] LUK ] AL 3K 162 — 6 75 1,2 AL {E I
54z — 104 1 3,4 AbMAE. FH— R0 B (B — IR 2 10X S8 b BAH S TR AH) vT LA
SKHPYAS sRAE B 239304 10, 26,58, 112. O
E107. LA BB HIER R n o 2 BOBEDCR IS D0, 10— 0 R AN R L,
XIS, FATTRT LLRIGA — L6505 175 20 55 SRABL IS — S8 [ PR SRAF A AR I 2 119
HERUCRAG Y, BE AN LA B 584 SO, 7RI AL M 5 IR SR A I 55 K
Ar A B 53 R H R B[R] R P A BEAT AL 3. N — /NI I A 5002 n At 2
(RAEA ORI, AR AT R AL 2

7.2 {HEERZE

2 K (R 3 (2 7 N 22 TiAE n DS ANREAR B, SRR 2 K, SR
FERE o™ HIRCR, RIREAE n I, 2 IO ME— 1. BTl s 754
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] Lagrange ff{H&75, W5 n DA v, ..., Un—1 M n IREZ I f AEIXEE S
FIME vo, - - oy vn—1, Wmy =z —uj, m = [locjcnmis 8i = [Lizio<jon — y
Lagrange ffi{E 1) 45 R ] AL/~ A

=3 S

0<i<n v

R — AL O(n?) HOEEE(RL [175] 523 5.1). —JCRR {9 /T84T Newton §f
ik, A AP O(n?) 1 [192), WA IEL TR TR0 111

T O S0, H s AR S sk A SR, B O(M (n) logn).
KRBT, G ARRA IR 55, B

m'(u;) = E mn
—~ m;
0<j<n

m

my

T=U; T=Uj5

1 s StV T
s = — IAEA ¢ = visy, IR n =28 J& 2 IRERCRE.

m’ (ui)

BE7.3 (B fasik).
iﬁﬁ]\:uo, ceesUpn—1, COy---,Cn—1,
TSP N

- m
0<i<n

L 4 n=1WHH co,
2. AR HATIL, BIAHT n/2 R, K o,
3. AP IATE, WIAJG n/2 AR K,

4. it My_11m0 + Mg_1 071

ﬁ/%ﬁf‘i']‘i ﬁiﬂ‘]ﬂ%ﬁﬁﬂﬁﬁiﬁﬁﬁ@%% 20§i<n C; H0§j<n7j¢i mj- %ﬁﬁiﬂﬂﬂ
WUER 7%, AV BAE R — VG A AT T — R EVEN, 213 B IE# I 25
A,

To = E C; H mj, r = E C; H mj.

0<i<n/2  0<j<n/2,j#i n/2<i<n  n/2<j<n,j#i

A% NG IR P 4521

Mk_l,ﬂ’o + Mk_1’07'1 =17 H m;+ 11 H m; = E C; H mj,

n/2<j<n 0<j<n/2 0<i<n  0<j<n,j#i
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P N — s A 85 SRR, Wz B BE RIS IR IR Ss R, J4b, fERES A% L

b, B n =1 F500F, SRR o, PR SR BARSE IEAIN. Sk R PE1E. O
[FIREHE, FAT %5 Hh—AN HAR R4k 1 B AR B0

117.2. %€ {ug, ur, uz,uz} = {1,2,3,4}, {vo,v1,ve,v3} = {10,26,58,112}, Kk

BT A 200 f AR f(u) =vi(1 <i<A4).

1S m = [Tocieq(@—ug) = 2* — 1023 4 3522 — 502+ 24, W m’ = 42° — 3027 +

70z — 50. T

sot=m/(1)= 6,57 =m'(2) =2,5, ' =m/(3) = 2,55 =m'(4) = 6.

E’H C; = U84 E‘W%"

) 56
Cco = —g,cl = 13,02 = —29,03 = ?
HIT n = 4, 1H 0 EEBL 8, TR AP IR, IR 543 25— A i
) 34 29 56 31
o 3(3; )+13(x—1) 3837 29(x—4)+ 3(35 3) 33;—1-60,

W) o A AL 45 R A -
(x —3)(x —4)rg + (. — 1)(x —2)r; = 2° + 22 + 32 + 4.

RUUE B, SRR B 7.1 AR A . o



— XX AR F

¥ D iy UFD(B[ME—H#7 K435, 640 z), F R3f(Fltn R), W D{z], Flz] t2
UFD, %3 B2 I v i i 55 KA 7 (GCD) il . #5381 77 72: ) Euclid
S, BRI, AE B S TAEARR — 2RI (S 0 [175) FE06.1) R BLX PR VLR
Dlz] 8 Flz] T REBIHAIR R, £2 THREMK. AT LR ER TR«
[ R R I ()

N T R LR T R B AK A 1) 8 Collins, Brown &I T UFD L2 I
A KA 7575, I8 58 H Brown[16]) T 1971 E4EH. X2 J01E B, Mozes
M Yun[131] F 1973 4E42 H T 5T Hensel #2717V AR PR 7403k, 1 THI6 28 i 1)
Euclid Sy st 5L TR .

AFAR B EE BA — 2 AU, X UFD, PID(F:#ALEIR)) £ 1l e 3L
GCD DL K Euclid H3E85H —E M T . S TIEARIIREENR, 75 % & 580
Ji TS, i [12].

8.1 Euclid Bk
7t Buclid #34 Fz] 1, IATG W F ) Euclid BRiZ:
EX8.1 (Euclid Brik). W f,g € Fla], HH g # 0, WHELEME—IY) ¢, r € Fla] i3

f=aqg+r,

Hr degr < deg g. TATFRILERVEEFEA Euclid Brik, HLA f quog ik ¢, fremyg
R r.

132
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FE— BB A AEE (G [12]) R ARUER] T 4 g B

EIE8.1. £ Buclid ¥3K Flx] ¥, & h = ged(f,g), WAHE—FE-FILEZ AKX s,t
i3
sf+tg=nh

H degs < degg,degt < degf. ¥ X sf +tg = h #& 4 Bezout ¥ X, s,t #8 A4
Bezout % 3%.

X T Euclid 238 Flz], TATHEIA LN Buclid 532 8.1 . i ERKH
VRN s, ¢ SR A BN IR Euclid HY

Hi%8.1 (§7J Euclid H%).
A Fla] L2 f, g,
Wi f, g WEKAKT u, Bezout FXHMRE S = (s,t) 1113 sf +tg = u.

L. u=fv=g9,8=(1,0),T = (0,1),
2. IR v =0, MERE 45,

3. r=uremv,q=uquov,L =8 —ql,u=v,v=7r,8=T,T = L, &A% 2

1k
v,

4. Bl u, S.

H T AT IR IR 2 KRG 10455 T 5, P DL 22 T AR A o Ay
B T Qa] FR 2 T, FRATLE T DAER B R Lz 2 I AN Z[2]
TR L DAL, JE RS T 2 I A S ia A TR Z[x] RIS R

AT 51 Z[z) F5R GCD 5L, BA1de g ghin kL e B

EX8.2 (KJRLHR). A fEcont(f) & X h:
cont(f) = sgn(an) ged(ag, a1, . . ., an),
o f =S a2t € Z[x], H ged XF IR 5E SN
ged(ag) = ao,

[ IR RS (primitive part) € XK pp(f) = f/cont(f), # f = pp(f), WFRHL K
ENEEATEW
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E108. JE X RT A HEHIK GCD AR T HNE 2 5 (s KA N, Z BT
FERF LI 5E TR b sgn(ay,) — I, 200 T AEAS I 5 & SCIRAS Jt 22 35 7 TR 2
N IEHL

#Ei8.1. & f € Z[z], ¢ € Z, BAVA cont(cf) = cont(c)cont(f), pp(cf) = pp(c)pp(f).
EIE8.2 (Gauss 51H). X f,g € Z[x], & f,g KR, W h = fg RKERH.

SARIEAT AN — LU, A OGP 5 1T S DA G 1 v AR A 25 (19 [6]).
wl8.2. X f,g € Z[z], cont(fg) = cont(f)cont(g), pp(fg) = pp(f)PP(9)-
ER8.3. KX f,g € Z[z], h = ged(f, g9) € Z[x], M

cont(h) = ged(cont(f),cont(g)) € Z,

pp(h) = ged(pp(f), pp(9)) € Z[x].

T NI

B5iE8.2 (M ERHZ WA Buclid H3%).
WA Z[z) £ Zmat f, g,
Wit f, g 7€ Z[x] LK ART h.

1. h=ged(f,g) € Qlz],
2. b= ged(le(f),le(g)),

3. it bh.

R Zlx]) At Euclid 23, (HIRATW]5IAN Zlz] F D8 BRI, Skt i 2R 8L
Euclid S232UF 51, BLHSKRKR SR A 7. HRIX ) Z #e o — ) UFD 2 v] A
).

ENX8.3 (thFrik). W f,g € Z[z], %6 o, B € Z, q,r € Z[z] i3
af =qg+ pr,

Horf degr < degg, r AR 21X, FATFR bk #2 5 2 10X 1 £y Brik, IF LA
fpquog icthiE ¢, fprem g AR r.
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EX8.4 (ZHARNFH). #5 f,g € Zlz], H deg(f) > deg(g), © Ro = f,B1 = g,
WIRAED BRVE 0y Ri—1 = Q;R; + GiRiv1, 1 =1,2,... )k, WA Ry_q prem Ry, = 0,
W Ry, R1,..., Ry BN f, g MZ A RAF51.

A FH D BRI SR B R 28 DR I gl 2 3 B30 s 9 110 AR O AR R, FedT 1T BAH
N E SR UR 2 AR AP — e R N R B (S L [13]). AR
JE A48 1) 2% B 1% RS AT M ) 2R B K28

EX8.5 (JLFZ IRz s). #id §; = deg(R;—1) — deg(R;), WA W & X:
(D) H A7 a; = (Ie(Ry))% T, 3; = cont(R;_ prem R;).
(2) 745 AR 751

=Ly = (le(Rim) ) T (2 < i < R),

T B AR .
(3)LM B TR 4 -

o = (lc(Ri_1))5ﬁ1,

b=10=ai1,2<i<k).

8.2 I EZINA AR Euclid H %

1938 4 Lehmer 556 HE H T PUIE Euclid 573%[115], J5 2K Knuth[104], Schénhage|
Moenck[125], Schwartz[157], Strassen|[167] XX £ HEWAT LI,

fE3, P (Bl F,) B2 303K ) Buclid 5095 A28 0 (Fdh 2% B0 8 —
[1)):

ro=f, rm=g, so=ti=1 s =1 =0,
M
p2re = To — q171, pP2S2 = 8o — q151, pato = to — q1tq,

(8.1)

0=ri_1—qm, Pl+18141 = Si—1 — QS Piy1tivr = ti—1 — qity,

]7
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HW pp1 =1,141 =0, 1

0 1
Qi = ( 1 1 ) )
Piy1 —%iPit1

()=e ()
Ti+1 T

W R = QiQi—1-+-Q1, WA

S; t; T; T
Ri _ i A ’ i _ Rz 0 ‘
Si+1  tig1 Titl 1

%Bﬁ*ﬂ‘%%?, AfUEII F,  degry < degry — 1 HIMEZE P(degre < degry —
1) = s MFEL p AR, BAK v JRHIR R BRI BRSO B b 2
i, Af AR S, R T B NS, SIATRE Euclid SOUAREE—ERK I
AMEOECT Bk 18 3 B0R T EACHY. O T PUE Euclid F3%, AL TR
— G ORI E BRI BRI S A S AR TR 22 1 i 4+ I R EOR T AR 2
FF 3.

DA BAT i 2 R A F, 4R, e Fy, 8l Q.

UESH

EX8.6 (#). T f =30, fir' € Flz|,k € Z, k-# 3 (k-truncated polyno-
mial) & A

J1k= fnwk + fn—lxk_l + ot faks
Mi < 0OBMLE fi=0. FIEY k> 00, £ kBIEf BT & + 1 D REHE—A
B EREI, MM k<0l fk=0.
109, M Ek<nW, fH flk=fquoa™* 4 k>niE f k= farF "
E110. Vi > 0,(f2)) Tk=f k.

EX8.7 (k-KES). WARFFZIA f, 9, f* 9" € Flz], H deg f > degg,deg f* >
degg*, k € Z, WFK (f,9) 5 (f*,g*) k-FEHE 5 (coincide up to k), R

g | (k—degf+degg)=g" 1 (k—degf*+degg®), (8.2)

WS (f, 9) & (f, g%), TTIAE ~ —SEth 2.
WAL (8.2) , WS o A I T M i
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A Bh

inRn8.4. & (f,9) k (f*,g") Bk > deg f—degg, N deg f—deg g = deg f*—deg g*.
Kb k-JEE S, AU Sy
8.3 M T ke, BRRZAK [0, /79" BR (f9) % (f197), Bk >
deg f — degg > 0, A Buclid %k
f=ag+r, [T=qg +r7,
Il

*

Lg=q,
2(k—degq) , . .\ x .
2. (g,r) 7~ (gt ) RF r=0RH k —degq < degg — deg .
BB XF (f,g) 1 (f*, g%) FLh o (3G M F S, T deg f = deg f* > 2k 10T,
ANty ) 22 0 X SR X, Wi 8.4 5 deg g = deg g* M k > degq =
deg f — deg g = deg f* — deg g* = deg q*. T IfI73 P01k B AS 5 £
(1) EEFATHW T =AAZELX
deg(f — ) < deg f — 2k < deg g — k(VE R k- NI 2 WU AT + 1950),
deg(g — g") < degyg — (2k — (deg f — degyg))
=deg f — 2k < degg — k < degg — degg,
deg(r — r*) < max{degr,degr*} < degy,
R EHIIASE, B f—f* = q(9—9g")+(a—q")g"+(r—r") W A1 deg[(g—q")g"] <
degg, W q¢ = q*.
() 7 £ 0 H k — degq > deg g — degr, Wik (f,9) % (f%,97) 11
g 2(k—degq) =g" | 2(k — degq),
J34h
deg(r — r*) < max{deg(f — f*),degq + deg(g — g")}
< degq + deg f — 2k
= degg — 2(k — degq)
= degr — [2(k — degq) — (deg g — degr)],
Ml ®A degr > degq+ degg — k > degq + deg f — 2k = degr = degr*,

T | [2(k —degq) — (degg —degr)] = r* | [2(k — deg q) — (deg g* — degr™)], #X
2(k—degq) , ,
(g,r)  ~7 7 (g7, 1) O
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T EMANE 2T Euclid R3PS

ro = q171 + p2r2 TO = Qi1 + paTs
Ti—1 = QT Tle_1 = Q[T
534 m; = degq;, m; = degqf,n; = degr; =ng—my —---—my, X k€N, &

Xn(k) =max{0 < j <] Zlgigj m; < k}, WA

o=y = mz Sk< X mi=no = nyg
1<i<n(k 1<i<n(k)+1

T THI R E B PROE Euclid S92 1) 3 Al
THS.4. A F ke N, h=n(k), h* = k), %
(ro.m1) 2 (r5,77),
W h=h* g =qf,pis1 = pj A 1< i< hmx.
PR KA 0 < j < b § BATIHN, IEWI IR G 5 < b g = qf, pi = pia
MF1<ie<jor, Hyj=hi
(rjs i) 2 (5, ri), Hohs = 2(k = Y my).

1<i<j

§ = 0 By @A E, e 8.3 nf LLER AR, H4h

degq; = »  degqi < Y degq <k

1<i<y 1<i<y 1<i<h
TG <t (k) = I, k. O
HT e AT T AT LAAG 2T A 5
F%£8.3 (Y & Buclid 5i%).
WA B—20 ro,r € Flzl,k e N0 < k <n), Hh n=ny=degry >

n; = degry,
Wt h=n(k) LK Ry, € Moo (F[x)).

. 1 0
1. R ri =08k < ng — ng, Wi 0, (O 1)’
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2. d=|k/2],

3. BVHP ARGV, AN ro | 2d,71 | (2d — (no — m1)),d, H ¥ 45 R 2
j—1=n(d),R=Qj1---Q1,

aomt () =R (), (M) = (BT,
7’]' T1 TLj degrj
5. W r; =08F# k < ng —n; W 7 -1, R,

6. B1H ¢; = rj_1quorj, pj+1 = le(rj_1remr;), rj41 = monic(r;j_j remr;),
njr1 = degrjp1, d* =k — (no — n),
7. BARAS, WA [ 2d%, rja | (2% — (ng — njya)), d, IR R H
B h—j=n(d),S=0Qn - Qjt,
o 0 1
8. WfH Q; = ( . L ),
Piv1 —9Pjt1

9. itk h, SQ;R.

EIL. BE EREHR kI DS AEIA G RS2, TR a] LUK 31 d g (K 20%, |
BEANZ BT A B R BOEAT UL, ST R B A . 30751 1 8
ng N REAFORMEIN, AU gt nl AR BRI, S Bm b JC iR ny (015 R £,
AT TR PR) 70 328 U PR SRS R A 4.

E112. WIAHEAT BRI, FATATH & = n, #45 n(k) (12 LA TENE n(k) =1,
DTSR 3R [0 1R Ry, AR¥E Ry vl LIS 2 7y, BRI T

KRB SN A L] ERRBEEA N T, 1T Fy 8k, v AN
R PR Buclid F548 m vH AR,

8.3 ZAMHREEITE
8.3.1 %=

X T2 IR KA P 7 1), 25 ARk & — M BT R, IR J
T Sebr S RZ5 BRSNS 1) GCD Sk B A BmEMER. J4hai )
THELAE R ] P 2 S, WA SRR K Rothstein-Trager 4505555, A/
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WA G I E SR LU IR, Ja TR AR A 2 AR a7 1 (PRS) ok
EERITk.

51388.1. X F &3k, FRESAXN f, g € Fla]. AL ged(f,g) # 1 5 HALE
ds,t € Flz] \ {0} 14F sf +tg =0, H degs < degg, degt < deg f.

BB, A h=ged(f,g), & f# 1, Wdegh>1, % s=—g/h, t = f/h L.
FOL K, WAFAEIXMEM) s, t, 45 f, g L, W sf = —~tg= f|t, XE5t#£0H
deg f > degt T )&, Kt h = 1. O

2113, 2 F JE UFD N BRI SISO, AL GBI & ged(f, 9) # 1 NMEE
fiE N f, g £E1% UFD 73 S0 R B 2 A P i KA T, 8 3 ged (f, g) AR
RPANLIE AT (EATE

AT 5 S E X, AR S 285 SO GE .
EX8.8. X[ T deN, X Py={a€ Fzr]|dega < d}.
EN8.9. X THEM n, m REWK f, g € Fla], &X
p=pg: Fla] x Fla] = Flz],  (s,1) = sf +1g,
H4 o : Py X Py — Poym N @ 7 Py x Py ERIBRH

EIER.5. K f, g€ Fla] A n, m RIERZAX, ARAH FTEEGL®:

1. ged(f,9) = 1< po ZFIH.

2. & gcd(f,g) =1, W f, g #9 Bezout 24K s, t MR po(s,t) = 1 e9"E—1%.

PER . 5P 8.1 401 ged(f, 9) = 1 < o S H5.
D] Ay St 4 ) A B e P 2 ) 2 T (R 2 PR B, PRl S0 T R0k, BT LS — 4k &%
W2, oo NFRFRIXFER s, ¢ tEME—. O

ﬁﬂ%ia (Sat) = (ym—la- -y Y0, Zn—1,- - - 7ZO)T; :/H\:EF‘ s = ZO§]<myﬂx]7 t =
Do<jon 2 s WEHEBU o AIAE FARZE {(27,0)}o<i<m—1, {(0,27) }ogjcn—1 T
NN RERE S, BN f, g B Sylvester HifE:
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fn 9m
fnfl fn Im—1 9m

fn g1

g - fn.—l g0
490 m
Jo :

Jo

Jo 90

TR 5 2P 6 B 5 R B A
HEIE8.1. 3K S A f, g 4 Sylvester $E1%, WA
1. ged(f,g) =1 < det S £0,
2. Zecd(f,9) =1, B yo,y1,- s Ym1,20,---,2n-1 € F #H 2
S(Ym—1,-- s Y0s Zn-1,---»20)L = (0,0,...,0, )7,
AL s =S Kyt t =S F 2a? H f, g 49 Bezout 4k, 4E4F sf+tg = 1.
Bk, AT AL A e T

ENX8.10. ¥ R & UFD, f,g € R[z], S = Syl(f, g) H'EMIH Sylvester k[, FAll
FATHI det § AL, WAE res(f, g).

A4, Mn=m = 0N S B, MY wEai08 1. 7 f 80 8 dEwW
Z I, FATLE res(f,0) = res(0, f) = 0, & f AAEFH LML E res(f,0) =
res(0, f) = 1. AT & BEAE X LLRE T RAT58R T

TN A 2SR T RUS ISR S A R R T .
HiL8.2. K F AKX, FXZ AKX f,g € Fla], MTF@EFMHFN:
1. ged(f,9) =1,

2. res(f,g) = degS # 0,



.149. FENF  —AUSAXGIRRNETF

3. AAEEERS AKX s,t € Flo| 1245

sf4+tg=0, degs<degg, degt<deg}f.

#ER8.3. I R A UFD, R Z AKX f,g € Rla]. N ged(f,g) AF-F L4 ALY
res(f,g) = 0.

H#i88.4. & R4 UFD, 3R %A f,g € R[z], WHEAFEZ AKX s,t € Rlz] 1%
#Fsf+tg=res(f,g) B degs < degg,degt < deg f.

PEB. A F ot R I3 5 r = res(f, g) = 0, WHHES 8.2 FIAF 7R £ ZK 1)
s,t € Flz], PRI AN BERIR]. 25 - £ 0, W f, g HZ, TRAF(E s*,t* € Flx]
W2 degs* < degg,degt* < deg f H s*f +t*g = 1, H&M 7 FEA M Cramer 1%
WG s = rs*, t = rt* WL HT 72K, O

51388.2. X R 4 UFD, X% AKX f,g € Rlx], r =res(f,g) € R, [ C R H—%

B, IR RYLE a BT A @, & 1c(f) £0. N
1. T=0<r1es(f,g) =0,

2. % R/I & UFD, W 7 =0 < ged(f,7) -F L.

PER. B le(f) # 0 41 Syl(f, g) B “RSF" FEAS NN, BIEE 7 = 0 < res(f,9) =
0.

R g # 0, & i ME/NIIRFRER 9 # 0, JLHPEE Sylvester i 4
Yo, Bl i IR E i AT, HETFAT (m4+n—i) x (m+n—1) T M, 28
M = Syl(f,9), TR 7= fidet M = fires(f,g), \JAIH 4o, il 8.3
GRS e 55 Ay O

8.3.2 Euclid E%itE 4R

T ERATE LN A Euclid JefE AR Eyk vk H a5 X107, B 2 004 07
Y55 (PRS).

FA1e Xt Euclid P AHER K e K8 B REE— S8 A3 5 e, 1 F oA,
f, g7 Flz] FIEEZIEL, deg f = n > m = degg. AR (8.1) Hic s,
¥ Euclid HiL M FER RN

poro = f, piri =9, poso=pit1 =1, p1s1=poto=0,
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p2re = To — q171, pP282 = So — q151, pato =ty — qitq,

0=ri_1—qm, Pl+1S141 = Si—1 — qS1, pPiy1tivr = ti—1 — qity,

ELL5. VERULN Sy BIO0E 1, B RATA K f,g 2 E 1, B po, p1
HILE R f, 9 11k

FEMX8.11. n; =degr;(0 <i <1+ 1) FRAIRETFH.

EIE8.6. X0<k<m<n, Wk RENEREFI S AREGLE s, t € Flx], i%
2
t#0, degs<m—k, degt<n—k, deg(sf+tg) <k.

BB BN B AERBUR AT, WAFAE i(2 <@ <14+ 1) fif3 n; < k < ni1,
T2 sif +tig = ri,degr; = n; < k, H degs; = m —n;_1 < m—k, degt; =
n—n;i_1 <n—k. HERNATE U Euclid P85 AH BRI B AG00E B . XA
(1) s, ¢ BIRT /R0 2 8 B EIN s ¢ T2 6 = 1+ 1 I, W OUR A AR, Bbi 4
s=g/ri,t =—f/ri,k <n W sf+tg=rg =0, T/ degr = —oo < k554
Wi 2 8 BEARAT

e [175] B1FE 515 Al 40 3i(1 < i < 1+1) Al a € Flz]\{0} 13t = at,,,
s=as;, r=sf+tg=ar;, T

n—nij_1 <dega+n—n;_1 =deg(at;) =degt <n —k,

n; < dega + n; = deg(ar;) = degr < k,
ﬁ n; <k<mn;_1. O

TR TR P AR - R ARG, BRATT S S Z RN
FE Pryg X P LIVERE. RS 5008, o BIGEAEEN] Py g 1, 0 T ALK
TRy, BATTEAR P A2 [ JE RO & BEMT3RAT 125 58 T 0 B s

Okt Prge X Po_p = Prim—ok,  (s,t) = (sf +tg) quo o
BATE W R HER:
HEIE8.5. LT R AT, &A1H -

Ik EABAET) (0} b5 BRG o ZFIH.
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2. FH k= n;, ) Si,t; 2 cpk(si,ti) =1 09" —fF.

AT o, HILE HAREE R HHEEN Sy, WSy, D Sylvester H B )74 F:

fn dm
fn—l fn Im—1 9m
fn—m+k+1 Tt te fn gk“l‘l T e gm
. . . (8.3)
frt+1 o fo m—ngk1
fok—m+1 0 o fk o G2k—my1 0 Gk

HE1E8.6. LT RIAT, HKAA

1. k EBREH F 4 HAXH det S, # 0.

2. B k=ni B yo, .. Umke1: 205 Zn_k_1 € F R T @ XETAZ

Sk (Ym—k—1s -2 Y0s Zn—tie1s- -+ 20) . = (0,...,0,1)T
WM, s = Y ysad, t =3 20,
ENX8.12. it o = det Sk.
IMAERATRB DT o BITHE T, W BIRE oo MUZRH 74550 ek
(NESR UGB
51328.3. X f,g,r € Flz] &8 —EHRE G A n,m,d, ¥ n>m, B
pr = fremg,p € F\ {0},
MFF RO <k<d)H
or(f,9) = (=) RmR e (g,r).

EY. W f = qg+pr, g B (n—m) KEIX, T2

1 0

1 gm-1 :

fa : (") o
: 9 : ] | era

fo q0 .

9o Pro
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X} det Sy VERIZEF AR, JFAS He— 2851 7, LA (8.3) A, Aol (m—k)
Y f I REAI Bk 2 g REPNIIAEEL WTLLHA pr INRES, ¥ pr I (m—k)
MNREBBNAA TR (n — k) F, BahBI4L, 5 g FMREGIZ . TR2BEATT5 2]
1
Gm—1 - pra

o = det Sy = (—1)P Rk get : 1

pra

92k-—n+1 - gk PT2%k-—m+1 0 PTE

A o BT syt R

(" sim)
* Sk‘(gapr) ,

,HEPAiJ? A, LA 1 AT e A = 1 36, = (10 o pr) =

T FRAN T T B
EIE8.7. K f = poro,g = p1r1 € Flx], deg f =n > degg=m, B ro,ry B—, 0:

1. SFEO<kE<m), &

1\ m n; -1~ ”J, k=n,;,
o = det Sk _ ( ) H1<]<z
O, k ¢ {n’b})

FF =301 —ni)(ny —ng).

n—m

2. om = p} _1)(ni—ni+1)(n—ni+1+i+1)(po e i)

» Ongypr — (
‘iﬁﬂﬂ Xj‘ql 1 *%#i*'ﬁ%ﬁ, R%UEIZWEE%#HYE% Jk(ri_l,n‘) =1. *E%ET&VE\, 8.6
CIESE v
XFT 2, AR 7 — 7 (mod 2), FATTH
Tt == Y (e —nip) (g —nis) = > (njo1 —na)(ng — ny)
1<j<i+1 1<j<i

_ .2 . 2
= Ni—1Mi — NENi4+1 — NiNi41 + 1Ny + NNy + Ni—1n; — (Z — l)ni

n(n; — nis1) — ninip +ingq — (i — 1)n?

(n = nip1)(ni = nig1) + (i + 1)(nfyy — n)

(n = nusr 4+ 1)(ni — nis1)  (mod 2),

FoE AT LIS 2 (2) i 4 O
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Wk =0, W op RICGEESK, UL IRATIR A SR AG 20 R oF 8 57k

#i188.7. & degged(f,g) > 1, M res(f,g) =0, TN

res(f, g) yogt I 27"

1<5<1
R T =3 an-my.

Heg BT F & UFD B, 2575 1% UFD 120 2088k R B0 22 1 5
TS B — e . AR A F = Rly] 1961 F7E R B, vF 5,
WALE R(y)[2] Tt
518.1. & f=a? -y, g=yx+ 1, ~“FHWEELN:

rese(f,9) =1—y°

B R HE R TS, AT

2

ng = 2 ro=2"—y po =1,
1
ny =1 M=+ — p1L=1Y,
Y
1
n2:0 ?”2:1 p2:f2—.
)

TR N ves(f,9) = (1> xy® x (1/y* —y)' =1 -y

8.4 Z[z] PHIR GCD HX

*ﬁﬁﬁ?%?mE*E%J%%%ﬁﬂqjEﬁl.ﬁ@éjjﬁﬁﬁﬂziﬂ/]l_ﬁ piBUNE RS
Pl 42 08 BEVER A B Gl 25 G R B HE KGR, W f,g € Zlz], p MR, 4
h = ged(f,g),hy = h modp,vp = ged(fp, 9p), 4 H h = hy = vy, BT LIHA
BRI B 45 IR v, RACEE b BATTFFEE Mignotte FRAATRARIE h = hy, 10T
hy = vp OLIISAT, TRATTIG R 25 20 RFAN S0 5 T B AR S S B 24T

8.4.1 Mignotte 5%

T SEFRATRT ZE UL — N AT A BATTHE B 2 1 R A B SR Al R AR
I THT AR 43 B, R RS4R3 SR g K 8 R TR AR AE = hy(= h mod p). 1R HERHE,
THXXW\%THT ST b (R E4E I B p/2 /NRITAT . Mignotte FERIE ¢

H R B WAAT VLR 7 1 R BB — AN e v DAk Rk
TZI—‘/J\%R%I%M%ﬁ/Q& N B0 8.9 &Pl
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EX8.13 (EWMRMEH). B f= Y fia' € Cla), I k-10H0H:
i=0
1fllk = <Z|fi|k) :
i=0
E116. HIZe PRI 2 (] (AR O A 25, JRAT #4518
[flloo < NI fll2 < 1f11x < (2 + D[ f oo
AT N 5 2

51388.4. % f € Cla], z € C, KM [[(z = 2)f |12 = || (Zz = 1)flo.
JEH. iﬁdegf =n, Ifid f-1= fn+l =0, )

n+1 n+1 - -

Iz =2)f15 =D |fir—2fillP =D (ficx — 2f0) (i — 2f3)

- L B

= F150 + |2*) - Z(Zfiflfi +Zzfi-1fi)

=> Efia— )i — 1)

-
=Y [Ffi = £l
i=0

= [|(zz — D) fII3,

LR O

E117. 0T B EE, FRATTRT LAZE T S0 3 b ik
BB, FAVGE WS, Vf e Clal,
1 2w )
2 ipy |2
15 =57 [ Ir(e)Pag,

B =S BRI IEAZ A PR AR T AR . T2
1 1

27 ) . 2m . .
W—mﬁz%AKW—wwszﬁrmW—wwWw

27
1 27 ) i
=5r ), |E DA e

= ||z = D3,

L.
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E)‘(g.l& W f € Clz], 21,22, -,2n & f(x) = 0 n DNEWR, & X M(f) =
ol T max{, )

M SCAT A M (f) > |fol B f = gh = M(f) = M(g)M(h). 5T M(f), &4
N Landau AR AT

8.8 (Landau A X). Vf € Clz], M(f) < | fll2-
JEB Z:ﬁ]‘j& |21|, |ZQ|,... y |Zk| >1H ‘Zk+1|,... y |Zn’ < 1, )r\”J

M(f) = |faz122 - - 2|.

k n
L g=fu[lGEz—1) [T (x—2)=gna" +---+go € Cla], WH5F 8.4 FH
=1 k+1

M2(f) = |fazizz -zl = lgal* < 9113
2

(x — 21)

g
(zir — 1) 2

g
(Zix — 1)(Zagx — 1) -+ - (Zpx — 1

2

)(x—zl)(x—zz)---(x—zk)
2

= |I/13,
. 0

HH Landau A5 5 #43 T 1) iy g

n

3| ¥E8.5. ﬁh—th € Clz]) % f = fir' € Clz], n > m, W ||h2 <
=0 1=0
hm m
[h]ly < 2™M(h) < 27| fl2-

EI. B h = oy T (2 — wi), WA R 0,

i=1
hi = (—1)m_ihm Z H uj,

Scq{1,2,...,m} j€S
#S=m—1i

T (il < Vol 5 TT Jugl < Vol (7) TT g < (7) M (R), He
S jes =1

hun
I

hm

- 2"

[h]l2 < [|hlly = Z |hi] < 2™ M (h) <
=0

2"M(f) <
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HH ok, FATTAT LA 2] Mignotte 5.

EIER.9 (Mignotte 7). X f,g,h € Z[z] Edeg f =n > 1, degg = m, degh = k,
gh | f, n:

1. lglloolBlloe < llgllzllhlla < llgllillRln < 274 flla < (n+ 1)V227FF| £l o,
2. |[hllso < IRll2 < 2% fll2 < 2"(1 £ 11,
3. |[Plloo < NIll2 < (04 1)M22F(| fl oo
JER . g H 8.5, TAITA
gl IRl < 2745 M (g) M (R) < 2™ FFM(f) < 2™ f|2,

VERPEE—3( H 4 g = 1 a3 Jamat. O

8.4.2 XZEHERARAFEE

WAVEER RN, AN T, SO BRIV E T F, = {z’ €7 _g <i< g}.
KEHMEEE T B B, Buclid 509, (B2 238 p — RSB A, T Tk
Eil 2 T, H Mignotte S22 1 Rk, 0RY 7 A 2680 R (1031 5L A 6 I8 4
R s b, AR 0 MRS N SO, AL N T AR, R
I, AT A TR BB, DU SRR v (0 B A SR e A —
AN BRI, 6T T A/ 26 550hE 1.

TN 1A th o RO, TR ILEAT 40T

HiE8.4 (REAE A K THIK).
N Zx) PARK f, g, Hdeg f=n>degg>1, |[fllo < 4, llglloc < 4,
itk h = ged(f, g) € Z[a].

1. &MH b = ged(le(£),1c(g)), B = (n + 1)'/227 Ab,
2. THUFES p € (2B,4B],

3. fp=fmodp, g, =g mod p,

4. vp = ged(fp, gp) € Fplal,

5. W w, f*, g* € Fylz] 143

w=bv, (modp), ffw=bf (modp), g¢g'w=bg (modp),



.150- FANE —ASZAXNGRKAET

6. % [/ lllwlls < B B [|g*]1llwly < B W4T 25, FMIBkEIE 2 4,

7. Hir pp(w).

E118. ZPTLAE (2B, AB] AEHUE L, nTLAS % [175]18.4 1T H KN A, b5t T
TE DR [ B AL AR B3R B0 5 v 9 HAE T AR A2 B B 4 #

T FEARIE TR 8.4 vl A I IE A
TEIE8.10. Fik 8.4 P T &M
1wl < B, lg*hllwl < B
EMNF ptr, BBk 8. ik B RANE T
BB, AT AL, W
1f wlloo < [If*wlly < [f*[l1llwlly < B < p/2.

FIHE (6flloe < p/2, HT f*w = bf (mod p), W41 f*w = bf, FIEEFA T AT E W
g*w = bg. TJ& degw = deggcd(bf,bg) = pp(w) = ged(f, g)-
i, # pp(w) = ged(f, g), WIHEH 8.9 RIHEH I it 4 1F. O

5 BT 1 25 AR B FDRGRAIEA T T IR ER 2 hy = v, MIA1F, X E 2R
8.10 (RIEWI AT AF . FRATTIE AT DA IR BRZORAFIZ — 450, SRk R LB L T

BI%8.5 (KFABA N THIE).
APHESTI 8.4 50 6 AR pp(wy) | £ B pp(wy) | 9, 55 BRI w.

FoaEmaeE. fF Q] i — 2 MENXT, HKBRANA v, | ged(f,g). H
K, 0 ged(f,g) | f 5 ged(f,g) = ged(f,9)p | fp, FIREME, ged(f,g) | gp. T2,
ng(fvg) | ng(fpmgp) = vp7 ﬁlﬁ Up = ng(fag) D

LRI X E (2B, 4B] kA28, X R RENLTE 2 7 PR AT RE
BT 2 IER A5 RN ? T 1 0 B T [R14

EIER.11. BIFHE SHEH BN ER p A EHEFRRTARANETHENE
=
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PEH. ¥ h = monic(ged(f, g)), by = h mod p. RFFUEL p ANFINEEER 1e(f), le(g),
Hptres(f/h,g/h), W h = h, =v,. HHEERA hy, | vy, £ degv, = deghy, =0,
W — Y% vy = hy, I degv, > 1, BB p + ged(le(f),1c(g)) P45 Ry # 0.
MAFAE s, ¢ fiff

sf/h+tg/h=res(f/h,g/h)
= sf+tg=res(f/h,g/h)h
= Spfp+tpgp =res(f/h,g/h)phy

= vy | hy,

AT hy = vp. O

8.4.3 IMNEHERLAEFEL

NERH A PR A ) 22 T S SE IR R BAR L KRB R 2. AT
LR BN FEE T I AR T 5. 18 h = ged(f,g), RATBEHLEI — R AU/
FH p1,pa, - pp, EEARIRZ, (1 <0 < k) L5 vy, = ged(fp;, 9p,), HIEEE
811, FATAT I by, = vy, AIRKBEHRIEMOLH). fir m = [[<ip pir FIAIPE
FIREH, ATLLHIE 2 vy, K by, = h mod m, EIHAL hy, = vy, (mod p;). i m
KT Mignotte S, BIAT h = hyy,.

N A N R B R B AR S R B 8.6 2% [170], Hk 8.7
2% [13], P I AR SR A F O — ). PN S AR B O #in bT BR
p < 2klnk, b2 [170] AR ST, WEIE LA _Eok, 56—
RS — AN EERS AR, TLREm MR 2 A Z R THE

Hi£8.6 (/NEEBIAKNTHIE).

AN Zla) EARRZIK f, g, Hdegf =n > degg > 1, [|fllo < 4,
l9llo < A4,

it: h = ged(f,g) € Z[x].

1. IR b = ged(le(f),1c(g)), k = [2logy((n + 1)"bA%™)], B = (n + 1)1/22" Ab,

2. AR A MR REIES S, HVp e S,p < 2kink,

3. S={peS|pth},
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4. Vp € S, v, = ged(fp, gp) € Fplz],
5. e =min{degv, |[p€ S}, S={p€ S| degv, = e},
6. 47 |S| > 1 WER S (18] — 1) ook, RERE 1A, TNERIZE 2 25,
7. I ERA I w, £, g € Zo] M (0 = HHOH TR
1
lwlloos 177 o 9" lleo < 5 T2 =2 5+

pEeS

HvpeSH

w=bv, (modp), ffw=bf (modm), g*'w=bg (modm),

8. % If*hllwlly < B H llg*lhllwlly < B AR T, HNIHRE 2 20,

9. #irth pp(w).

E119. 1 FIEBUES 28 > 2B, R W S Wb I AMocEM P2 B KT 2B, T2
m/2 > B.

ForA A, H | f|llwls < B W ffwlle < B <m/2. 57, HIEVES 1
B B WEATH bf |lo < B <m/2. T2

ffw=bf (modm)= f w=>0f,

FHEEEATMA g w = bg, HIL w|ged(bf,bg) = bged(f, g). U1 FHZ T A S35
5y, IS #3 3] pp(w)| ged(f, g). FATCME @ FHIHUY p 5 vy = hy = hmod p,
Hrp h = ged(f,g), W degw = degv, = deg h, KM pp(w) = h.

FOL R IZATE 5 pp(w) = ged(f, g) B, B F1EEW SN 2R 8 b i 4 i
AT AR O

BIE8.T (MR AR T HIE).

N Zlx) PARRZIA f, g, Hdegf = n > degg > 1, ||flleo < A4,
[flleo < A4,

fWith: h = ged(f, g) € Z[x].

1. b= ged(le(f),lc(g)), B = (n+ 1)1/227Ab, k = [2logy((n + 1)"bA>™)],
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2. THUES p > b(SEFs L pt b BIW]), H p < 2kInk,
3. vp = ged(fp, gp) € Fplz],
4. 4 degv, = 0 W HI 1,
5. p1=p, v1 = Up,
6. #7 p1 < 2B, WPAT T2, HNBkE S 12 20,
7. IR p > b(BHE p1b), Hop <2kInk, pip1, % vp = ged(fp, 9p) € Fplal,
8. # degv, = 0 W HI 1,
9. #7 deguv, < deguy, W p1 = p, v1 = v, PR 6 2D,
10. # degv, = degvy WU i1 IR 2 BEVHEL V(45
V=v (modpi), V=uv, (modp),
FHWAEL p1 = p1p, v1 =V,
11. $[0I%5 6 20,
12. W5 w = bvy mod py, 5 w | bf H w | bg WIgkZL, N4 [A15E 2 35,

13. frth pp(w).

FEWAABPERFE T w | bged(f, g) H degw = degged(f, g) & i, vl Wi
AN R B VA B — T KRB e i, X AR AR T .
E120. X T RFEHR/NRERTEW R R, v W [175] 58 6 ZRAH ¥, 7E1%
R 6.13 Tigh T BRI 5 SE R B LA, o RSB T i R s S
ot M/NRBREIVEE IR N n3([175] K 6.4).
E121. KT, INREEE VLY RS (RE RN TH 5 Bezout REL), IX HLAL AN P
TN T, BUOATE JG SO 1o Sk ih — W A T sk e K A R H AT . A%
PIEEE r LA [175]6.11 S5 5.

8.5 ZIMNAEARBIRES
TR MR 62 TR GOD 83k, i T2t 4k, 3414
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IR LL— 20— 2D SR A 22 T e K 28 DR 775 21 84 2 2L i de K R
SR T SRR L EARTS B R ) e, RCR A . 12, Bdllgn

513E8.6. X R4 UFD,n €N, SCRAAREESL s =#S,r € R[x1,...,24]
REFRARIL d, ARA

1. ZrdER Nr £ S"PREA ds" P AR A,

2. Fs>dHr £ S EBRMAAHE, W r=0.
1ERR. %EE%#%, n =115 RAR. ¥ r 5k Tn M2 r = Zggigk Tix;'w Hrp
ri € Rlwy, ..., 2 1] Horp #0, BT degry < d—k, WHHNEE, rp £ S
2L (d—k)s" 2ANAES, TRy Mr, 224 5" 1E (d-k)s" P AEL JRR
Va € Snil(rk(a) - 0)7 Tq = Zogigk Ti(a)x% € R[.’Ijn] EEZENS /I\?;:){—i, PSR g=¥ 3

ENSCEIRRVSR
(d—k)s" 1 4 ks =ds" L.

111y o 25 T DL BB 258 AR N 51 O

HRAES5 12 8.6 A4, 5 S™ HHBEHLIE o, WATHEHR P{r(a) =0 |a € 5"} <
d/#S. BB —NAIRE S C FR—A S ERHLECK B, WA R T

B58.8 (Z WA A5 KA 1 A 502%).
i’ﬁﬁ)\ fla"' 7fn S F[:E]ﬂ F IEéij(:,
it B2 h, H h=ged(fi1,..., fn) WHEIEM.

1. ¥ as,...,a, € S,
2. /7"\9 = f2 + ZSS@'STL aifia

3. fith ged(f1, 9)-

E122. SEEHEHPUE Euclid H5 R4 maeE.
EIE8.12. X h A HE 88T M B LR, b = ged(f1,..., fu)- M A* | h, B
P{h # h*} < d/#S.

PEHL R | b WAR. W RERE f; BR L RS FRATT AT DA B A R Al B oK A R
jlg 17 -i’fXLfl 7& 07 é\A37"'7ATL j"j F[CI]] L%ﬁ%ﬁi%ﬁ, /ﬁ'\R = F[Ag,...,An],

>
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E:/Q\\ K = F(A377A71) y\j R E/‘Jéj\ﬁiﬂi, /HLE G = f2 + Z3S1SnAlf’L € R[$]7
r=resy(f1,G) € R, W r ZRT As,..., Ay IRECAEL d 2 5. 4B A
1= <A3—G3,...,An—an>, ﬁR/IgF, Hﬂ%lfﬁ82ﬁ

T =r(as,...,an) # 0 < resy(f1,9) # 0 < ged(f1,9) =1,

Wu N fi, GTE Rx] PAET, T u| fi, FIEMREEE T f1 78 F 155338
E, B2 Ez)NK|z] = Flz], Mt v € Flz]. TEBw|GHEMu| f; i=1,...,n),
NHF ged(fi, ..., fn) =1, Fue F, At ged(f1,G) H—HE, r & RP—IEE
JC. W51 8.6 RJ fE # O TR A T O

SERRRERE A, AT LA fy D s N R 2 T, DU SRR PR, JF HAESNE
LiAJE RIS b A A POR IR A, A, WEBNEIRBEYLECOT 5, B2
H IEAfET A



A IRiE % I E F 5 7

22 30 2 PRI 70 A i) 7858 L e R 2 DR i) 0 5 e, BT DR — 8 SR 4 A 5
()52, AHRE T35 b 2 ook, A8 A PR 22 TR DR -7 0 it ) K0 48 A i 3.
XL TRATERAL T — Pty BE AL IR A BRI b 1) 22 T QDR 1 il ) 80 A 281 7 A
(A B ekt b R figt v fi m e

X AT E S ok By, 5 22 30 2GR 1 O i ) L XL N R Z[z),
Qlz], Zp[x] 752 Rlz], Cla] A2 702 I K 70 fift 1 Al

TEAT BRA EEAT IR 720 il (R 7 AR 22, — ROt A7 RS 22 30 = BT 10 it 22

20 N =A D
1. J&*FJ7 143 (Squarefree Factorization)
2. ANFR ¥ fif (Distinct-degree Factorization)
3. [FRIEF43fi# (Equal-degree Factorization)
HorAp ey 2, 3 20 sl 3 22 0] LUl Berlekamp & AU, X—F 1505
= AN T A BRI PR A 1), SRS Berlekamp S
A PA B E 3 FAT AT BRI SRR A5 BE AR AR, 1K 7 10 AT L5 A1 S0 ) 4l
SABBOLFEFE. AR, AT R d 20— LA E E R AR Lefa A 4.
9.1 AEREEAT
B BA MR 2 W2 TG 7 AT 18 (Squarefree), BITGHE A 1. X — AR A

156
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R, W f EER T, AU f/ ged(f, f1), WInIyE 22 E K7, £330 E K 11
Z I ANFER R 103 A R AE G- 77 BRL7 20 i () 2t 4 22 b & AN R s
DA SR A — R B k. X — 80k, S HILLE Zassenhaus[100] B H.

T AETRATIA A — L PRI HE A J U, B AT D0 T B AR AR B2 () S5V 8 DA ).

9.1.1 AREF, I F
TEHOCHFET, AT N 1) Fermat /)N g #E.

EI9.1 (Fermat M), st FH KT a € Fy, KMA o’ 1 =1. FF aeF,, &
MA P =a, B
af —x = H(m—a).
ackFy,
2123, TAVIIE, AR BT RE R R AR, X T d>1eN, 7]
CAFAIE pd B sk
Fpa = Fplz]/(f),
He f e Fpla] £ d AT L2 1.
72124, Fermat /B p X T A LA S 2 B35 AT, 22 J0 A4 0k WH R 25 %k
L.
TR E HE Fermat /NEBLMHET, Fermat /NEBUEI d = 1 IR TE.

FEIR9.2 (Fermat NEBE ). 3 FAEM d > 1, 28" — x € Fylz] & F,[z] ¥ HA K
BER dRTHE—Z ARG RAR. L b p RFHRFHF

FER. H Fermat NEFIAN h = o' — o JEFTAI— KT 2 — a MITRFR, 3 o HY
i Fa FHIICE. A, BTSN T 1, FRRBA T UAE XA Fyla] s —
KAL) n IRE TR, f:

f\xpd—a:@n]d.

Fo e 25 f | " — o, Wi Fermat /i B2, ] DU Fa () 748 A 645
f=Tleealz —a). fEla € A, 2 Fplz]/(f) = Fyla) C Fpa, HH Fp(a) & Fpa
AL a BN TR, A p" AT, Fpa 2 E Y B, HIEAF7E E 38 e 15
pt=(p"), Wi n|d

WENE: F 0| d, 4 Fo = Fyle]/(f), Ba=(zmod f) € Fyu Ny f A
TR =a= (x—a)| (@ —z), BT p" —1|p¢ -1, &

pr—1=0"-De=@" -1 "+ + -+ 1),
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]
o e (2P 1 = 1) (2@ DD ),

¥ AT, 2 WA (2 —a) | (0" —2) | (2" — z). FITE Fpulz] 1 (2 — a) |

ged(f, " — ), BT Fyla] b LI Bk A T RHZALYE Fylz] o, T4 i3k

VA ged(f, 2P — 2) = f, 81 f | 2#" — 2. O

9.1.2 AREVREFHE

ANTAIUR DRI 7 43 i Sy ity H A B R H 22 T AN R IR 7 e 4, s S
T
EX9.1 (AFRIKHETFIEA). Fpla] T2 I f A R 2 il 2 1515 21
W AR EFFEH) (g1, ..y gs), FoP g 5 fAEF o] PITAE AL i iIkZ
iR, H. gy # 1.

HIERE 9.2, JARA Z) 3 40 R AR 7 7 i 5.

B3£9.1 (RFKE T5H0).
A: BFHET n(n > 0) KE—L TR f € Fyla],
it £ OARFKE TIEA (g1, .., gs).

1. ho:x7f0:f7i:07

2.0 =i+ 1, fE3 R = Fplz]/(f) VA P sk 7 v (B n 0% 4.1 )i &
h; = h? | mod f,

3. gi =ged(h; — z, fio1), fi= T,

4. F fi 1 MEREE 25,

5. 5 =14, it (91,...,9s)

FEA B, (G, ..., Gy) 5 f BFIARFERRIA T8, 2% i s
Piihi=2" (mod f), fi=Giy1---G, gi=Gi(#5i>0).

WK Py oL, W Py, ..., Py YIRGE, WX > 1, hy = hY | = 2?" (mod f)
H
gi = ged(hi — x, fim1) = ged (2 — z, fi_1).
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HIEHE 9.2, g; A& Fpla] AT B — ANl 21 L UCECRERR ¢ (12 s e il HoAE
R fio1 = G- Gy, Bk g = Gi(IRT 4 IRIVIR T CAERT IR 1 T). T2 04
WEW T Pi(0 < i < s) OZ. [RINHATAFE] s = ¢ O
72125, 9% 9.1 vI{E deg f; < 2(i + 1) WRIZ Ak, K f; BT ANl 4y ik />
Hhi+ 1, R f; CER—RATLNT.

2126, S5 9.1 5 225K by mod f MULTTRIM Fy  p UCRE MR TR AT,
BIXST f=ao+ariz+- +apz",

P=ap+a1z? + -+ apa".
#519.1. ZRETK f=25+ 23+ 22 +2 -1 € F3a].
fi: JAPR B PAT S 9.1 BIAP RS T T
fo=f=2"+2°+2° 42 -1,
hg ==z,
hlzhgmodf:x?’modf:x?’,

g1 = ng(hl - xafO) = 332 - 17

flzﬁ:m?)_x—i_l’
g1
hgzhi’modf:acgmodf:—x?’—w,

g2 = ged(he — z, f1) =1,
f2 :IL‘3—$+1.

BRI ] DLk, A3 B IR R PR8I0 (22 — 1,1,2% — 2 4+ 1). &

ANTFJR R 13 At Sk R PR sk s R0 LA K PR Euelid 5035, A AR AT LA
KF] O(sM(n)log(ng)) X Fy, RIS EL([175] 2 H 14.4), Ho s & f ALK T
BRI L. 1998 4, Kaltofen Fil Shoup[08] $& H T —Fh ek (A [R) WK IR 1 20 i 54
% (Baby step-Giant step 5.i%), HEREIEF] T O(n'8Blogp), M4 BRELHIF p
NTZIIREL n B, R R

9.2 [RIXREFHHE

AR b AN R DR 23 il 1 45 SR AR L 1EAT R IR 23 A, 8RR Cantor-
Zassenhaus HIL[50], AN [ 220NN A Z AR, TS0 R R D A
FHE 2 MM SUAE AL B AT — RN BOR X, BRI AS 5 23 P9 38 73 K inf

.
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9.2.1 HHEAFTEHRERIE
TG, AL H— LA R RS T THI O TE £ iy L.

SI3E9.1. K g A—FHR, kA q—1ABT, BF; A F, FIRERXALE MM
Rk, S={bF |beF} AT, £ k RFEE, N:

1. 84 (q—1)/k HFRE.

2. S={a€F;|al-V/k=1}.

SE. Sk REFRSWSS oy T2 — F 0%, MITTH FX QTRE op BN kK
AR

keroy = {a € F | ox(a) = 1}.

T F, AL, w2 ik 2k —1e Fulz] BIRZEZ A kA, T #kerog < k.
By (bF) @Ik = pa=t = 1% TAEAT b € Fr #9807, B Fermat /)N HL4
S Ckerog_1yk, WA #S < (¢ —1)/k. TIE BRI C HAT

q—1=#F, = #tker oy, - #imoy, = #tkeroy - #5 < k(¢ —1)/k =q— 1,
Al keroy =k H#S = (¢ —1)/k, S =kero(y_1) - O
YEA 513 9.1 3w, FRATE
51329.2. K ¢ HA—FFHF, S={acF; | EF;(a=1"} N
1. SCF; & (q—1)/2 T
2. S={a€F;|a~D/2 =1}
3. Ya € F},alt=V/2 € {1,-1}.

RGBSR f IR T, Joo £ 2 B0 Ty B
AR, RIAEAE n = deg f 19— d 645 f AT 7= n/d 4> d X
B AR 1 fi, .- fr

H5i£9.2 ([FIXRHA 0 R E).
A f, d,
i f E—RT g, B0ERIK
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—_

. FENLIEHX a € Fylz] 115 dega < n. # a € F, M H R,

[\V)

- g1 :ng(a’vf)v %gl 75 1Hgl ?é fljl\”iﬁjtlj g1,

- P PR ESR FESVEIERR R = Fyla]/(f) Hit 5 b = o' ~D/2 mod f,

w

B

g2 =ged(b—1,f), # go # 1 H go # f W go, 75 W4 H R

W f = fufo--- fr, WA R AE BEAT Q0 R 3R
X R=TFylz]/(f) = Fola]/(fr) x - x Fylz]/(fr) = Ri x - X Ry,
WA F o= R, =TF,[2)/(f;) DF, SINFIHES:
x(amod f) = (amod fi,...,amod fr) = (x1(a),..., xr(a)),

Hrh yi(a) = amod f;. e = (¢ —1)/2, MXEE B € Rf = F;d, FATA
B¢ e {—1,1}, HEEMZEMIH ML —. WERENBEHUTEILE o € F 2] 613
dega <n H ged(a, f) =1, W x1(a),..., x-(a) %F;d HEENLTE, Hoe = xi(a®) €
R; “GEMEAREL 1 88 —1, Bk

x(a®—1)=(1—-1,...,e, — 1),

el a® — 12 f I— NP —EATL), Bk ey = - =&, BAEIHH
e =10 €T C{L2,....,r}), W xi(a® = 1) = 0= f; | ged(a® — 1, f), A
ged(a® — 1, f) = [Lier fi 4618 f =N L. DRISVE R AR A SR I
g MR, Bl 2. (1/2)" =277t < 1/2, IXH B r > 2.

B5%£0.3 (7 T4H0).
§ﬁ)\ f7 d7
Wit £ 2E Fylz] PSR AT T

L #in=dWHm f,
2. ERERMSE 9.2, A f A d, EERM f —KET g,
3. B ASTE, 230K g A f/g o ff i g5 R It T B 4 2R
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#19.2. AL f =2t +23+2—1 € Fsfz], d = 2(BATATAT DM E X B f A&
BT EA T go, MIMTILAE W] 2 d = 2).

i BEALE a = 2, W g1 = ged(a, f) =1,
b= a®D/2 mod f= a* mod f= R 1,

go=ged(b—1,f) =2? + 1,

WAL T AW F 22 + 1, 55— DHEFTH f/(22+1) =2 + 2+ 2. o
E127. L 9.2 ME RN O((dlogg + logn)M (n)) Ik F, Hia B ([175] & 2
14.9), MR 573 i 5025 9.3 KB AREA O((dlog g + logn) M (n) logr) K Fy
BHE([175] w3 14.11).

72128. Gathen #1 Shoup[176] #2 Hi T — F' Frobenius 1% fX % % (iterated Frobe-
nius algorithm), X T3 R = F,lz]/(f) T ITHE o, e P HE H K H 57 5
a,ad,. . a8 M d R TR T 2 f IR n. SRR
1 O(M(n)?lognlogd) /> Fy Hiz 8. 308 F BUAS [R] Ik K5 43 Al ) sk v 5
W, A O(M(n?)logn + M(n)logq). #ERIKKF4rir, TR HT
HAHA

)

a(qdil)/2 _ (aqd—l o aqa> (¢=1)/2

BRI, HE LA O(M (nd)rlogd + M (n)log q)logr). VALK 24 11 Hr3sm]
Z:2% [170]14.7 AR H.

9.2.2 43fEA 2 BYA R

VERZGI L 9.1 FG1 B 9.2 P4 71 5 22 B A BRI i, % TR 2 KAt
T AT RS, b N ITRBII SR A A, BRI B BRATTEE B i — R

AR Fy A2 —HEIEN 2 (030, H g =2% k &2 —1E8%. F, L2000 F 21
FRT n RE T, B r A d IR L2 TR 2 B

ENX9.2. X TIEEH m, & XL Fy b m FriZk 2 i (mth trace polynomial)T,, 4

2m=

Thm==x Tt 4

129, 22" + 2 = T (Ty + 1), SR B ELRAIE.

E130. Vo € Fom, Tpp(a) = 08 1, HEH MR ZEFEN o —E 2 22" + 2
MR, DT T (@) = 0 8K Ty(@) +1 = 0, H B H 2m— 1, M4y 2m—t A
.
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513£9.3. K a & R =F,[z]/(f) LMAGEIREG—ANZ AKX, b= Tia(a), M ged(b—
1, f) T f 89— LR F, A BE A2 1/2.

EW. H xa(b) = xi(Tha(a)) = Tra(xi(a)) = 0 8 1, T b o 6 )4 5 B8 45
I FR R A, 29 HAL X (0)(1 < i < ) WIS 0 B 1 I, b € Fy, JLMESE A
2x 27" =2"r < 1 O

B359.4 (RN 2 A8k B RIKIR 790 1iR).
FVESEARF S 9.2 F19.3 , A5 9.2 HEE 3 DN T b = Tig(a) B
Al

#5193, fENBITF, BATHHE f= (@3 +22+ D)@ +2+1) =2 +2° + 2t + 23 +
22+ x + 1 € Folx] MFEIRHE T #, Kb d=3, k= 1.

ff: Ha=o, Mb="Tya)=2*+2> +zmod f =2* + 2% + 2, 1M
g=gcd(b, f) =23 +x+1,

Wh=+e+l, o=f/i=a*+2"+1 %

9.3 — BHATFIEELRENHE

MTF—RAEERTHZIK f e Fylo], R B8 720 BLE 40
oo B f2E 0, FH FE ATAR T f = T[L g7 &
U=1{(g1,€1),- -, (gm,em)} R CRIE, WRIAF N SR 9.5 45 i

Bi£9.5 (— MR REIR).
BN B2 f e Fylz], ¢ h—5FE0R.
Wt f R U.

1. hh=x,fo=f,i=0u=9
2o =041

3. (AFER 773 i) A Pt Sk R SR8 by = R mod f, g = ged(h; —
xvfi—l)v

4. #i g # 1 WMHSL 9.3 K g M RIRE — AW AR T 91,92, ., gs,
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5‘ fl = fi—17 ﬁ:xl‘—*ﬁlz//%u g E‘Jﬁﬁ\%jqﬂj 917---793 E’gy_’\ﬁ el,- . '7687 *tl:'l
;/I\ €, 4%‘ (gi)ei) %‘—?)\ u,

6. 7 fi # 1 M 225,

7. Hith UL

131, B3k 0.5 PAEUARER ML AR, AR 4 SE R AR T4k £ i
BH i RORTTIE T, SR T2 F 1 (— )RR g, BRI HRUCR HE f o
& g MARTTZE FRUR. HELEATRB LA T BT 7T, DR R T4
R 25 SR 2 TP T 3

RT3 % R T AR R, F T8 T[] i 2 U kA
BB f O Byl B APPSR, FEIOSE 9.6 2 ILFHT F, hIOH.

H7£9.6 (F, L2 I kiR E%).

) FH P SR R S (B vk 4.1 )3k h = 29 mod f, & g = ged(h — z, f),
1 degg = 0 WIJGHR, 5 WA H [A] Ik X7 43 i 5503 9.3 Hoth i 5 A w49 A 1
T—up, .., — U, Mg, u BUOSILHTE F, EAIAR.

R T A f S8R R SRR, SRR S B B BRI — IR A il 41 87,
RIS H S 29 — o B KA. i A= N Z]x] o sREEER i 5.
FINEEVEZ T, TATSEUEH
5|39.4. % Z[z] LEFAn KSAKX S, |fllo = A, BucZ R faydRAaR,
f=(@—u)g, M |gle <nA.

EY.L B g =00 g, W f = (2 = w)g = gn12™ + (gn-2 — ugn—1)a" "+ +
(90 — ug1)x — ugo. NP REIARBLRMEH AL A, T2

A
’90’ < TR
|u|
R 1 (7]
nA
’gn—1’ s .
|u|

HT Jul > 1 A5 ] g]loo < nA. O
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B3£0.7 (MM TR B EE).
BN TR 0 RS € Zia], B [flle = A
it oF f RS RO

1. B=2n(A+ A?), (& % p € (B+1,2B].

2. A 9.6 H Fplz] b f mod p MTAM {u; mod p, ..., u, mod p}, H
$ui€ZH|ui| <p/2(1§i§7‘).

3. WA G, WH n—1 RZIRX v; € Zla] H [|Jvilloo < p/2 45 f = (2 —wi)v;
(mod p).

4, i {u; |1 <id <] < A, ||Jvilloo < nAY.

Fokm s, A f CER, WX FIHATM — AN EERIR w € Z, JLRERERR f I
B, P u] < A < p/2, PUHTA BEARE AT DUNILAERE p T IIZRIE R k. L
PEFATHATFUEH f(u;) = 0 M HACY |u;]| < A H ||Jvi]|eo < nA.

A fw) = 0, WMBRA |w] < A "WT& f/(x—w) =g, WHTIEE 9.4 %1
1f/(@ = ui)lloo = llglloc < nA < p/2. (BT f/(z — ;) = v; (mod p), HMILZ
W R BT p/2 /N, 504 £/ (2 — w;) = vi, BB ||vi]leo < nA.

T, # ui| < A H |vileo < nA, M [(2 — ui)vi|leo < (1+ A)nA < p/2,
B f = (2 — wi)v; (mod p), FIHI f = (z — u;i)v;. O

9.4 RKF¥HEFHHE
K NN A AT T DR T AR, BTSRRI B
KPR DLILAT A 4.
9.4.1 $HEAFRE EXFHIHME
EN9.3. ZIRK =" fir® € Fla](F 1T LLEIR, 525) i 2 807 5 S
f= f:ifixi_l.
i=0

TAVEBGE F 24N TR, B ARATCLIER v e F 2 f K m %
s WEGE 1 m — L% sk, T2 f/f R S (o — w) K7 BATTnl EA
FEAT— 4 F ERT A B i e
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EIE93. FRARME—K, HgcFlo] R fecFa]|9—FRTHRATF, B f = ¢°h,
heF[x], g h &, MA g¢ 1| f, FE gt f HHALE eg #0.

EH. Hf RIEAEA R 2
f/ — ehge—lg/ +geh,,

MPEAR ge= 1 | 1. AB—J510 g¢ X} ! SRR PESAN T-5F ehge g’ HUIERRTYE, B g J2
TTREHLER eg’, HHT degeg’ < degg, Nl g | eg’ < eg’ = 0. O

132, TAFER ], EREE N BIOB, 2 g AT LETIRR, ¢ # 0, R
HEAT BRI, X U E A2 (B0, &1 g = 2% + 1 € Fafa] BRI o = 0. &
TSR RAT K B4R S 0 B A0 2 T4 LR L 1 5.

T FTTRO 5 B R S TAT AT ARG o B sk i f T T IR T
I3

5i%9.8 (FIi AT #8Y).
?ﬁ??ﬁﬁ)\%%?ﬁ%%ﬂ@iﬂz F LR n RE— 230K £, 4 Jo 1 7 738 53

ged(f, f')

PRl 5~ 73 i I, FRATTAE AT AN T 2K Je 5 B 3 2, e SR 1 i T A
RIEF R 7o, B E—IEFAZHA f = gigd-gm, P g, gm P
WHZH LT NT, gm # 1, WK (91,...,9m) A f BTV J5 43 ## (Squarefree
Decompositon). Yun[189] $#&H T — R PR k50 LUK H G~ 5 40 il

B3%£9.9 (Vo).

L. U:ng(f,f/),Ulzf/U, wlzf//uvizly

[\)

. h; = gcd(vi,wi = ’U;), Vit1 = Uz‘/hi, Wit1 = (wi = U;)/hz, t=1+4+1,

w

A v # LR 298,

4. B (ha,. . hicy).

2133, RPN SERIE IR O(M (n) logn) (B, [175]14.6 1),
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E134. ZHR B AL T, HEE AR UE W] B BB A I AR AR
I SEAGAN R U (R AN AT A A1 R B3 R RS TR (18 28 5, ) P 28 i) AN [RDRE 3
SEIA 7 R SR R R, XA IO 1 BRI A BRSBTS
JREEAR L. R IREATH — M 7R B AR R — i fe.

#19.4. 3K f = abc®d® WIE V- J7 /i
i RIS AT 43

' =d'bd® + ab Ad® + 2abed & + 3abld?d, wy — vh = cd,

u = ged(f, f) = ed?, ho = ged(ed, ed') = ¢,

v1 = f/u = abed, v3 = va/hy =d,

wy = f'/u = a’bed + ab'cd + 2abc’d + 3abed', w3 = (we —vh)/hy = d',
w1 — v} = abc'd + 2abed’, wg — v§ = 0,

hy = ged(abed, abd'd + 2abed’) = ab, hs = ged(d,0) = d,

ve = v1/h1 = cd, vy =v3/hg =1,

we = (w1 —v})/hy = 'd+ 2ed, wy = (w3 —v4)/h = 0.
et (ab, e, d). <&

9.4.2 4SEAMRAE EXTFEA SRR

AT K R AT AT BR80T 7 AR (T 132 H R C 4 F BT
BRSHRRAE Ay R D 50 g T AN LI 2 T f (deg f > 1), B IFE RIS
TRTT R %, R P2 R0 PR 0 2%, DRI 1 2 T A £ 4
15

HELIA f = Y0, firl € Fyla], p & FHL HIHMEHE, N f =
S g ifii =0, #5 f; £ 0, WA i mod p =0, T2 f P& K RIEE 2 1 p
IR HER RO, IRED f = S0P fiaip, TR

n/p ) n/p A p
f= (P =D fia']
=0 i=0
B f A2 p R, BES L — RN T g =23 +1 = (x + 1)3.
YT FACEIIL By (q = p), A FHSHE:

EI9.4. K q=p! AFRp R, FFLEAKX feF o] B f/ =0, A f H—
pRF.
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E135. ZOE HAE M S AE TR R A Fy, —FE, Fy HHITC o 94 p R,

HIL9.1. FAME—K, MAE EAEE-FLE AKX fREFF BT84 BALS ged(f, f) =
1.

FH TR BERAT 1 S0 T TTéﬁ3E$ﬂ§IﬁiﬁEﬁﬁ/iﬁﬁﬁ EAEE. BUAEHT I
(R BEME— AT AT Z AR T p | e WISTE. ¥ f =TI, f7, 2N fi WEER
HARY), deg f =n>1,e1,...,e, BIEIFEHEHL. ! ?}Sﬁﬂl]ﬁ

, f .
f=1le 1
oies fi

W w = ged(f, ') = Tlppe, /7 Thype, £75 T2
= H fi7
pte;

Ferp et b 7 BB T, X SEIR REIY 2 p IR BATEE R 2 00 u P
A BATT E R ILLERIK, Hoe; <n, WHTAIRKA:

w = u/ ged(u, v") Hfl,

MM w 2 p . HE AT LA 2 4R 54

H7%9.10 (FFRIIC 737 Hi%).
BN RS Fylz] EE—IERFNZT £, deg f = n.
it f T g
1. u=ged(f, ), v=f/u, w=u/ged(u,v"),
2. #Fw =1, W v, 7500556 VTR A S5 w/P T8 vy

3. i vvy.

#9.5. K f = a?b3Pd® € Fsla] MTE Ik, Horb a,b,c,d R H R AL —
E20 5w
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i MR A
' =2ad'b35d°,
u=ged(f, f') = ab®d”,
v=f/u=a,
w = u/ged(u, v") = u/a = b3c5d°,
B EE, RS

fl — w1/3 — chd3,

f1 =V d + 2bed d°,

uy = ed?,
v1 = be,
w1 = d3,
FUGE I BEE R R vy = d. #sEHH vvive = abed. O

AR 9.4 45 T BRI FELEL 0.9 FER: o PRSI T BB T T
Wy, g=v1 =91 gm, w1 = Y10y €i9.9/9i, € F& gi 15 f THIRE(LE T TH 3
B e = ), RRALFE— VR, v; TP 2eiRB 0 HTH, Qi SR AR A PR, % L R
£ m < p WHER, Ko'E S p AHREFRE: I+ 1H-—ANKEC i mod p I, I
IS

h; = H 9gj (1 <i< p)7
j=i (mod p)
hi=1 (i>Dp).
B8 m > p, f =TT g WS by hoyoo by JG, % fr = fhithg® T
o
fl _ Hg;’—i modp,
i>p
T

fli = ng[;]

1>p

SRRV B MBI R LS £ ITET MR (51, ..., 1), WBARA

S5 = H Gi,

[3]=3
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H

T ged(hi, 55) = Gjp+i-
AT TS, OISR T iR —FpR) FH 33 H 3047 70 it i 4502

E3%9.11 (H RISV I o fil).
AN HREF, LA A2mk f
W f IV (91,92, -5 9m)-

f

L WA 99 WL (1 <k <p), fL = PR

(h1,...,hg),

A fr =1 W

2. IR ASEAE f177 T MR (51,52, 51),
3- /7\'\ hk+1, o 'ahpfl = 1’
4. gjpri = ged(hi,s5) (1<i<p,1<j5<1),

9

5. gjp = (1<5i<,
9jp+19ip+2 " " 9(j+1)p—1

h;
6. gi = !

9p+i92p+i = Gip+i

7. R m NEBRKIE gm # 1TH AR, T (91, -, gm)-

9.5 Berlekamp H%

e A BRI 2 S R i 503202 Berlekamp T 1967, 1970 4F 42 H 1)
[27][28]. R T BIANEANEL, FA 17— a8 B

9.5.1 Frobenius B0 Berlekamp T
EX9.4. Fon B Folx] E(q I—FECH) KW 0 : a— a? FKA Frobenius WL

2136, 1 E ] Frobenius WS o &2 WUy, HARFEINZEAfE.

LR % f € Fylo] &— 1 —EFHHF LI, deg f =n A f =TI fi, fi
AW HAN AT — 2 005 v R 4 2T B TR R A

R =TFy[z]/(f) = Fylz]/(f1) x - x Fqlz]/(fr) = R1 X -+ X Ry,
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TH 3k [ ) SR
x:amod f € R+ (amod f1,...,a mod f,).
EHE9.5. 0 A R & A FIH.
JEH. T x o2& R B [ R WIEH, o]t o /£ Ry B3 ARV 1) £ 1
Wit o5+ a; — al(ai € R;), T2 kero = [[;_  kero;. X HT R; A, A4
oi(a;) = al = 0fUH ¢ TR 0, Bl dimker o; = 0, Bt dimkero = 0, o /& H5.
T BRAE LR 7% 18] 1 Be 1t A o & PRl W 4 WA, T %0 o & R A AR, O
EX9.5. 1 B =ker(o —id), Hi2 F, I R 1AL, HFRA Berlekamp R4
EIE9.6. dimB = r.
PER. T x & R 3 Q) R LRI, I BRATE B B & FE R, W) o
BT
(a mod f1,...,amod f.)+— (a? mod fi,...,a? mod f,).

Va € B, it a; = amod f;, W a? = a = a! = a;. B2 a; € R; = Fylz]/{fi), Ri %
b b2 —A, H BT 27 — 2 =0 22 A ¢ MR, 2ERB AR F, X
M, W a, €Fy. TRRae@_Fy=BC Qi Fp. MBAREHBAETH
&, TRAMWHEMSE, Wi dimB = r. 0
FEM9.6. Frobenius Bt 7F R FHREE {1,2,..., 2" 1} FHRRHFEEE Q €
Fp=™, #8749 Petr-Berlekamp HiF%.
#i£9.2. Fy LAFFTHEF n KEAX f AT 4 HAY rank(Q — ) =n — 1.
HiL9.3. F, LA FFTRA T n REAXN f 9T HEFTH/NHA ker B = n —
rank(Q — I).

EX B E‘J*éﬂ% {bl, bg, .. .,br}, 7\7 B = ®::1 Fq, ﬂiﬁﬁéﬂ%ﬁ R1 X R2 X
oo x Ry WM ERIRFERE N

b1 bor - by
B=(b1,...,br) = | : : Do e TP
blr b2r brr
o — R, FRVYL <i < <r J(l <k <o) by £ b, AN
b mod f; # by, mod f;, WIXFT by, — by, 7
fi| (ok = bix),  fi 1 (br — bi).

M b; — by, AERTLLE f H— 2.
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Hi£9.4. FR B og—/A A& by, ER a € Fy, W ged(by, — a, f) THeAH f 69—A
FE-FLEF.
9.5.2 Berlekamp E;EHILI

H T L T/E, P31 kSN Berlekamp 895 1. #ER 9.4 7]
PAAS 300 59

®5%£9.12 (Berlekamp % 1).
N B, LESFHFETFE— n RAEFALEZIR ],
fr: f TRERIAEE LR 7, 5 .

L. #1EIR R = Fy[z]/(f) 1 Frobenius B (1R~ FFE Q, B Petr-Berlekamp
L,

2. %t Q — I AT R LI, KK B = ker(Q — 1) I8 r NER {by,...,b,},

3. BENUEI —NEER bp(1 < k < 7r), fEH a € Fy, X U FAR—ADTTCE u, i
Hoo=ged(by —a,u), & v#1 Hov#u, Wit o, 50%7H KK

7£137. 3K Petr-Berlekamp Hi B i 0 4 H PR s sk 7 505 50 29 mod f, #Eif sk
9 (1 < i < n).

N S Ab— PR PE ) Berlekamp B0k [175], Begath f AT REDN

3%9.13 (Berlekamp 5032 2).
MINT, L HEFE— n XKAEFNLEZ TR !,
v f fAT AR FLEE T, Bl RIL

1. #1ER R = Fy[x]/{f) LIf] Petr-Berlekamp 4iFf Q,

2. X Q — I HATE G, ki B =ker(Q — I) [ r NEXK by,... by,
3. BLHUBENLIER 1, co,. .., cr € Fy, Wi a=3"1_, cibs,

4. g1 =ged(a, f), # g1 #1 H g1 # f W g1,

5. b=al9"V/2mod f, g = ged(b — 1, f),

6. 45 go # 1 H go # f WY go, 75 W% H RIKC
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AR E A PEIE I S A R AR R VR R T A (B 9.2) 8L, R R E
xi(a) € Fy, XFERATAT ala=1/2 = 0 5k 1, PIFHHUESEHER N 1/2.

KT HINERAE A 2 HsE 550 9.13 XN Berlekamp 535, FATTHE U K
2,

51389.5. K a £ B =ker(Q — I) ¥EZE—MMAE, b = Ti(a) HES AKX, N
ged(b—1, f) TTRes s f e9—A4E-F LA F, AR MAE AL 1/2.

BB LG, BT xi(a) € Fou = Fy, H xi(Tk(a)) = Ti(xi(a)) = 081, HM{ESE
BER. M ALYy (b) AN 0801 I, b= 0 8] 1, sbiER N 217 < 1/2. Hh4n, 41
4 b Fo I, ged(b— 1, f) &4 f KARE LT O

TR THREN 2 I3k Fy = For, A1 R 1

®5%9.14 (Berlekamp 532 3).
BEE 913 128 5 BN ITHE b = T (a), HRAZR.

9.6 BEIEERELE

AT LTS, FATE ENH T A KA 7o i Fk, Wk o il
% (Cantor-Zassenhaus 5 %)L & Berlekamp 575, H HB$E 2] T von zur Ga-
then Al Shoup f¥J Frobenius 1%L, Kaltofen A1 Shoup f¥] Baby Step-Giant Step
Rk XSO 2R T 9. 1587 (2 0 [175]14.8 7).

H 9. 13RATTRT LU, 7EAT BRER IR AN s, BV g LEiE n BN, BRI VA
#& Kaltofen I Shoup 575, R )5 /& Frobenius ECH L, £F g R KHE, 5510
I S R P R

9.7 FAIAMAMMRA AL AR AATE

A7 ZAGT I — A 2 I AN ol Lk, i 7 3 R ik = AR A E T,
i 165 SR L ) S35 28 A 2 PRIV AT, T P 2 A LA g SR Rl g 7k [175].

Hi£9.5. n RIF-FALBZ AKX f € Fylx] RRT L)% HAXLY
1. f|a9" -z,

2. MR | n dEA L, AA ged(x? — 2, f) = 1.
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y
2.6r /
t~n¥ 7
7 Berlekamp
’
/
2.4¢ /I y=23,6 / Cantor & Zassenhaus
II .".
/ $

/

)

ool S y=x+2
" 7
’

2.0

Y= 0.416x+ 1.806
< Log, q = n*

3 0.466 1 137

9.1: HFNGTILBIL R AL LUK
GEY]. R EL 9.2 AR E P Aot B, FEREPIAN AR IAL, T 5 o A
1 JGER 9.2 51 f (ST T ISR n, 5 BA R MET LT g B

degg = d < n, WAL n EFET 4 d | (n/t), T g | ged@?" — 2, f), FJE,
TR fANZ. O

B359.15 (UL AT AR,
A n RETIR f € F,la],
it AL,

1. PR R FE A 27 mod f,
2. WM A5 9.16 15 a = 27" mod f, # a # x Wi T4y,

3. X FH n WEET ¢, WHEESHEE o = 29 mod f, # ged(b —
x, f) # 1 W H T4y,

4. FHi AR

72138, B A (Modular composition)5yZ: [175] A& PR dUH BE ek (1N, 1% AN N
UE IS R

Hi£9.16 (BiRAHEIE).
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AN W RAI, f, g, h € Rlz], Hdegg, degh < degf =mn, f 5 —HANR

Wil

Y

& g(h) mod f € R[z].

1. m= [n1/2]7 15 g = 20§i<mgixmi7 Hop go,---,9m—1 € R[iU] PR T

m7
2. T 2<i<m, 115 b mod f,

3. % Ae R HATH 1, hmod f, ---, R ! mod f I REA ), B € R™*™,
HATH g0, - - -, gm—1 FIREAL, 115 BA € R™*™,

4. BT 0 < i < mIGIR, & r; N BA S i ATVE R R B R 2 12, 1R
Horner FUTHE b = 20§i<m r;(h™)* mod f,

5. B b.

Fey e — AN 2 K 1 foe S AR R AR 2 BE LA > 2 305K, XA AN
FIAPERII. TR BAT A 0 B LLE BB AN AT 2 22 T ML AT A 0T

51389.6. & ¢ A—F 8, n REEH, N F 2] ¥ n RE—FT %A/
I(n,q) iH R
M < I(n,q) < qf
n n’
R SLFAAGLIR Fo[z] F n K& —% AKX A KT L e985%E p, i# 2
Ll <<

B, 2 fr N Fola] FHAHE AL 0 RZ IR, W deg f, = n - I(n,q),

HisE#E 9.2 %01
o —w=1[fa=t ] fa
din dln,d<n
B AEREL, A7
¢" =degfo+ Y degfa,

dn,d<n

PH

n
q" >deg fn=n-1I(n,q) = I(n,q) < L
n
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4,

n/2+1 _ 1

Z deg fq < Z deg fg < Z qd<%§2qn/27

dn,d<n 1<d<n/2 1<d<n/2

Pk

n-I(n,q) =degfo=q"— > degfs>q"—2¢"?
dn,d<n

ML AT 26T I(n, q) F ARG

BT n G —2WRILE ¢ A, AT L RN p, = I(n,q)/q", Hk
(CEIPSa N R SR O
7E£139. T ¢ = de deg fq, W B Mobius [ 2~ XAl 45t I(n,q) KSR
(B [10]26-29 1)

nl(n,q) =degfn = p (g) q“.

dln

HI512E 9.6 FATHE B2 n ARKIN, n IXZIAA LA RIBERE R T 1/n. Kk
FE n ASJEAR K, W RURTR m 5ok AT 24 2 100K

B3%9.17 (AL Z T EE).
N RWHOR g ANERESEL n,
s —ABEHUAERR n R — 2T f € Fylz).

1. BB — B — n KETAR £ € Fyld],
2. WFi=1,...,[n/2] 83K, & gi = ged(z? — =, f), # g; # 1 W 1,

3. Hih f.



BARAYZIRE T 27

PHEEATTIE Z A Q LM I A . e SRR RN, FdiTnE
XF Zx] L2 f, A Qla] AN nT 237 I3 fif i T AE Z]] AN R]
AW 7o, B f RARIRZ G, AR Qla] AT 2T 70l o

f=fife- fr(fi € Qla)),

JUES)
f=FHff - fi(fi € Zlz)).

Horr f ey f; SR LA R BE L 70 BE B D A A AR 2. T2 Z[2]
FAE—ZIEC f R T IA4EE T Z R A Zlx]) B R 2 T R
Ik

R B AR, R B K 2 AL A R AT T AT LUAE S PR 5 3ok SR A I 73
it e L. B ATT Rl AR AT BRSBTS 5 I A K VAR B 2] LT AT
AR Z I f, K, FATIENU R L8 ] 5

Lo 38 p MEIEHE LK, LAERATREM f mod p 193] f, X mi FATAT drA
2B BE T A 4K Mignotte S 845 3.

2. BAR fF P RT, ] f mod p HIAN—sE & LT 1. 2 1
f=22+5x+4 B VFHHET, H fmod3 =22+ 20+ 1= (x+1)2. AL
Bl ML ECZEEL p MG A A3 £ mod p ST FJ7 IR FWe ? X — skl T
g5 AR I B AR e S nl

177
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3. HIANE Fpla] ks Z IR, AR f AAADR f = fifa--- fr,
W f=fro fo, B fi A—@ AL, FIEEE BUAH f mod p IR i#
XERLE o AR A SR M T BRI AL AR, X
P2k, SRR ISR (1.

gi b, WATE G EIEN Fplo] FRAGR 720k, XD AT AR <R3
B OB RN HO Tk B T Fyla] R A Z]x) H, SRAFRAS R, TR
WG 17k, RIS S Fh 2 TR B (RS oA 1) ik, RV L EE
EAILE, BB T A A SRS,

10.1 REHEFEMEFHSEZE
IR 50318, JA1EIHE £ mod p ZEAH AR F &K T 8 T 1.
EX10.1. T8 F B2 f, 8 XA dise(f) = res(f, f7).
A 9.1 50, T = £ mod p RTE /7R T4 FLAL Y dise(F) # 0.
SIE10.1. %/ AFHXME, WA =T

EIE10.1. & f € Zx) R—FERXLFFTRTEZRAKX, p AZFHKE ptle(f), B f 2
P B Fag 8 HALH ptdise(f).

B, T < dise(f) # 0 < res(f, ) # 0, Ff 1 LD 40
res(f, f) # 0 < res(f, ') # 0.
Moptle(f), M52 8.2 %1
res(f, ') # 0 & res(f, f') # 0 < pt disc(f).
iEHE, O
T 1e(f) | ves(f, f/), FATA T 1T H:

$iL10.1. f R Z] LEEAPFHFAFSAX, N FAFFEFHEMG p{
disc(f) = res(f, f') € Z\ {0}.
72140, R 10.1 W74, p T LBENLEE, RE R/ IMER LSS f R G ERN T

(K. SRR, BATIANT 2 S A s BUARE R (1 p A wl AT, His 2 A
ged(F, ') BT
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W f € Zlx) ARIRZWX, G0 f = fife - fo, B p T

?:m'-ﬁzlc(f)glga--'gm

ot g A Fplo] L — A2, 45 p/2 t Mignotte 7 (n 4 1)1/227|1e(f)] -
1o 75, WA T A 55 X

le(f) , _
)= 1c<f>iEHng- € 2[a),

SR GETE Fylo] EO LT Hpfebre S A S ={ie {1,...,r}| g | 1} H
A R BAF B 5L 10.1 .

Hi£10.1 (BERHZ WA R T 00 1EER 45 5E).
N T RF n AR Z I f € Zlz], Hrb le(f) > 0 H || fllo = 4,
it f1E Zlx] ERATARET {f1,. .., fi}-

1 #FHin=10N%&HH f B0b=1c(f),B = (n+1)/227A4b,

2. BEHUEE AN ES p € (2B,4B), HZE ged(f, f) = 1 € Fyla], Bl 2R
10.1 251,

3. FIHA PR LN ook g1, ..., g,r € Z[a), HEITEHIIW p/2 B
A, BAEF, LAAZ, T f=bgi g, (mod p),

4. T={1,...,1},s=1,G=9, f*=f, WP FHNHETAHAH)
5. M 2s < #T WNIFHAHAT I 4 25, BN 10 22,
6. MA T WITH s TG T4E S, HMMTIHE 7, 8 fFF:

7. W g%, h* € Zlx] MR HTEITRH p/2 ZANIFH g = b]],cg 95 (mod p),
h* =b];em\s9: (mod p),

8. #i |lg*|l1llp*]s < BWT =T\S, G=GU{pp(g*)}, f* = pp(h*), b = lc(f*),
Bk 6, 7, 8 PHIN IR 5 2,

9. s =541,

10. it GU {f*}.
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FaEmar. Hf 22 p > B=ptbWACERE f2TF I HFm. 725
8 W, A ILWA g*h* = bf*, Iy g*h* = bf* (mod p) Rl [g"h* || <
lg*h*|lv < [lg*[l1]|h*]li < B < p/2 5502 O, i f KT w € Za], HAE
Fplz] HANATA 7 ADEON po(w). IAETRATE I GUEIIHERRR BN 5 DI, 5 i

T
L f*=b[liergi (modp), b=le(f*), f=["Tlec9
2. G2 ARy,
3. [ AR HERAEAT—DMARTAHE T w € Zz) H plu) > s
WG N i R SR AT, AR B i A B AR AT 2058 7 DT A i, it
Z}:Lﬂ% 7 JE M 8 WIS AL N, 25 I B AR AR A, MR A T T 40 B A
= bf*, T2 pp(g*) & pp(bf*) = f* MEF. BT ulg*) = s HXHMEM f* 1)
Kﬁ%? wf p(u) > s, W pp(g*) =& f* WARTAR . 24 75— DARTAH
T g Wi u(g) = s B, MPEIF] s AR BERE LR 3% Y, 3X— i ] DARG I >R AiE
W, RIBUEAREE S N g 1E Fplz] PART AR 7 1% 5.
W — AR UEMAESE 5 DI, A5 25 > #T, W f* BAWLAM. £ g € Zx]

2 fFI—AATYRE T H b= /g PN, TR s < plg),u(h) < #T. HZE
1(g) + pu(h) = #T, H s > #T/2, W h D HHE, f* DAL, O

#110.1. 3R f = 4a* + 1323 4 2822 + 27z + 18 1F Z[z] LI

fE: fRARIRM, H ff = 1623 + 3922 + 562 + 27, disc(f) = 1656288, T2 f 1
TR e n =4, A =28,b=1c(f) =4, Wl B = (n+1)"/227Ab = 1792V/5 =
4007.03, BUFEH p = 8017 > 2B H. p { disc(f), ML T LAFS ] Forr 15

f = 4(x — 955)(x + 957) (2% — 2003z — 4007)  (mod p).
Hios=1, &AW S = {1}, W
9" =4(z —955) = 4o — 3820 (mod p),

h* = 4(x + 957) (2 — 2003z — 4007) = 42> + 38332% — 32262 — 2275 (mod p),
lg* 11 1R*]l1 = (4 4 3820)(4 4 2833 4 3226 + 2275) > B,

FIFERIER S = {2} WA A ATATHY. IS = {3}, W

g* = 4(2? — 2003z — 4007) = 422 + 524+ 6 (mod p),
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h* = 4(z — 955)(x + 957) = 422 + 8z + 12 (mod p),

BB (g [la]|h*]l = 15 % 24 = 360 < B, Wl G = {42? + 5z + 6}, f* = pp(h*) =

2?4+ 2043, b=1c(f*)=1,T = {1,2}. F—Fs =2, HHRKMERL, W

G =GU{f*} = {2? + 22 + 3,42 + 5z + 6}. o
IS 10.1 FATTAT AAF B0 50T — M i) 22 T 0 23 il Sk

Hi£10.2 (BERHZ WA IH T4 E 2).
WA felZlzl,degf=n>1H|f|lw=A4,
firh: B c € ZRFXE {(fr,e1), .., (frrex)}, o fi € Z[z] H2ARY
W EEMZIR, e; €N, H f =[5, f7.
1. ¢=cont(f), g =pp(f), % lc(f) <O0M c=—c, g = —g,
2. WHISHE 9.9 921 g = [1<ics 95, Ho1c(gi) > 0, g5 AT AL,
3. G =2,

4. X1 <i < sTEIS, A LA 10.1 B3] g A ARNATLAR T by, ... h €
Z[:U]’ G = GU{(hlaZ)a 009 (hhi)}v

5. it ¢ F1 G.

E141. R, AESESE 4 o e 5 IR 2 I, ] DL A 5 T LT R A
2111 Hensel $& T8k i 1) & 5TV EBEAT IR -1~ 0

10.2 Hensel IZHIEE

BN A H—F A4 2 Hensel $ETH5.75 L K Hensel 327+ K3
TR RS AT 4 0]

AR B TRATT AT THT A 24 1) S 2R 4 22 I e K DAL 7 1R /N R BB B )RR,
RENARIRZ I f € Zlz) IATH 0, N UG — RIVNEE pr,p2, ... Dk
HAEAHRL IR Fp, (2] THAE 53 i

f = bihiihgi-- - hyyi  (mod p;),

Hort by W R A, b RSIRI, v & f1E By, 2] TR A )
B9 R 0T 24 % I AN B SR R BT oR LR A R B % 4 A BR R R O,
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m= ngigk pi, TA T4
f=0bhihgy---h, (mod m),

HEE m M Mignotte S, A d1 b BEAT R 74145 Sk T IE R 2145 Z[2] T
Il IXRE R SRR ARARAS, (R AT AR T ()

o LERTIIER By, (o] AN SR T 29 B T 9N SOR AR, B 7 s Ao

N
.

o HIAS AN vy BEAHEE 1), AF AN R BR rh 45 21 (1) A 0] £ DA g — — % B i
K, X o oh rp R A BUERA SRR i e 2 0 f = (z + 3)(z + 5)
153, 1E Fslz] Al Fs[z] HE

f=z(x+2) (mod3), f=z(z+3) (mod5),
BEARIMRAFBRF AT 2, 0SB AN 73 P ) @ FF AN R R,
BT UL RS, AT B K. BRSO T AN p, ATC A4
f=0bhihy---h, (mod p),
W R B I SR VR L CER T TS 220 i
f=agigs---gr (modp'),
Hha=0b (mod p), gi = h; (mod p), 1 p! EEBEK, A2 TREES 2 FIFEK H 1.
Hensel[81] T~ 1918 4F4e th 742 TH0L, FH DM P IZ R 1) 1a) .
10.2.1 Hensel 25 E %

HEAICH D f = gh (mod p)(g, b H.3)I, Sl B 1) AU 4] 3k
R f = g*h* (mod p?), R IL-TF. T p R REL, WIAFHLE s, t € Z[x] 1E15
sg+th =1 (mod p), WARIATEL:

e=f—gh, ¢g"=g+te, h"=h+se,
JIES)

f—g'h*=f—(g+te)(h+se)=f—gh— (sg+th)e— ste?
= (1—sg—th)e—ste? =0 (mod p?),

KRR LUB BIBATAIEER, R i A HAR TS 7.
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#102. ZE f=2*-1, m=5h=2-2 ¢g=a34+222 -2 -2, 5 = =2,
t=2x2 — 22 — 1 [PIEML.

g Wit S
e=f—gh=>5z%—-5,
g* = g+ te =10z — 92% — 1322 + 9z + 3,
h* = h+ se = —102% + = + 8.

FATER, degg* > degg, deg h* > deg h, X Pl R I 18 K TCHE X 5 S $ ik B
B2 E A, I BB 3 I FRATTC AT B E A I R 1 O i 4 R &

SETARTHN g F1 b OB, JAT T S0 TR E — S ks, iR Il e
[*) Hensel FAGHRTFRE 20T, AT Han 75 3.

513810.2. £ Z[z] ¥, AMNA T Lk

1.3 f, g€ Zx], ¥ gIFRBLE—, WHEEE—HNZRAXN q, r € Zx] 1257
f=qg+r Hdegr <degg.

2. f, 9, ¢, rRE FNFTFTENAELEMA f=0(modm), M g=r=0

(mod m).

JER . B4 HEAR R Euclid AR UEI T, REGE R g 21— MRIAT. 6 128
%, H f =0 (mod m) 1A Zz]) THIZ W f* 1T f = mf*, TIRDAAAEME
— I ¢*, r* A1

[f=q¢g+r", degr’ <degq”,

WA f=mf* = (mg*)g + (mr*), HIME—VELT ¢ = mg*, r = mr*. H

E142. K 2 NSO f = qg+ 7 (mod m?), S5t IR, R FPRIE A 1)
Z[z) AN HSCA Z,,2 (2] RAWT.

BATAT LGS tHan T 1520 Hensel $2 71 (Hensel Step) 5.
H7%10.3 (M5 Hensel $£71).
WA BHmeZ, 20K f,g,h,s,t € Zlz] {15
f=gh (modm), sg+th=1 (modm),

HrhhE—, Hdegf =n=degg+degh, degs < degh, degt < deg g.
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W 20 g%, b, st € Zlx] 115
f=gh (modm?), s'¢*+t*h*=1 (modm?),

h* H—, g* = g (mod m), h* = h (mod m), s* = s (mod m), t* = ¢ (mod m),
deg g* = deg g, deg h* = deg h, deg s* < deg h*, degt* < deg g*.

1. W5 e, q,r,g* h* € Z[z] 15 degr < degh H.

e=f—gh (modm?), se=qgh+r (modm?),
g =g+tet+qg (modm?), h*=h+r (modm?),

2. W b, e, d, s*, t* € Z[z] f#3 degd < degh* H.

b=sg* +th* —1 (mod m?), sb=ch*+d (modm?),

s*=s—d (modm?), t" =t —th—cg* (modm?),

3. Frth g%, h*, s*, t*.

Sk AT Ot T THTE A H (H L 35K B RAE £ = g*h* (mod m?),

f—gh=f-(g+tet+qg)(h+r)=[f—(9+te+qg)(h+se—qh)
= (f — gh) — (sg + th)e — ste* + ¢>gh + (th — sg)eq + qgh — qgh
= (1 —sg — th)e — ste* + ¢*gh + (th — sg)eq =0 (mod m?),

X KA AR 7 142 2 se = gh + r (mod m?), FATH se = 0 (mod m) 153
g=r=0 (mod m).
i degr < degh 51 h* M2 11, H

g —g=te+qg=0 (mod m),

h*—h=r=0 (modm),

H h* = h+7r (mod m?) W15 %] deg h* = degh, T /& degg* = deg f — degh* =
deg f — degh = degg.
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HIREAE s*g* + t*h* =1 (mod m),

(s —d)g" + (t —tb—cg*)h*

(s —sb+ch™)g* + (t —tb—cg™)h™ = (sg" +th™)(1 —b)

(sg* +th*)(2 —sg* —th*) =1 — (sg* +th* —1)> =1 — (sg +th —1)?
1

(mod m?),
H sb =0 (mod m) Al ¢ =d =0 (mod m), T &
s*—s=d=0 (modm),

t*—t=tb+cg* =0 (mod m),

IM degd < deg h*, T4 deg s* < deg(s—d) < degh*, H s*¢g* +t*h* = 1 (mod m?)
M degt* < degg*. FT4iwilte O

WEARAT TR de th K ik T2 R i e il /L, 208 225 |\ BT S0 ?
AR R iAo R B )

#1103, R ZEH 102 f =2t — 1, m =5, h=2—-2, g = 2> + 222 —z — 2,
§s= -2, t =222 — 22 — 1 [FIEMN.

fiE: IATHAE 10.3 RIHATHETT
e FEBCH 522 — 5, WX se BEAT h 1A S ERVEA
se =—1022+1=(—=102+5)h—5 (mod 25),
Tt qg=—-10z+5,r= -5

g =g+tetqg=2>+72> —2 -7 (mod 25),

h*=h+r=x—-7 (mod 25),
b=sg* +th* —1=—52> — 10z — 5,
¢=10z — 10, d= —10,
s*=s—d=8 (mod 25),
t=t—th—cg* = —8z> — 122 — 1.

IE W Hensel B2 FHEE T2 21K, A1 deg g* = degyg, deg h* = degh.
O
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FATATHAHA I H 20 Hensel 5135, KON m, m2, m?, - fEH. d1 0T
] IR 1, FATTS TR B EE LR 2 s, T2 R

EIE10.2 (Hensel 5| H). *F F AT EHL | ARSI L 10.3 TN &AF, &
TAH m? B ml KA, 15 RAF Bt S a

E10.3 (Hensel $&THIFME— 1), 2 FAER &S m o B8 E I ARER S AKX
g,h,g*, h* s,t € Zlx], ¥ sg+th =1 (mod m), lc(g) #= lc(h) R=Z Z,, F X
BT, g o g B RAGARA AR S, BAE m RI&; 3T hfe h* LA A8 0
B gh = g*h* (mod m!), W] g = ¢* (mod m!), h = h* (mod m!).

PR, G ARSL, B g # g* (mod m!) B h # h* (mod ml), AN BERT#
AL, TRBATI AR R RS i(1 <i < 1) i3 m’ | g—g* Hm' | h—h*,
AN g* — g =umi, h* —h =ovm® Hmtu NI

0=g*h* —gh=g*(h* —h)+h(g* — g) = (¢"v + hu)m’ (mod m!),
TRm | m™ | (g% + hu), 47 f BB m ELL F R, W

sg+th=1, ¢g*=9g, gv+hu=0.

Pk

0 =t(g*v + hu) = tgv + (1 - 3g)u = (v — 5U)g + 7,

THEg | u, X g M g* PSRBT, FATA degu < degg, T HHEERR 50
u=0,X5mturE. O

10.2.2 FIAREFHi#1T% EF Hensel iI2FH

HI BT U8 i3 & — 7 1Y Hensel $27F, X F 2 K7, 1 0AH LA H. Victor
Shoup #& 1 — MR F <P -7 B AT 32 T 5, fe /R NTL 2 sk (2 W
[175]15.5 %), von zur Gathen[173] T- 1984 fEHEH T AR Z AR FHOSE. A
WA W7

A4 Hh DR 11

EX10.2 (714 (Factor Tree)). X T Zlz] THIZ I f, LLIIEREE m (#1103
T LU E R EL p), WA HEE o 45 ale(f) = 1 (mod m), W f 8L m [P PR 1 B2
Fa— A O T LR G RO af BN ET HIAS TE IER AE L[] TP
A ME — B 7 45 /A Zoy [2] IANRT 2] 7
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E143. SEER AT IR B R 7 o i AR R, T BT R Buclid 8955
RS J8 T ] — v ] 45 55 B A T 45 UK Bezout F %L, DU REAT R Y £ KT
Hensel $2FH 8%, — AN A w1018k, AN S S h 2oR T
HAAMN ] Bezout R %L

f =42+ 1323 + 2822 + 272 + 18,a =4

22— 1() 22+ 2z —2(—x + 2)

TN

x+1(3) z—1(2)

10.1: #5 5 [Rl7-#4

R AR m (R A B ATT AT LA B8 Hensel SAS BB m? 28 T i (O 1)
D7, BB e AR &5 AR IR AEBEAS 2 R Hensel $2TTRIR]. NI4T HZ A

§:%10.4 (21 Hensel $271).

N B m M n RZUA f € Z[z], ap € Z 45 aple(f) =1 (mod m), IE
BHCL, A fBEm BT, O e AT

it A a* 4 a*le(f) = 1 (mod m!) Fl—A f B m! MFETH 7, %4
Wrah mlo* MRS v W2 v* = v (mod m).

1. d = [logyl], 10 = T,
2. X j M LIEIRE] d, $UATER 3 2 5 4D,

3. VHHEL a; 873 a; = 20;_1 — le(f)a?_, (mod m?), 7; = 7j_1, ¥ 7; MR
éﬁ)ﬁ?ﬁ%j‘j ajf,

4. MIRES AT 73 (0, SRFAARIHG5 AT v, SAATSR 5 4 (AR [ 45 00 1)
HAT),

5. WHEHE10.3, A m? " KIETHv = gohy M 5,90 +tohy =1 (mod m? ),
BEFHEIE m?,

6. #it aq, T4
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E144. TERE) d REIRERAE 29 > 1, RIFRATCA B R TH B8 m I
E145. F USRI R, JAT R T B R PSR ay WS AL K. X
R ajle(f) = 2a;_11c(f) — ICQ(f)a?_1 =1-(1—-aj1le(f)*=1 (mod m?).

10.3 [ Hensel 12H 8 Zassenhaus E ik

A T HI I Hensel 32 7128, ATl AT AR & BURCK SR BB, Zassenhaus|
£ 1969 44 Hensel $&TH VAT I N2 R B 2 W 70 S0rh, M3 Tk

A48 Zassenhaus 572

82105 (BRI 3R EBCF M T A 5 5%).
BN AP TRTAR n IREWA f € Zlz], le(f) > 0 H || flle = 4,
Wi f AT {f1,..., fi} C Z[z].
1 #Hin=104%H f, & b=Ilc(f), B=(n+1)/22"4b, C = (n+1)>A4A%"1,
Y= (210g2 C-|7
2. (TEIENZES p<2yIny, f= fmodp, HE| ptb H ged(f, 7) =1 € F,[z],
WE4 1 = [log,(2B +1)],

3. A R L IR T RS o, by € Z[a], % E TR E AL
BT, BFEITHEHNT p/2, T~ f = bhy--hy (mod p),

4. a = b~ mod p, FI AP JE Euclid B yEE . f B p (1K 7, 145 54N
hi,... ke, EVHRSEM: 104 HEAME f = bgy - - gr (mod pt), I g; € Z[a]
K —HEFEEANT p'/2, gi = hi (mod p),

5. WHKFAH &I . (RS 10154 ~108. ) T={1,...,r},
S - 17 G - ®7 f* - b

6. 3 2s < #T WFHAPAT Nifd 4 20, TS 11 28,

7. W26 T W s L4 S, MW 8, 9 1HH:

8. WH g*, h* € Z[z) AT TaE L p' /2 BN H g* = b] ;e 9 (mod pl),
h* = sz‘GT\S gi (mod ph),

9. # |lg*l1|p*]|s < BWT =T\S, G=GU{pp(g")}, f* = pp(h*), b =lc(f*),
Bk 7, 8, 9 THIA AL S 6 2,

]
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10. s =541,

11. i GU{f*}

E146. LB 2y BHIAIL [175]18.4 75,
E14T. KT RBMIER, TATWR AT LA 3,5,7,. . IIEHRL, B0 P e & 4
NRBER. N T AR T A B 2R, B p I AT 0 ik

f=0bhy---h, (mod p)

Ja, ATATELZ 3 LA E A 1 p 20, B r ds /NS p HEATJA T FY) Hensel 4271

E148. FATIE W] LAAERELT Hensel $£TF R REh — U & &N TR AR f 1E
Zlx] IR T, G R R I AR RS B, SR TR AR M . IXHE, A AT AT e
FESRTER L A B2 e 4 T

Foakmaek. ] f T v e Zlx), HAE Fplae] TATTLEF AL p(u). IAEFA]
BLALNUEIAERRIR BIEE 6 DI, A1 il s :

L. f* EbHiETgi (HlOd pl)v bZIC(f*), f:f* ngGga

2. G h 2 IAN Y,

3. [ A HERAEAT— DAL T v € Z]z] A p(u) > s.

FEUEVEA I 101 FIuE —3, FATHFFUE Y £ 5 — DML 3 g 3
JE u(g) = s B, ATEFAE] s B 5 SR BEAG B A -1 H ) X — sUn] DALMY ik B, BIEY
fRbREE S N g 18 Fplz] AT LR F (M4 5. 458X 5L 5 5 i Uk BT A IA],
N Zyy[x] FAGE UFD, ZUEW]ME— P T 22 0] Hensel $2 71 ME—PEE#. HoGH]
W lc(h)g = b]],cq9i (mod p), le(g)h = bHieT\S gi (mod p), X g* =b]],cq9i
(mod p), h* = b[[iep\ g 9i (mod p'). Hi f* = gh W%
bf* =lc(h)gle(g)h,

LAY
bf* = g*h* (mod p),

PL B )02 bf* mod p 42T, T2 le(h)g = ¢* (mod p') H le(g)h = h*
(mod p!), FF HHITSE (1 Mignotte FER 1 (RIZEFE T 40 9 th K4 fF 0 SR BT O
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#110.4. {3RFEEH] 10.1 1 f = 4ot + 1323 + 2822 + 272 + 18 € Z[x] (4.

MR B, n=4, A=28,b=4, B=1792/5 = 4007.03, v = 104, 1fj 2,3 | disc(f),
W p = 5, BEE [ = [logs (2B + 1) = 6, ZHETF 3 k. E SR 5 K14 il Fl
§7 & Euclid HEA R0 N 5 7 (&10.1):

s=3,9g=a+1
sx,g:cQI{

4f = t=2h=x-1
t=—ax+2h=2>42zx—-2

A2 R 73R T EEAR T WA 25 [H 744

s=—-2,g=2—-9
5 =6x,9=2%—5x—11 g
19f =

t=2,h=x+14
t=—6x—8h=a’>+2r+3
DL ZRHEAT 1 54 = 625 K74

s=—-1771,g=x—134
s = —69zx,g = 22 — 1552 — 311

469f = t=177,h =z — 21

t =69z — 208, h = 22+ 2z + 3
5 58 = 390625 PR 144

s = —108927, g =  + 82991
s = 86806z, g = 22 — 97655z — 195311

292969 f = t = 108927, h = x — 180646

t = —86806x — 130208, h = 22 + 2z + 3

TRBIA f = 4(x + 82991)(z — 180646) (2% 4 22 + 3) (mod 5%). X H F A
FEXTILHEAT IE S, BRA s = 1 R EIAR T LB F (22 + 22 + 3), JEH
f* = h* = 4(x + 82991)(z — 180646) = 422 + 5z 4+ 6 (mod 5%). F & —kKfFH
I# f = (22 + 22 + 3)(42? + 5z + 6). &

10.4 €HPEE=IEL
10.4.1  [9FEAI5|IN

MK F AR T 158 Hensel $2 71771k, AT ISR 2 105K f € Z]x] fEH
HABEL m S, B f = bgr -+ gr (mod m). IXINARFATHI 7416 (95035
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e Pk i, REAR, P41 G 5L IR I 0] 52 2% B R e 2 v, 70 5 e ol
TFIRXFP VL CRARME, W1 Swinnerton-Dyer 22 Iz (L [175]15.3 71), XM+ =&
SN IO, B 22 I CAN v S H R A BRI B A i — RN AT 29 DR () 3R, 41
G 2" MG O BE1S RIS . T ) L/ TR B E A v R n) 1 TV
S M2 WU TR AR, e B b sk 1 )5t o R 41 5 R0 B R 280N TR) B2 %
SRV TRATTSEBR AT AR DR 4 925 ([56]3.5.5 71).

FEHOE X813, LU N IRATTICER NG EL || £ A 2-Y0 8, B || fll2. FeAITH 2 500
X RECE RS n &, W2 AT F T % m E e, EIRAA:

EFE10.4 (Hadamard A%5). R n M HE AR n M@ ELRTH
A= (ay,a9,...,ay),
M deg A < [la]lllaz]| - - lan -
WE S W S AREE M, il 27 [12]278 L 48 .

513810.3. K f, g€ Z[z] A A n, k RERAX, u € Zz] A—F-FLE—F ALK,
m A —EEE, B Lp[z] FA u | f (mod m), u|g (modm), ||f|[*lgll* < m.
0| f Fo g A AE-F AR T

B R f, g BHARE AR T, WHTE Qz] A ged(f, g) = 1, 43R
L 8.4 W RNAFAE s, t € Z[x] 115 sf + tg = res(f,g) (mod m), HT u fEBL m
THREMEER f A g, W w | res(f,g) mod m. {H u &3V L —2 Ik, T &0
res(f,9) = 0 (mod m), it Hadamard R [res(f,0)] < [fIFlgll" < m, 1k
BIUELHH res(f,g) = 0, 5 ged(f,g) = 1 € Q[z] FJE. TR & Zx) PHIEE LA
PSJ O

FH T T FRATT A R 20 A &6 B ETii iy | B8, A1 AR a0 S I A, |
RBMCEAFE RN n IRZIA f € Zlx]) R f EBEm FIH—DHT u € Z[z],
PRI A T ZEHR B — ARk RE T g € Z[z] A g™ < m| £k, H
u | g mod m, THER[ @I ged(f, g) 133 f FI—ANAEF LA . S TRR T8, LLE
W5 f BT LA R n IR I, WA DLR n+ 1 4ER B 0 &, 51N T ) E X

EX10.3. WAL »n MIE fi,..., fn e R™, M

L= Z Zfi=A{ Z rifil T, € L)

1<i<n 1<i<n

PR fu, ..., fo "EISES (Lattice). f1,..., fr O L HRE. 10 L M7 5502 5E 34

|L| = |det(f1,...,fn)] € R.



192. F+%F HAHZAXETFHM

Jri THRE B BRI 3 e R R K .

BHERAMN BTG —DKENT j 2 g e 27, WL C Z7 2 uFm
PR, BRI

L={g=qu+rm|q,r € Zlx],degq < j — d,degr < d},
Hr d = degu. IXIFIATTA T 11 BE:
EIE10.5. 3t FAET—ARENTF j9S AKX g, u| gmodm < g € L.

PER. N T = B N T <, BATH g = ¢ru+r*m, FHH > NE 20K o 1
By r* = ¢ u + ) H degr** < degu. & q = ¢* +mg*™, r =™, WA
g=qu+rm, Hdegg<j—d,degr <d, T/&ge¢€L. O

DUAEBAT AL AE L AP 4R A R, DU A3 ) B A, AL

10.4.2 HUEHZX
A A LI FE R TS Y 3-L(Lenstra, Lenstra and Lovasz) 5k,

5|310.4. 4 N C M C R" AFAE, 250d g1, gn A2 f1,..., fu £ R, W [M]|
4 |N|.

PER. N C M &N ARG g B2 M AERRT f; MEMEAS, I ERR
B A (g1, ..o 90) = A(f1, -y fn), TH|N| =det A|M|, degAcZ. O

W N = M n s a0 4 ot 6 5% H Hadamard A 85 =X AT 50 iE
[M[ < [ fall -~ [l fall-

PR A YA S B IR R TC O, BRI BT 1AL 2 G SR B Bk < 1B AL FI8 4 S
R R b3k 20 ik ) s A R 8. DAL, 1) S AR R IR A2 A W] LU 7R AT 31— sk £y
A (B B U R i v 0 ) 1) 7 9.

IAERATC R f1,. .., fr B, FIATA (f,g9) = fTg, HEERE
(a2 L [12]281 U0 I N A FRATT AN TE v A EATTHEAT Gram-Schmidt 1EAZ A,
IEACARI I R T LGN HOEAT, BI4 fF = fi, W T i > 2, F

(fis 17)
(f5. 1)

fr=1i= >0 fmg g =

1<5<e
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TIRAFAE A L= M = (i), HXHHoTA 1, 15
(fr- fn) = (15 Fa)M

o f sk Rl RE s ), HLP PN EATIEAS. H e A A B LA i SCIRATT AT AR B (2
M 2, REAS 1) S8 A BEAAN KT D e R R, B () S AR B 4 A 1. (EE D
£ GSO(Gram-Schmidt orthogonalization) & AT, Ak IEAS A5 BT 45 1 1) 2 (1)
A RBT LU B, IFA e R BUER I . (HA2 e, AT R4l
it

SIE210.5. X L AW (fi,..., fo) £REH, (ff,..., fr) A 34T GSO PriFey
A, MHEZERGE fe L, #MA

1A= mind |71, - 1A

IEY. 1 GSO MFRAIEAX AICH 1 LM M = () WL
(frsoosfu) = (f1 o f)M

W fi =30 jan Frigi = Yoicjs Frmgee STARERRR f € L, 4745 k < n {15

F=Y ANfi, M#AOM-- A EL

1<i<k

T f= Z1§z‘§k Aifi = Z1§i§k Ai 213]‘9‘ f;Mji = A + Zl§i<k Vil 1L
Fiy; € R, BN || £ T4

AP = Qwfi + D wIDHOwfi+ > il

1<i<k 1<i<k
= NI+ D0 2N = 2701
1<i<k
> [ fill? = mind | £ )%, 1P
= k - 1 ’ ) n
UEEE. O

WEARFATHT GSO 13 B IUAS— 58 2 B (1 1) o, S AT TT LUJRCSE 4, R i
2 b Ak R e S5 3K

EX10.4. ¥ f1,..., fn € R* RVETEEH (fF, ..., f5) IR GS IEAZHE. )
FE(frye ooy fu) LI, MR T 1< <n A || f7]? < 20| f7 12 BXTF s B0FE
BT |pji| < 1/2.
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T4 R B T TR I A A BEAT DR AT .

EIE10.6. K (f1,...,fn) REFTARNAK c RP 92943 B f € L\ {0}, N
I f1]] < 20=D72) 7).

iERH. T
1A% = A1 < 20517 < 2201 517 < - < 27| flPP,
A% £l = mind || £ - £, W5 1EE 10.5 115
2V FIP = 2" A P = 27 AP = AP = (A
TR AT AR L. H

T AR A R R S

B3£10.6 (LML),
N TR MME fi,..., fo€Z",
v ER RN )BT AR RS I A (g1, .., gn).

LH g1, eogn WIRAHN fi, oo, fo, FFHEAT AR 9 GSO 1 F2, 73 5240 16 3%
G* = (91,...,95) MG M € QU 4 G =G*M, i =2,

2. Hi<nit, #47 R 3~ 520,
3. ik g M — 1 fEE] 1, $AT N 4 20,
4. gi = gi — g;[ s ) BBHEE puyi HOREXD), THTSE GSO %) 6*, M,

5. 451> 1 H [lgr 112 > 2|lgF || Wisg#e g;—q F g, HEFHE GSO 133 G*,
M,i=i—1, Flli=1di+1,

6. Hirth (g1, ..., 9n)-

2149, AT LU GSO MR RAGAMALRE M A4S (fF, ..., f3) = (fi,-- s fu) M,
FRRE Mo s O S AR 54 10.6 285 4 5 vk S R IR KA LA
5, MRAEE 10.6 HRMIFE M OSERFTHE L

#110.5. 1 a = 219914302784468853031851163930189578018051741, b = 554, #% L
(1, a) A1(0,0) A2, LI EFLRILLAEEE.



104 #FsamzEL -195-

fA TRV RIS 24 gk
g1 = (—6999570441183108942993, —13384313532767302775813),

g2 = (—32538542807519884274273, 15228795581564048106332),

o

g1 = —6999570441183108942993(1, a) + 2839517743881186811624(0, b).
B g% = g1 TENRERE, A

g* = —6999570441183108942993z — 13384313532767302775813.
WAREATHEHEH (1,4a,0),(0,1,a), (0,0,b) 242K IHIH, W42 VLT 4500

LSS
g1 = (47 57 6)7

g2 = (5989804332598408382848, 487684974564901535567, —4399607033869690201541),
g3 = (—3921135160431868252895, 6733001971931690223946, —2996744869655163018019),

Herp

g1 = 4(1,a,0) — 879657211137875412127404655720758312072206959(0, 1, a)
+ 356850792566185450269524416969136119168940313(0, 0, b),

MRS R4E K& g* = 422 4 5z + 6. O

10.4.3 UL EEZR—LEMTiH AR

LIWILETIE 10.6 KRB T RAME R LB, S2bp oh ST A BRI AT 1T 22
X R A TR HER B Bl Al b R ERATS KBRS 4 2 GSO
SR RA BN, FTLKR X 8 . BARRE— D AT AN m) N GSO Y
R AIRZ IR,

Fo b, KRR ML & 3O 3 AR SCRR P AN 8, BN P i) e 3O
A2 [175] 451, A. K. Lenstra, H. W. Lenstra fil L. Lovasz[1 17] S #]45 Ul F
X

FEX10.5. ¥ f1,..., fn € RPEEMTKHE (f, ..., fF) XN GS IEASSE, If
HAL iy = (fi, £ /65 £7) WIRKR (fr, .o, o) REAIE, WIRSHAL LR 451
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1. |,u,~j\ < 1/2,V1 <j<it<n,
2. |f1* + Mi,iflfi*fﬂz > %!fi*,1|2,V1 <1 <n.
E150. EXHICTHIETG p; WE X5 EANTAIEMANE, X2 HT LA £ 0
i, AT AT I, R BORTE T AR, IFETCA I ZE .
MIE SR BRATH At AN E A IE—E 2 b /N1 e U243,
FLA A S am, RN Ji5 T ) LR A e ). T 3148 OB A 550, &
TEAT AR B ELGRT T I BB A IR 2T A

B£10.7 (AIESIE).

T H R S 1006
1. VAW TAE. B & g WA f;, JFE R 1 53] n, AT 2 22 4
&,

3. K g MR 1R E) 4 — 1, W5 iy = (96, 95)/ Gy, 9F = 97 — g5,
4. Gi = (9,97

5. k=2, JFIEFECN I 6-10 25,

6. B LIRIKE k& — 1 3Bk 1, M 7-8 25,

r=|prl, 9k = gk — 791,

=120 = VRV ey = pry — rpag, IH pey = pw — 1,

8. 1 =k— 1 MKK Gy < (3— 12, )Gy BRI, R MAH gt 15
gy I 9% QSO &5, I EL 6 45,

9. 4 k= n WZIEELEIFHE (91,...,90),
10. k=k+ 1.
VLI UE T 2 WL [117].

AFLEAAEYIIRACIN 5 2 503 gf, AEJE I Rk S ke B AT ], H
LRAE iy WIFELL RS gf WA Gy BIRT. AEATT T4, B3R 21 1 AEAC 4>
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FLRINAHEAS GSO MR sibr B TR AL BT, ILARIES 8 BT
MBI R GSO DHEFEAR B, FAAE P4y

H5%10.8 (A FEEVESE ) UP I B,
BT R EYE 10.7 .

Lop = prp-1, G = Gy + ?Gr1, pipp—1 = pGr-1/G, G = Gp1Gi/G,
Gk*l - G7

2. ZHPNEER (gh-1,9%) = (9K, Gk—1),

3.0 =1,2,... k — 2 RACH (pk—1,5, prj) = (Bkjs Hl—1,5)5

4. Mi=k+1,k+2,...,nKIHTHE

Hig=1) _ (1 prgp-1) (0 1 i k—1
Wik 0 1 I —p Wik

5. i k>2WEk=Fk—1.

SR A B E A M el — e R B IRT R, AT X B E T
JEOGER 1 ] LS [117]520 L.

10.5 MNP EENENSEE]

N1 EA Hensel i THMURS oF AL 1) 58 05 325 D4 491 i W 24 A B S50 o ] 1 5 BT 70
it X ELBATSGUR I AN 51, I T S A T e .

513210.6. p € Z RFEH, | REHEEK, f, g, u € Zx] RERZ AKX E p ¢ le(f),
fmodp ZF%, 9| f, u #AE—FFALLZAKX, Hul| fmodp, u|gmodp. 1
u | g mod p'.

PEH. A hyv,w € Z[z] 1% f = gh = vw (mod p!) H. g = wv (mod p). f mod p
I F77, W g mod p tHIEFI7 AT, ged(u mod p, v mod p) = 1 € Fplz]. H Hensel
SIHE A u*, v* € Zlz] i3 v* = v (mod p), v* = v (mod p) H g = u*v*
(mod p!). TJ& uwvh = gh = uw (mod p) #EH vh = w (mod p). v*h =vh =w
(mod p) H. u*(v*h) = gh = f = ww (mod p'). Fil u, v 7ML p FEHZ, FATHER
FHHME—YEA w* = w (mod p'), g = wv* (mod pl). O
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F+FE EAHLZAXET oM

RIS R [175]477 BT,

H3£10.9 (R T EVE 4:Hensel $&FHFIHS R n] 2 5H2).

10.

11.

BN =TT TAR n(> 1) IRZX f € Zlz], le(f) > 0 H || flleo = 4,
ﬁﬁﬁ f E@$ﬂ2@¥ {f1, 500y fk} C Z[w]

A= 1 W {f}v b = IC(f), B = (n+1)1/22n‘47 C= (n+1)2nA2n71,
Y= |7210g2 C-|7
PR p < 2ylny, f = fmodp, HZE ptb H gcd(?,f/) =1eFpla], H

41 = [log,(2"* B>")],

1E Fpla] LAFRN G0 # f = bhy -+ - hy (mod p), & BT LFFEHENT p/2 HE

9

. FIF Hensel &I 3810 # f = bgy - - - g» (mod pt), &N T AL H LU
BUNT pt/2, B,
T’:{].,...,’I“}7 G:@7 f* :f’

MNT # o B, MR 7~ 10 28,

E{g |t € T} PEFXREZAKMWHEF u, d = degu, n* = deg f*, XI
d<j<n* G 8, 9,

WAL 106 1R MRS g* € L, KPP LA

{uz’ |0 <i<j—dyu{pa’|0<i<d}
AR Aa s c T, b S = {i € T|hlg* modp}, T h* €
Za] M AT BN T P2 B2 A = b[Lepsgi (mod ), %

Ipp(g")|l1llpp(h*)|lr < BW T =T\ S, G = GU{pp(9")}, f* = pp(h*),
b=le(f*), ¥4 6 20,

T=2,G6G=GU{f},

i G.
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E151. FEE RN [175]
O (n®(n + log A)M (n*(n + log A))(logn + loglog A)) .
ik ok AR RIAT S 6 DI, 310147

fr=b]]g: (modp'), b=lc(f*), f==+f]]9

i€T geG

H G h 22U AT L. YIGRI WARWE L, B BIEE 7 8 B 2, 4

Zlx) K f* — DAL H u | g mod p, WA TG 5135 u | gmodp.
FHICHE, 5 v € Z[z) & f IRT HAER p N REWE w BEBR, W g | v € Z]z]. FATATL
UEWIER O D i I 44 B r 2 HAXY pp(g*)pp(h*) = %, X deg g* < j, FA141IE
HEL j < degg WA L. [FIAEH, 55 10 P ReAI1G HIR A BVLE IR 45 )
WAL, W #T =1 H g = f* 2 A4,

ik degg < n*, & j =1+degg. Wge L TRMETHEI06FH g4 <

20-172)|g|| < 2"B. 1 (Rik$E, A1

lg* |7~ Hlgl[ 9™ < (2"B)"B™ < ',

TR MBI 10.3 51 ged(g, g*) P, g RATLLUE degg* < j— 1 = degg 14
g = +pp(g").

4 h = f*/g, Wt Hensel & T+ Mt —H¥:A17EEE 9 254 le(g)h = h* (mod pl).
il pl/2 KT [|bh|s 1) Mignotte 5t bB, TJ& le(g)h = h*,h = pp(h*), H f* =
£pp(g*)pp(h*), FIESHIE] f IIATTLRTF g. 0

%110.6. F) 5% 10.9 40 f# 41 10.1 F) 10.4 TP B F f = 4ot + 1323 + 2822 +
27z + 18 € Z[x].

R 5, B L = logs (27" B2") = 48.1266, WFARTT 6 ¥k, TATIEW 10.4 1455
PRI =K, ATRAR B A

f=4(z*+ 22+ 3)(z + 219914302784468853031851163930189578018051741)
(z + 186661511897595309720943636396038563766616229)  (mod 5%4),

JYANATTH] 10.4 25 R BT %01E
f=4(z*+22-2)(x+1)(z—1) (mod 5).
o u=2a?+22+3,d=2 W LKAEHRTTH

{(1,2,3),(0,5%,0), (0,0,5)}.
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RWAR (1,2,3) MiZst M E, HIAFRESE] S = {1}, b* = 4]];_5 3 9; mod
50 = 4a? + 5z + 6, BARWEL KM, /BB ALY RET 22 + 20 + 3, B
f*=4z%+ 52+ 6, b = 4. FLIFRATFHA T

u = x + 219914302784468853031851163930189578018051741,
d=1,n" =2, j AR 2, WS L HAME {u, (0,55}, tifs] 10.5 7451
g* = —6999570441183108942993x — 13384313532767302775813,

g* SRR H A ¢* = 22 + 2 (mod 5), HRFRIEM S = {2}, HIE EF ||g*] >
B, MULETCA#, RS, 3 AT BTN R 1) f* = 422 + 52 + 6.

SO AT B — 20 i S AN e KU w, W] DLGT R 1) o 7 R A SR I AR
25 B u = go, 24 5 = 3 W HE] 10.5 5 28B40 A 16 m] %0 sk i 45 3146 ) B
g* = 42 + 5z + 6. <&



% L H I

AEHTET G5 R, AT AL i T &6 ST L GCD i
AR TSR, AR i % L BRI, B2 2o, z) i
i.

A% 7% SR I 2 B T RB T Ah 8 A, B A, TR 0
T G0 J70%, LUK S TER LA A0 TR AR,

11.1 ZRZWMNEERE

[FZIRATAE Z[a] o A BE ) BN BT Y78, T A1 08 o 2R B Ik 17 e, 3k
MITE SR K 2 DA - J S WA 2 i, IR TSRS, R A AT BB 2 1505
e 2, I HoA J5 F b 36 4% 2 B, Hensel S 71 LA TREFR I EOR (R4 4,
TR SRR KR X2 o0 2 IO, AMEAE Ty, g ), i 20K 2 o0
A A — T ), 3 AN ] 3 R AL ) &5 (R 759 B ) AR o

Q. _o(f) = fmod (x; —a) = f(x1,...,%i—1,0,Tit1, ..., Tn).

RFEAR S T4 BELE AR JuURAE A7, 5 AT T 7 2 o e A B, By U 2 4
s aa IR 2 . O TR SORGE, JATGIAE S @7(f) £ f mod I, T
I 0 Z B B BALL 3T m 5INE S @4, (f) E5 f mod m.

B AT 2/ 413 % iH) Lagrange SRE RS, i TBATA LS
A R A AR, 2 2 vl 1 M A (7, DR IR AS10RE o 4 B 4 e A0 7 i 4 £
(2% [191]), el T2 02 Wi KA B 7 RS R R A .

201
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11.1.1 RAF{HE

S 1 0 A 0 S 05 A 48w, s P, om0y R
B f Y= 1,2, kA f(u) = v P4 H Newton ALY, 1%
S LRI E TP

H%£11.1 (Newton fdifH).
o N H R AT A

L BYHE f(2) = v1, q(z) = (z —w1),

2. WTi=2,3,... k WK

=, q2) = (z - w)q(a),

3. fth f(x).

% 702 W A B8 4 S T 1) ARl o, AN AT — DR F (21, - .., ),
ALK AT B AR SR8 0 B ) e B, FRATT AR 55 2 R B — AN AR s IR B AN
o d 2 s 2 P(a,. .., x,), S EATE SRS EREAH R 3 & 23R AT
XL ) R v R AR A — MR IR, ACRT LAY GCD Ja) @ik R iX Fhog oA,
AR ] DUKE i G 22 10 X1 e vk A 0] /A R IX Rh O XL R e 1 A R AR el A
3685 YA AR P0CRE 25 AN AR TCATHE Rk, R WA —WIME AL (210, 20, - - - 5 Tno), FATT
A BLEE 200, ... 2po, T FFHL d A 2 BIME, H— JCHE1E 7 72 (Newton £ 8
Lagrange ¥£)3K 3 Z W P(x1, 220, ..., Tno), WIKFHFIE K ALTC 20, ..., 2y BITT.

H AT d K70 2 WA ) R SR B2 M (d), WP FIAR SR i SR Bk
O(n(d+1)" "M (d))(Z . [192)).

11.1.2 #HRiGE

EHEAPN

FATIEH A TR MR E S, DT EAT AN AP T iR
M E SR R BATRT LUA X n MECREAE d 192 5
FHAE TR LA ZER s B FSRAE (d 4 1) k. Bt [192] B I 2 3K

P(z,y,2) = 2°2° + 252 + ay* + 2y2° + 452,
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HHREIHREME (5+1)% =216 IR F5E b, XA SRS T X RN 2
T 3 S AR IR AN R (). FRATVEE 55— T i P a5 LA B A 97 2 2 e g 2>
R L.

BT LB IR A (24, 90, 20),0 = 0,..., 5 BB S FHEEE] P, yo, 20) =
ax® +br +c. FPRIEEER 5 A y FIRE T v, V15 P2,y 20) A BEHH LI
HA3E] P(z,y, 20). WRRFIHEIGEL, ST HA g, RATETI6 A 2; Kih
{8, ARG v, DA M (FTBE 00 3, JG 308 X 11.2 FUEHE 11.1 Kb
B, BAITE AT MBS T vi(1 <i < 5), A

P(QZ’, Yi, ZO) == CLil’S + bzm + C,

T, WAy HU I3 A o B OR A A, G A 7 R ) T R SR
a;, b, ;.

SCRE, Bl RS B M SN 6+ 3 x 5 = 21, BIT438] Pz, g, 20), VE
BN LI, BATCAE T8 TR KE, s RIS 6 x 6 = 36 (KEEH]
T 21 . FHH TR Pz, y, 20) BATEA:

P(z,y,20) = ax® + bry* + cxy + dy’.

PR RIS B B & T T, AT FEE T P2, y, 20),1 <@ <5, 1t
R s % 2 B AT B

P(x,y,z) = a;x° + bﬂy4 + ¢y + diy5,

TG FERAL 4 x 5 = 20 IR, RISRALREL 41 1K, LGk 216 R EKKmD T

BEER A

HTRGRTIAE, gythin ~id 5. w20 P(X) = P(X1, Xo,..., X,) € F[X],
F FAIR, 570 X, BIRBHA I d, 35 H P s Cmi8eh T o145
BEHAA T < (d+1)"). ®o=(vr,...,00) B n LA, EUABRILS

XY= XX X0,
W2 i P rd ok
P=c1 X" +cX?+ 4 cepXT,

Hofter,... er B2 n JGFAL.
MAEFIRE S LB, 8 {erea, ... er} RIET BT P {04507, T 5A1
S SR THf:
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EX11.1 (FihR). 2 HIEERES
skelP = {ey,ea,...,er},
TR AR AR (T B 22, L [192]skeleton a2 X). FFR HAERT k 4k _EH 20
skely P = {(e1,...,er)|Fe = (e1,...,er) € skelP}.
ENX11.2 RS, B (21,...,2,) € F™, 7 VE(1 <k <n), fi
skelP(X1, ..., Xk, Tki1, ..., Tpn) = skelp P(X),
TR ARG 1 K 4B A (Precise Evaluation Point).
ERE RGN R
skelP(X1, ..., Xk, Tri1, ..., op) C skelp P(X),
ARAE P ASE, WAL gy, .o, 2 FIEBEBE AL LD X, .. Xy A R TTH 2 30K

P M#FIART(€ F[Xpt1, ..., Xp )W EANE. Hal, BATRT LIS RS R
R AL T

EIE11.1 (‘*Eﬁﬂ%ﬁ 51‘%?1&?%) K PX)R—EAK LN n LERX, £HA
AR A, BEF TR, XS A—ARBMAEES, #5 =5, RE/AL
r=(21,...,7p) € S”, ﬂ'];‘i-z:iﬁifﬁ FAL B G F R AR

n(n —1)dT

2s '

PR, MRS BE 8.6 TATTANIEXT P UL X1, ..., X AT ICHEAN R LTk
U, Tty o o HIHF SR AL (n — k)d/s. A REURZ A T I, WHER
AL (n — )dT/s. Xk =1,2,...,n— 1 KA MRA L

(n—1)dT (n—2)dT dT"  n(n—1)dT
+ 4+t — =
s s S 2s

UEER. O

WORE K s 7T Ly BOME, 3 1E 2 AT — 20 i 4 1 P 8 H s 22 T3
AT [RTFE ISR R 0
D, BATHEEEAN A S5 R R A T



11.1 2 UEAXIGET & -205-

Hix11.2 (FMmidEEE).

BN A LSRR f (X, ..., X)), KSR S (210, . . ., o), H2TC
BB d,

2R P(Xy, ..., X,) € F[X], 13 P F f 76 3R 25 L e .

1. FENUTE d ME 211, 712, - - -, 219, FIHSRIGPIME f(214, 220, - - -, T00) (0 < 7 <
d), H— e E S (5 111 )R 2 0 P(X1, 290, - - ., Tno),

2. S =skelP(X1,z20,...,Zn0), &S ={s1,82,...,5¢}

3. B @ K 2 0 2] n, M 4-6 22,

4. BENUEEL d M @1, i, - - g, XD 25(1 < j < d), &
P(X1,. .y Xi1,%ij, Tit1,0,- - - Tno)

HAWT A
P1X° + P X 4 - 4 pg XY,

I q DRI (1 Tk - -, 2i-1,0) (1 < K < q) HIREBST G M I R4t ok sk
Hipy,... pg € F, TRAGE d A Z TR

P(Xl,.. o 7X7:717:L‘/L'j,a’:i+1,0,.. .,{L‘no), (1 S] S d)

5. MHZE 4 BRI d A ZIAFREN R pe(1 < k < ) BAT—Juslifa Sk
Rt pe(Xi), W

P(X1,..., X5, Tig1,0,- -, Tno) = P1(Xi) X5 + p2(X3) X2 + - - 4 pg(X;) X9,

6. S= skelP(Xl,.. 'aXiafEiJrl,Oa“-,an), "L& ISES {51,... ,Sq},

7. Hi P.

E152. FEFEE 4 DI g AWRE A, B EA TR T EORMF AR p1, ..o, pg 19
Jl AR TR S AR NT LM TR A, A5 U R R L e

2153, FATATLLEE ARG AT (21, 22, ..., 2im1), PRI g AIRAE SN
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TXFEXT T SRR g AR ek, AT PAS 20~ Vandermonde £8P 5 2

1 1 1 D1
X5 X 52 X Sa Do
(Xsl)q_l (st)q—l ... (qu)q—l Py
f(]-a ey 17xijaxi+l,07 cee 7$n0)
. f(xla"'7xi—17xijaxi+1,07'"7:[;110)
q—1 -1 .
flxl 2 %, 1,05 - -+ Tno)

A FH I 5 925 0 0 Ak i SR A e 1 5 R I, Vandermonde J7 F H Z HO B AT
R R, DR AR ) R 2 PEARE R A BE DT (2 [192]), SRR 28R T — ik
Mgt Ji . 53— Jiifl, Vandermonde 1741 s ARGy S HEAR A 2 15 BI0RAE, K
X5 X% B A FE R

XTI Z K, X MR IR A S RN, RFR oy, e BONHT @ — 1
AT, B AT BRER R AE AL 08 R (RFAE p > (2% 3 x -+ X )4 I L AT At
UIRAEE A, SRR S5 RT BE 20 4 AR RS A AR RO R UG, ERIEAR Y 2 2 111, Jk
ATIRATE I

n(n —1)dT
el — .
2s

Ty U5, IR AL p A BRI, SRR FRATREHLIEBOZFE ¢ — 1 NIRE AL 2
CARNS I {E /5 B Vandermonde 17813077 7 N 320 SR, FOHEA< (L [192]240-242
)

A

n(n —1)dT  dT(T —1) _ dT(2n? +T)
p—1 2(p—1) p—1
WORRAH R F,, I H p < d 868 p KADARESRALL S 2 R =, AT LK
Fy (3738, BT, A2 A BUR A RORIEA T 5

€<

11.2 Euclid EZfN—FEE %
11.2.1  #A

T M T —u 2 UK GCD o), BLAERATHEZ i, Al
ZIX] = Ly, ..., wn] HEIZ I EIEIRYE Gauss T2, A4

ged(f, g) = conty, (ged,, (f,9))pPP,, (ged,, (f,9))

= ged(conty,, (f), conty, (9)) ged,, (PP, (f), PPs, (9))-
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T, AV IS n JCR G T n—1 e )8 b il B i gk 47, B
LA Ry —Jo B AT SR A, T S I, IXMRE RS T U I, ANECR AL

[P, T 1A Ak 3 — 7 i AR R S0 ) SRR BRI BRI Z[wy, ..o ) B
RS AK AL ) T H B IRATI —A— IR Z I p = y — a(a € Z), D 4 UFD,
#J8 R = Dly)[z] hiZ I, Iid R 2 R/ (p) MIREG AN @,(f) 5K f, WA R
e B

EI11.2. f,g € RHARERZAKX, h = ged(f,g), K h # 0, W h = hy(=
ged(f,9)) BB E p=y —afres.(f/h,g/h).

JEBA. AE B E B 811 M), UE W b LR ARL o AR e A I A A 1
WATEART h | hy, 47 deg, hy = 0, Wl h = hy, WAR. W deg, hy > 1, ILEH
s,t {153 sf/h + tg/h = vesy(f/h,g/h), Wt 5f +tg = res,(f/h,g/h)h, T
res;(f/h,g/h) # 0, FTLL hy, | by Bl B = hy,, 780 VEFRIE. D BEVE RS 1, B4
& AATIEY]. O

TR LAG RIS To s 10— FRRE RIS REE [13], X AN
W SHEA SR AT EEE B AR X AT — MU AR B ) R, Bt Y 22 T
KNBKAHTAH bz, y) = (y — Da, Xy BEATIRAE RIS A TA] BE 2 0 H {H:

y=>5, h(x,b) =4z,

y="71, h(x,7) =6z,

R, T8 P IR TG E RS h(z,y) = (v — Do, R REATAFE T —
A
Yy = _57 h($3_5) :6ZII,

VERAE Zlz) H +£1 AT, BIsRIEH 1) GCD jal U A ZE I A S, — Bt
TATHCE UREON IE, B h(z, —5) = 6z F h(z,5) = 4o F{EWIFFAS 2 14 19
iR, RATH h(z, —5) = —6x N A ZIEMIN. XA AL i K2 R0k 124870
x AR EGE AR N2 A & ML, XXM GO0, 5 22 L Adr st AL B, Ty
IRAE R B 2 B0 U BdE AT AL B T 382 21 8 2 506 b AT DR A 21— Fofr 4000
ABOENAL AL BTG 7.

Fy A4 — AN EEIA Z M5 faf i, HILREA Rl Z B R B R L FAT]
A LAZE A A PR 0 AR L TR 25 PR £ 1 SRR R A il
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11.2.2 F,lzy,...,2,] ERALEF

MRHE BT TR ) 2B, FRAVSEEEMR R B[y, @, . . ., @] SRR AP 1 ), itk
BEHE T  WE [P AR LA Fp ] 1 i)

h T USRI T A, AR R B AL cont, AJFEES; pp, HIURE le 55
A 2 AT Fpan][21, . . ., 1] TTH I, JRED cont K le #BRN & Fplxy] HIRTT
.

h T A BRASTI AR O ) R, kPR A T IE WK T B T AR 22
frg, 45 h = ged(f, g), W h AR EAZR, I H le(h) | b = ged(le(f),le(g)),
BRI R A0 b AR B A2 b E SIS R, 7T LIS 2] bh/ 1c(h), FEXT I
AT ARG AR BE, 3t vT LIS 245 5. 53 GCD 50k LU R PR - 3 il Sty 22 A
M7 RN T, BIPRA U] R R A I SA T 2% [74).

Hi11.3 (AR EZ o2 miHm KAl HE).
iﬁﬁ)\:f, g € Fp[xb ey Z‘n],
ftti:h = ged(f, g)-

L n =105 —Jom @, EREHHMREVERSE 1 h = gcd(f,9), Fih
h,

2. HAME a = ged(cont(f), cont(g)) € Fplan] (LR —JCHIE), f = pp(f),
9 =pp(9), b = ged(le(f),lc(g)) € Fylzn],

3. WHIME g = 1, h = 1, m = min(deg; f,deg, g) + 1, vlist = {},
4. PEHAMCRTH 510 25,
5. FENFI v € Fp 15 b(v) # 0 H v & vlist, ¥ v TN vlist 1,

6. f, = fmod (x, —v), gp = g mod (z,, —v), B HARF LK n — 1 5T
I h = ged(fo, gu), 2 my = degy by, by = b(v),

7. %4 hy IENWALAERT 1c(hy) = by, BI2 hy = byhy/lc(hy),

8. #Hmi<m%qg=uz,—v, h=h, m=m,

9. & E—BAWMLH my = m, WIFH A E 4 8 2 E (SR b, 1S
h mod g A% H h mod (z, — v) = hy, BI4&

(hy — h mod (z,, — v))q(xy)

h=h+ o) ;o q(zn) = (zn — v)g(zn),
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10. # le(h) = b W47 pp(h) | £ H pp(h) | g WETH app(h), 750U m = 0 W4
H a.

11.2.3 ZTH WA “Mignotte”

TEACERAE ZR 5 — 0 2 I R A TR I AT 18 25 [ 3E T iE 1) Mignotte 5, X
& Mignotte - 1974 E42 tH 1% — e 2 WA 7 REF Al voF. 3X 5 AR
X TR RHZ 2 WA FRER R . O TS SCROR )7, A1/ Bz — xRS
— GBI Mignotte F, H-33R bt s B (W2 8.9 ):

EIE11.3 (Mignotte). RIFRZ AKX f,gc Z[z] H g | f, degg < d, NA
112 > 27 glloo-
AT ZITE g, BAL
EX11.3 (Zu 2 p-1ukl). WHZu2 A

e . . . il oo Zn
f - E a117127--~7’lnm1 L'y

11,02, 050n

1/p
o= D o]
i1yeenyin

Coron T 2004 “E42 T —JoHh JE N X} Mignotte S HIHE, 440 & B (W
[35] A0 [61]3.2 %):

W3 I p-YaHOA

EHE11.4 (Coron). BHFERZ AKX f,g € Zlz,y], L g| f, d = max(deg, f,deg, f),
0 A

_ 2
1£1l2 > 277 g] .

BB A f () = fla,a®), WA deg f* < (d+1)? H f*(x) A f(z,y) AR
BERHG || f*]l2 = [ fll2, R g% (2) = g(z, 2, WA [g*]lco = llglloo- FFH.
1 g(z,y) | f(z,y) T g*(x) | f*(2), FEARYE Mignotte St

_ 2
112 > 27D g]|oo.
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FARA S 5 N oG OLHE) 212 J0fE 00, An T e B

E1L5 (XL UK T R/ES). ZFEEZAKN f,g € Zlx1,...,x0), Lyg]| f,
d = max{deg, f,...,deg, f}, NA

1F]l2 > 27D g o,

TF B AR AL, R B e £ (2) = fla, 2L, .. x@H D" gf
AFEES £ e At

(d+1)" -1

=(d+1)"—1

ey,

1 7 22 W “Mignotte” 7, FATIFE IR B VAL 2 o0 2 B, &
D% T AR RS AT K5, R B W 2 T 75 el i 21 B AR A
AR, FATHNE Mignotte Fag xS — ol M AP Al T, AT 2 B0 2 o0
TRk T BN Ik, A — s dea iAo, ifn HLCRE 22 ORI R 5E o
RSB AT T RE S AR, JAAESE PGk p DR AT — 2%

11.2.4  Zzy, ..., 2, LRRXAEF
TEFRATIVT BB KA R 7R 20 R

Lz, ...,zn] = Fplze, ... zp] = Fplza] — Fplzr, ..., 2n] — Zlzy, ..., 4]

oSS IR RIS SRR B AR 11.3 5ER, AR R NI, oKy
SIULE, AT cont, pp ZEH4) 2 A R A 1.

HiE11.4 (EREZ u 2 A s KA FHIE).
iﬁﬂ)\-f,g € Z["El, ey X n]a
Fii:h = ged(f, g).

L ¥4 a = ged(cont(f),cont(g)), f = pp(f), ¢ = pplg), b =
ged(le(f),le(g)),

2. WM h = 0, ¢ = 1, m = min(deg, f,deg,g), limit =
26| min(|[ f{loos llglleo), plist = {},

3. PEIAMECR I 4 — 928,
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4. AEREEB R E S p AR ptb H p & plist,

5. % fp, = fmodp, g, = gmod p, b, = bmod p, HFEIL 11.3 1H5H h, =
ged(fp, gp) € Fplz1, ... 2], FF2 my = deg, hy,

6. hp = bphy/lc(hyp),
7. 4 my <m WA qg=p, h=h,, m=my,

8. # LB HIMIA AL H o my = m, WA B 4oe BUHE b 7S A mod ¢ A7
H h mod p = hy,, B4 q=pgq,

9. 47 q > limit W:% pph = pp(h), 45 pph | f H pph | g W apph, 75 W4
m = 0 N a.

KT ARFLT LM R U] B 5EAE m A my BTS2 T X AR T 2,
(R H [74], S B 5 BT AT 10 22 0 #8 BRSOk LR Bt 2 T AT 19, JF L AT fE S v
B IR, limat IV G IR AZ 2 00 2 WA 7 R 0 Fr, BT mr DO i — 9
¥ “Mignotte” FRAEE, W] LUt F e PRI, 3K e — AN TICAIK, KA g > limit
JeIEAT FI. BATIETT LI E— TG, B A AE A R A B SR A i 5 AR
e, AR I 4k 5 I 1 SR R

11.3 Zippel HRiGEEE X

Zippel BBV K 2 762 T2 B K28 B T AN A AR B, 1 X 7
T 4 SCRR T B2 W, Zippel AC A 936 30 B 46 [101], [192). [14]80-82 T, [74]312-
313 SIS T R —AARIII T, % T2 s B A L 2, T 0
P AT, AT BRI T S T AR B 45
SN ) T B AR, TS B

h(x’ y’ Z) = F(:I"’ y’ Z) = ng(f(x? y? Z)’ g(‘/'I:? y7 Z))'
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11.3.1  — M EFRIBITF
BIL1. KRZIK f, g M KRBT A H
f =25 + 2yzat + (13y2® — 21y32 + 3)2
+ (26y°%23 — 429122 + 2)2% + (39y2? — 63>z + 4yz)x + 6,
g =2+ (13y2? — 21332 + 2 + y)x* + 323
+ (13y2% + 139222 — 213322 — 21y 2)2?
+ (13y2% — 219y%2 + 22 4 2y)z + 2.
i EOERATIER S pr = 11, I K A&:
hi(z,1,2) =23 —2+2 (mod 11),
hi1(2,3,2) =23 +x+2 (mod 11),
hi1(z,5,2) = 23 + 42 +2  (mod 11),
hii(w,—4,2) = 2° + 52+ 2 (mod 11),
hi(z,4,2) =23 — 52+ 2 (mod 11).

ST AR R AT RS Rt (2,9, 2) = 234+ (—3y+2y3)2+2 (mod 11).
IR JE BATT X 2 BB R sk o 5, I FRATTE E b (2, y, zi) BB R
23 + (ay + by?)x + 2, AUREEAS 2 IR R 2; #H 5 A y PIE UK, HFHL
2 AN FORTFSEET AT BNy 2 = —5 i, HFEA TR T

hii(z,—3,-5) =% — 42 +2 (mod 11),
hii(z,2,-5) =2 + 52 +2  (mod 11).
TR BN R 7 TR
—3a—5b=—-4 (mod 11),

2a —3b=5 (mod 11),

ff#tt a = b= 5, BILAHE] hii(2,y, —5) = 2° + (=5y — 5y°)z + 2 (mod 11). [d
BIRAE W] LIS 3

hi(z,y,—3) = 2® + (—4y — 3y¥ )z +2  (mod 11),

hi(z,y,5) = 23 + (=5y + 5y>)z +2  (mod 11).
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PR 2 78 4 AR AT SR S5 R, R AR 85 4 2 mT A7 5]
hi(z,y,2) = 22 + 222 +y°2)z +2  (mod 11).

Fok, BATTHHIER I po = 17, OIS AN D0 IR0 T IS 4 22 WE A, A FH AR i PR A1
B, AT LA har(z,y, 2) HAE R 23 + (cy2? + dy?2)x + 2, LTI (y, 2)
HEAT AR, 1t
hir(z,7,—4) =23 + 82 +2 (mod 17),

hi7(x,—2,4) =23+ 242 (mod 17),
TR TR har(z,y, 2) = 22 + (—4y2? — 4y32)z + 2 (mod 17). <&
E154. F ] o E R A€ B0 oy Ay HEE RAESK, BIA h = 2® + (13y2” —
21y°2)x + 2, ZWE, WA RHIRCKI B AR . X EHEHT 13 Ik— 20k
GCD ] UK g, 14 I 3 AR AR5, W RERFIE 40 k. Hybem] WL, s i 47 (B A4
PR TITiR SRy LN TR~ R €18

11.3.2 EX#iA

NI BRATIANH T Zippel B g4 (i 5 0 AR DL e BARERVE R 7 v, DA
BAVATF I B, FARes RS X, winT DU SR IF S KA R 7. A
WOl B H I AR T LS 2 [102]15.3 715,

SR S e, E R B A iR S, TR A C X, FFid
2 h 7. WEES

{(u17 /Ul)) CRE) (Un, Un)}

PG RIR 20X f A7 Vi(l < i <n), f(u;) = v;.

N IR SR A S 1 AR R (SRR 2 W AR VR A

BiX11.5 (WMBidfiEAE 1).
iﬁ]\:l(Xh oo 'an‘>a f(Xla coo 7Xk7 Z)a g(Xh .- ~;Xk7Z), :/H\:EF[ 0 S k < n,
2K f, g MRS TRFEAMEEL, AT Z KRS 1.

1. # k=0 Wi 1 ged(f, g),
2. %4 d = min(degy, f, degy, g) + degy, I, FFALH—IRAE 2T 2y,

3. %Uﬂi}%ﬂﬂﬂz&ﬁﬁiﬂ‘ﬁ f(Xla" ° 7Xk—1a$kaz)ag(X17' "an—lyxknz) H‘J%j(
/L\\¥ I<X17' . '7Xk717Z)7 ;H\:EP%Q/I\%%%Q?@’)\ l<X17' . -7Xk717xk)7
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W

AT 2K T KT Z R F[Xy, ..., Xpa )P E&RZ PRI RE
(e AN, [FEX 5 AN O JEEREI D X fr Hy = {(zk, IR T ZIMRE) },

5. %F i M1 HEFRE] a kA R 6, 7 45,

6. BENLICANE S IRAE ALy, WISV 11,6, N skell, 1(Xq, ..., Xk—1, i),
F(le"'7Xk—17yiaz)7 G(Xlu"~7Xk—17yi7Z)7 T7 ?%%Uﬁ%i&ﬁﬁfﬁ*?%ﬁ‘]%
I W,

7. % 5 ORI E] D Ry Hy; = H; U {(yi, WRTZIRE)],

8. 8 j M O EER ) D IRUCRL B 5 9 (6 S0k e, B2 5 S R Ay
F[X17"'7Xk]a /Q‘\h:hDZD—i——i—ho,

9. F h RNEEFIRIEER £ R0 g WUIAE H 384 S0k 5 e BRUR AR s (BE AN SV ),
% A

HiE11.6 (FiG(EH L 2).
N S, 2T (X, X)), f(X1, - Xk, Z), 9(X1s e Xy 2), T,
el SRR SR b, BED £ g IR A R FRIRAMEE,
KT Z o R 508 1.

L k=0 Wt [ged(f,g),

2. ARHCE ANMRE R v, - i,

3. %Fd A LAEHRE] T R4 R I 4, 5 25,

4. AW =1y, up) x ged(FWhs - 04 2), 90, - 0k 2)),s
5. %F 5 O FEHE] D Ky H; = H; U {W KT ZIM RS,

6. X j M OTEHEI D, tH H;, AR S e Z7 BB g, ..., yp VHHEH Vander-
monde FiFERICER, RN RIS hy (RLARJT L L 156 ),

7. Bt hpZP + - + ho.

VELSS. HVE 115 5 140, ik 11.6 26 1 20, %8 4 2055 —J0 GCD &4k
HE 11 GCD. H lged(f, g) I, AT LASGI I 1 BB AR A 22 10 2 ) A &



11.4 K GCD #y&te 7k 215-

2, 3t G L H

E156. 5% 11.6 25 6 AT BT EE A S NI S i TR
JEN Z (IRECR §)ITCHETERT k 4E EBSE RIS A . Bl TR

{(1,1),(1,0),(0,0)}

750 ={(1), (0)}, S1 = {(1)}. & S; FITCHANEN 55, AL y1, - .., yp, HEAS
4 5, BT EEAEl— A s; Wi Vandermonde M BE(E BUARBE 2 52, TR [ 51958
2 45 TG ). PR H R s (B 5N T T)B0, Lotk ml 78— by 41,
ORI AN S, S & 0 by

WA fA g HAERT Z B — 20K, WERRTEE 115, MASHL, £y
RIAr, (X TR T Z B RSN 1 20K, JATRn M4 i efmm R
7. Fo o TAE R E— 2D de i IR BR VA BES D, A 115 I JATT4mA 1,
Lf, lg. Ui, RN A A& AR A R K i R EON 1, PrbL AR 115 55 2 20
14 d = min(degy, f,deg;, g) + degy, [.

EE11.7 (MR ER ).
iﬁ]\%lﬁﬁ f,g S F[Xla cee 7Xn]7
B f, g BB AT,

L 3 AF R E fi = contz(f), g1 = contz(g), a = ged(f1,91), H2
f=1f/f1,9=g9/91,

2. B A G VLT 1 = ged(lez(f),lez(g)), WHHD 115, WA S %
I,1f,lg, 43 h,

3. K app(h).

11.4 X GCD fHIHEEFX

KT Z LI GCD ), F IR H— B LA Zippel Fibi 4 (i A6 552
CRE AT AT Ot AL B, PR RS0, X P i A DGR A L8 e i, 55
AN A PRGN, AT DL 81 A RS,
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11.4.1 BANE A (Heuristic GCD)

JE R AL — R 2 70 2 T GCD ) 88U Ak DAy K55 5 1) S50, A
IEIOLIAAE T B R TR Ay BB B0 r L, 4 B A i 5 b P 0 S U T AR vy
THERCR. LR, R B /R B AE, H R A sURIE 2 Bl i mT g
KA. BT LIS (18], BT HIEM ARSI, 725 [74]7.7 1.

11.4.2 EZ-GCD

EZ-GCD#% R Extended Zassenhaus #%(Z% [131]), ‘' H H Hensel 327+
Kt B2 02 0 GCD. EIE N BARSLIN ] L2 2% [74]7.6 4.

11.5 ZxEMAEF5H A Kronecker EiE

£ 7 Mignotte it — T RAVR A S MBI » IR RAF L e LM RS
12, Bl Kronecker 5.7
XTI Z A f € Zxy,xe, ..., 2], MATHEAZTCH 21, FFLz R x. &

d = max deg.
nax 8z [

JaL B RIEATE
Fla) = fla, a8t @D a0y,

DRMRA AT LN T8 f = fufe- - fr) REFAMEE f KT 2 TP
A2, IBAH

f = fl T fr-
SRS BT f AT 7o iR, A3 — 2 2 LR, B f; A— g AT
Zoi. B f ASATZ B 750 ik

f=9192-gt,

W) e PR 21 A5 ST LUR JRAE Z[2y, - . . ] IR
H AT L, Kronecker 5594 i BUVAEUAS 5 J2 0] FRL1F), R IIZS H AR B v

57£11.8 (Kronecker K7 i 53%).
BANKT = o AR AT TR TIZIE f € Zlz, ..., 20,
A ATAR T {f1,..., fr}
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1. % d AFAITCIRE L5 SR 2 T

f@) = fla, a4, @D plar) T

f=9192-9¢.
2. T ={1,2,...,t}, s=1, result = {}, h = f,
3. # 2s < #T, WEIME R I 4-6 2, WM 70,
4. M2 T WPTH s JTT4R S, IR 5 2,

5. HZIAK [[eg9i € Zlx] TATATLLE R RNZ TN g € Zlwy, ...,z (W
157 ), # g | h W% result = result U{g}, h=h/g, T =T\ S, 4% 3,

6. s =s+1, % 3,

7. Hth result U {h}.

E157. 2R fo) BIEB B Z 0 f(2r,. .., x,) BTEEST f PR
fi] — A IR ax®, LR d + 1 ERIET IR E] n TSN (b, ..., by), JiiP
0<b; <dffifd

b="b1+ba(d+1)+b3(d+1)>+ - +by(d+1)" 1,

AL I ax® 2% - b (SRS TIE B4 T,

11.6 FIF Hensel I2ABEFHEEE L
11.6.1 #hA
AT % o0 GCD KA, T R A 10 055, AT AT LU £ o0 8140 il

) R ALy — e ). JRATR R S o A n h — e Pk AR, X LB s A 1% 18
f €Lz, xy,. .. x,] KR, FREAIC 2y MATATC .

o K fANKRT EAIC o AR LT P52 00 X mURRA S )
(¥, HZ o0 GCD SA AT DR f KT o B R EE W R A 7, 1 i
ged(f, 0f /0x) T LR FAR S ToF- Iy A1 22 T K 20 A i) .
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o P T = (2 —ag,...,xp — ap) RNHIRE RS f LN f = fmod I, B
f(x) = f(x,as,...,a,), §43 f T FITHTIHH deg, f = deg, f.

o WO, 1FEIARTTLE f = gigs- - gr, XL cont f ATH
BT T g B

o FIHZMLT Hensel $2THK 5, A T RIS MRS TE BN e 1% R 10
I, 1322 T0 T, Bn R PR AL A 0T 98 TR R B AR K
Sl i PSS

S F IR UR A5 TC B, 36 HL— S RN 5. TR AN B 4% 1,0, BL{R
UE f PR T BT o WS, BEPE 1,0 HHFAb 2 A3 73 R 80, fh R T 1
SIVERRAE o T AR B, AP A BT, MR TR s ST
FTHEAT. HOOREH B f IR AT A TR RS, f 6T o SRS
ATHEAN, SRS 1 S, I A TS AT 2 R 8 TR B A 1.
11.6.2 ¥ & Zassenhaus E%

WAL FRATE N H 1 & Zassenhaus 5F % ([179] 56 8 ) Pl ] . %
f € Zlx) Horf# f = gh, Horb ged(g, h) = 1, JRRD

f=gh (modI),
HUAET AR gr, hy, FE13
f=gehe (mod I*), fr=f (modI), gr=g (modI).

XFi=2,3,...,n, 8y = xi—a;, WILE T = (yo,...,yn), FF8 f* (21,92, -, yn) =
fx1,y2 +as, ...,y + ay). FETIXLEERFS ERUiB, FATAT DAER B —Fria gh i) 55
R

B3%11.9 (EZ 53%).
B NI (B f), gr—1, he—1, ¢ EHI AL RTEA N 55 A,
AR TS gk, P

1 w5 re_q, ey 143

The1 = gh—1he—1— f*, ex_1 =711 (mod I¥),
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2. PP R Buclid FVETHHME—1 oa;(x), Bi(x) 115
ai(z)g(z) + Bi(x)h(z) = 2,

It H dega; < degh. (fir a; = apa® mod h, BIA]. JEHH7 i < degg + degh
WA deg 8; < degg. JF HILAINg 2, PRIA W] LALEREAN VAT AR TR THIN 28—
BRI L o, B, IRAFERIFEL S ISP THAE . )

3. H ep1 T 2* W ai(e) UBREIZ I Alep—1), FFHE ey K 2"
Bi(x) A2 Z T B(eg—1).

4. % g = gr—1 — Bleg—1), b = hj—1 — A(er—1) IF¥H gi, hy.

HEA B, S Aer—1) B B(eg—1) 5 XAT A
Alex—1)g9(z) + B(ex—1)h(x) = ep_1

WL, M ep_; mod I =,y mod I* 1 = 0%l ey J& y2,y3, ..., yn M E— 1K
%W\%Iﬁﬁ ﬁlﬁ A(ek,l) %D B(ekfl) &%E'ﬂjﬁg k‘ -1 W\%ﬁ\l—l‘«t EE

gk-1 =9 — Ble1) — B(ez2) — -+ — B(ex-2)
CIFSH

Aler—1)gr-1(x) = Aer—1)g(x) (mod I*),
EEEES)

B(ex—1)hip-1(z) = Blex—1)h(z) (mod I*),
ST}

re—1 = ex—1 = A(ex—1)9(z) + B(ex—1)h(z) (mod Ik).
%Eﬁiﬂ‘]ﬁ A(ek_l)B(ek_l) =0 (mod Ik) fﬁ re = gkhk — f*, )ﬂJJ
k= 1p—1 — Aler—1)gr—1 — Blex—1)hy—1 + A(ex—1)B(ex—1) =0 (mod I*).
IRED £* = gphy (mod IF). O

FEW I8 RTHE R, AR = 0, W2 G TEAR Tt

BAER 5% 11.9 b2 Z]o] 2T, b B O 2R AE Qlz] AT
BT X LA 11.9 55 2 Db B35 Bezout RECT DA K. LA
BEAT RT3 I, P AR 0 AR B AT LA SR D7 TR AE Z[x) . A
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T 4R B B B PATA R FHRAL R 2, 3k v] DRI AR [ 28k ok 5, A4 e
Zassenhaus 53538185 H 75352 | HE R AT Bezout 5520 (R 244 Euclid #E34) B
AL R 2 A REAEEIR Z,y, T, Horpom R — 2 HORE pl, IS4 S A2 1,
N ETRAT TR U X =R

513#11.1. a € Z,; TH#EF B pta.

B REA pta, W ged(a,p') = 1, B Bezout A I Hl a 75 Z,; A
LA p | a, WTE Zy P 1 a =0, AT a AATHE. O
N4 HAE B IR T Zy (2] BT Euclid HEIR M.

EI11.6. K g, h € Zylz] i#HZ ptlc(g), p1fle(h), B ged(Py(g), Pp(h)) =1, N
Vf € Zyla] #AAELE—1Z AKX s,t € Lyla] #4F sg+ th = f (mod p'), B
degs < degh. # deg f < degg + degh, &=H degt < degg.

SERR. AP G Fylz] 2 Euclid 2R 3A1H15E 35, ¢V € Fy o] 145
sMg+tWh=1 (mod p).
s 1) EsRAGIFAE sF g+ tFh =1 (mod pF), Mg SGERFELNT:
W Sk, tk € Fp[l‘] 7E

1 — sk g — ¢k
skg + tgh = S}i £n (mod p)

s+ — k) g ok k) k) g

st g 4t = sWg 4t h 4 pF(spg+tkh) =1 (mod pFT).

Bk fsWg+ ftOh = f (mod pl). HBBAAERGIH 11.1 Al 1c(h) /& Z,; h
RIS TG, AT AT LAAERR

fs¥ =uh+s (mod ph),

Hrp degs < degh. FEEX t = 1O + ug, BIAI s, ¢ W /2 5 BE.

W — Pk OO AR ANELE Zy th g A0 b W H 3R, B0 o8 B IS
sty W15 (s — s')g = (' — t)h, tH deg(s — s') < degh H h | (s — ) Al
s—s =t—t'=0. [
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T, £ Zy HEATAT LU Zassenhaus Hik, MANZHE AT, TATE
WUNES p W Fy, b f = @;(f) 0%, PRI Hensel 42T 5 1% (Zassenhaus H
1E) AT LA B BT Y e Zassenhaus 83577 EEH A K 70 .

FHZE AR R Zassenhaus 753K R 23 1) ) 50 (14451 1
B111.2. W f =22 =302 + 20 —yr +3y2° =2y + 20 — 322 +22. Wp=7,1=1,
I={y,z), i

f=z(x+2) (modI,p"),

ig=g =u h=h =2+2 KL Zylz] 747 3g) — 3hy =1 (mod p'), W
oy = 3,50 = -3, Ei}ﬁ%qg“g’/]\ Oli»ﬁi ﬂ‘%ﬁ}, ﬂ?%

a1 = xzag mod h =1,
B1 = x31 mod g = 0.
St
e1=gihi —f=(z+2)y— (¢ +2)z (mod I?,p"),

Syl
Aler) =(y—2) x14+2(y —2) x3=0,

Blen) = (y—2) x0+2(y —2) x (=3) =y — =,
TRgep=g—-Ble)=c—y+z hr=h —Ale1) =z + 2.
P XTI, W13
es = goho — f = 32%¢  (mod I3, p),

DAk
93292—3(62)292—322><0=96—y+z,

h3:h2—A(€2):h2—322X1:x+2—322,

UL A f = g3hs.

11.6.3 REFER
ANTBERRATT O A5 2 K 743t

f=g192---g¢ (mod m,I"),
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Ferpt 2k — AN m, REARAEVH AR TE AT DUE PR — L K1) m BEATIZ ST,
P/ RBUZAK. 28R th n] DA BEBOA th b 5, R DL BATI G m = 0
TR

it i 2 — AR TG H, X-FikeaZ kb, Pt E
4y ik IR 5.

B3£11.10 (EZ H7E4E R0 T8 5).
?ﬁﬁ)\afﬂﬁj\ﬁﬁ f =0J1" "0t (IHOd m, Ik)’
W f AT YRTES {f1, far -0 fr )
1. T ={1,2,...,t}, s =1, result = {}, h = f, h* =lc(h)h,
2. 45 2s < #T, WPEIME N 1H 3-5 22, BN 6 4,
3. MR T WP s JTTT4R S, JHMUT I ZE 4 22,

4. g = [les 9 mod (m, I*), g* = le(h)lc(g)~tg mod (m,I%), 4 g* | h* W4
result = result U {pp(g*)}, h = h/pp(g*), h* =lc(h)h, T =T\ S, I 2
&,

5. s=s+1, #5210,

6. frth result U {h}.

11.6.4 FEHERFREMARL

A LT AL Aok iy LS H— A Se 3 10 R 1 o R S, AR L0 — 260 1
AN . L R 3 Ji 2 e FReATT BB e AR T o ) 4 S 0] 52 31 1E 0 1 22 10K, 1%
W M 3] Taylor FETF, FT LATRAT A TH RS 1B B A/ AR A, DAYk AR e Ak 5 7 2
(z —w)* JEFFHGAE. 40, IR A 43 BZ SESE T b a) 22 150X
WL, BATT LG N —ANE T2 i 141 1.
#111.3. ZEZIA f = (y + 2)%2% — 1 WFE TR

i Xz A ARG, y BURE A0, WA ME f = (224 1)(22 — 1) (mod y). &
g=2x+1, h=2c—1, £TEFL T

1 1
g2=§@+y+4dl+w% h2=§bﬂ+4x+w,
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1 1
g3 =52+y)(1+22+y), hs=(-4+8z+2—y7).

XN PR R TR AR AL BRI IUAC B 737 TS B L E R (1 + 2(2 + y))
M (=14 z(241y)). &

X NS, A RATRE A E & T B IR, R THZ ATsiHs g, b
FE IR B LR IR, Mg =2+y)z+1, h=(2+y)z — 1, WHTHH
R KA O T IR G L E AT TT).

Paul S. Wang|[175] T 1978 4=k Jql 56 (1) EZ 5%, #& TR T 2 ik
o N7 IR 2 I ) Tk (1 [178) 1, Wang IGH&H T ek ¥y BZ 5092, BJ
EREZ 5%, A MR v W% 308 5, 6, 7 41), FHEBRATE A HIX— 5.

WEZIA f RT BRI EIRECN J = lo(f,z) € Zls, ..., z,), WILAT]
LY TN

J=a [] 7,

1<i<k

Horbt Q = contz (), Ji(1 < < k) HHARITLE T, BT F= f mod I A4

=
+

f=09192- " gr,

o 6 = contf. FANH LT % g I TURE K 6 AFHINEE) %
A gi b BATFERFEMRAEL AU, 75 280 2 W b LA St

EIE11.7. RBUKAAL R a9, 0a3,...,a,, f = f(z,a9,...,a,) 1255

1. deg f =deg f, B J(ag,...,an) #0,
2. f REFBATF, B res,(f,0f/0z)(az, ..., a,) # 0,

3. MAEE J;, Ji = Ji(az, ... an) BV —ANEBE T pi, AREEER (V) <)
F2Q, 6.

EAEGIRIA S L7 % 4.

AR AL HT AN AT AT T 9T 2 4, A5 BB L 2 = AN RPN R ET 2
A, w0 [178]1218 BURBER, IX B FAERS IRAUE T .

396 AL e I S A2 1 A 25 AF I B L BT THE T SC S ig bl 17, sl =4
FE ERAMAEM, b b, R T RIS 7 15 TR AREW LAt e b
Ko BEgr, -, gr PBRATERME T, RIEATIAX N T f SR r AT,
TMA G LRI, B f A0

f=hfef,



5I3E11.2. MEATi(1 <i<r)Ffome N, RAA J | C; % B E T, | 1c(g:)o.

SERR. BT G, W T | G =e(fiy ) = 1e(g:)d; | 1e(g:)d.
%J]:;n'fcl)—‘rmczzjlljksw, /\EF'w\Q 51>0H5k<m ﬁ:ﬂi
Pt Co, W 1 1e(g:)d. 0

5 11,2, AT LA J, FFEDTEE, — B J1 258, XA RISA C 1
ARIFH 5> Dy = pp(Cy). il 5 A#BRIFT, AR IX—FyERus W T

B3E11.11 (O R B 1).
WH Di(1<i<r).

2. fiwj Wk EIRE] 1, KIRPATER 3 45,

m;+1

3. SR my W5 T | 1e(gi)d B ;™ t1e(gi)d, iy Dy = DyJ™,

4. F %A~ D;.
X —HPA, T EANARE BT B2 ilE, AR M EEEKE Qa0

fic. BLRA
QD1 Ds--- Dy =dlc(g1)le(ge2) - - - 1c(gr).

BCRE, #A Cr BRAEFISMIRAR BN g X L.
{35 6 # 1, W — L RIS 40—, BAVH RIS kR4 O
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HiR11.12 (OrfiE R EE T 2).
1. %4 d = ged(c(g:), Di), Ci = lc(g:)Di/d,
2. % gi = Digi/d,

3. 406 =46/(Ds/d).

S 1112 8 T8 Dy SN BIHIN  g; b, 92F5 ES2KE Dy Al le(g;) H45%F 0 2]
A SN AR, SRR, D ¥ Q S, g K S L.

S EE 1112 )5, —BAEDUR 6 NAZCh 1. RAKH 1, W f SRR Z 0
L. B4 C; = 6C;, gi = 8g;, [ = 6L f BIF]. ¥E4T Hensel $2FF 2 17, #4814 g;
IR R Oy, Ja ST K S 13 B 4L

AE, FATEI B B 10,7 FISE =AN R ok, LRI O AR T8 =44
PRI AR F DA R TSR R FH 8 58 B A DR 1 00 B e, 408 7 e S EDSR A 54 R
T B AN AR 24 i HR A A T U RO A TASL I, A BEIEAT IR 22 4850 N 7
R, XA R, R IERAS L, SR B oK A T
T

H3£11.13 (Bl E TR B 3).

BWINQ, J;, 6,

B e B 117 SNSRI LTS di(1 < i < k), Hb d; BIE
—HR B L ST p;.

1. fir do = 09,

2. v i M 1B K, $AT 3-8 D,

e
g

q=|Jil,

4. fir j B i — 13 0, BT 5-7 5,

5. fﬁ r = dj,
6. fivr =ged(r,q), g =q/r, & r # 1, W—HPAT AL,

7.4 q =1, RIFEAEARAL,
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i
R
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NS
&
>
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=i

8. d; =g,

9. R[FIZAHH LM dy, dy, ..., dy.

E158. HIT d; TAT—FZ N FARBRILE R J;(5 # 6), WIRERD 1111 55 =20
MR IRERAF B my 5840 LU d 408 J; 3EAT R



— L MK IRE?

— G2 T ACSKAR S TSR h — AN F W W), R, o AR R4k
fift A S ARECECER AR RIS S . AR R FZ8IX — n) i, WEUE AR5 AN 7
THIBEAT ]S
—J6 2 I 7 FE I BB SRR T SR 1 92 TR R o0 B A 500 — o, #02 %k
R TTE WTF BT f(x) = 0 WsRAE(f 7T, AT Newton 1545
o
f(zy)

T4l = T) — f’(l’)\)’

2 DCSRAR R A IRACS, I H RS BT AR Taylor 22 sGEATAf 1.
B IR R, T

f(@x) = f(x) + f'(@)(xr — 2) + O((zx — 2)?)
= (f'(@x) + f"(zx) (@ — 22) + O((zx — 1)) (2x — ) + O((xr — 7))
= fl(@x)(zr — z) + O((z — 2)?),

ESAEE]




.298. Ft+—% —AERAXNKMBRFE

M f(x) # 0, Bl o RPN, b By s Aue s, 3 f(x) = 0, Bl x
s Z HARN, JATH

Typ1 —T=1T\—T — f(@))
i f'(@x)
L, Ol
O(x\ — )
~ Oar— ),

AR — B S P I S

RERAE A FEAG Jenkins-Traub FE KRS VL, 7 /41 Laguerre %554
.

KT —n 2 WA TR 5 KA, KB EFRATRIPOX A — R s o F AR 2
T T T p S FRD R R DR] 1 2 A S 8 ] B R R A SR 1 22 I H T
AT L AR TR it S AR 11 22 T AT AN s T DU ) 22 I QA R o3 18 22 T o6 T,
FATTRFH SR AR 2 0] DURH i AR A TA ok, AT a2 R 1 i s AR my Lk
K.

FEAZE Ja], FAT T 24l AAT BRI 22 20 SRR DA AR IR X TR] R B9 400, X TH]
B8 29 S T DA I (i SR R B AR 4 s IR R, I HLT T2 0 2 T4 SR AR
AR AREBHL IS 5

12.1 ZIMAFE L&

e THT (R 80 S0 LR DX T B8 1 S5 A o, JRAT 38 0 22 3% ol R A
VL B EORN F, A A 0 TR G4l F. 2GR ) Cauchy ANFEI
T Cla] L2 IEARMBR) Ml

EIE12.1. KX f = > o<i<n fixt € Clx], r1,... 1 BT, DR /MR r 3

%l
maX(|f0|a |f1|7 ceey |fn*1‘)

r<l+
|l
ER. F || < 1, WIEFAEN. FEBEE || > 1, B e, firt = 0 A4
| fr"| = Z fir'| < o hax Ile (L+[r|+ -+ ™)
0<i<n—1

B lr|" —1 |r|™

= pduax VAl ey < e Wil
LB i || < 14 DoXosisn-1 [fi] 0

| fnl
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B2 f(1)r) IR 1351
HEiL12.1. B9 TR 12.1, sHEAT f 494k r, RAVHA

max(|f1], |fa,- .-, \an)‘l
| fol '

FATHS 2 T B R M Ao, 56T R i R 5 B

r><1+

3|i§121 ‘L)’fi Af—1,5---,00 ié]—ﬂz/ﬁ, }lak_l,...,al Z:/i\ﬁ/’g’\, aj—1,.-.,00 Z:é:_\j]

ead

K, Nt
P(z):Zk‘i‘aquk*l“"""‘alzl—a1712171—-'.—alz—aoz()

AE—EAR rg, B P(r) <0(NV0 <7 <1g), P(r) > 0(Vr > o).

PEB. B
Qo= g e - S
Sy RN (0, +o00) b, H
I Q) = oo, lim Q) = oo,
W Q(z) AME—IESEMR ro, MITHE P(2) FME—IEM, H b gt nr s {r|r >
OAP(r)> 0} = (rg, +00). O

EI12.2. K ag_1,...,a0 €C, r HEAXF42
P(z) = K rap 2Nt az4+ap=0
#fE—AR, R rg 2 H 42
Q(z) = 2* — |ap_1|2F 1 — - = |a1]z — |ag| = 0

APE—EAR, W |r| < ro.

IR r AF42
R(z) = 2k |a;€_1|zk_1 + -+ lailz —|ap| =0

gy —IEAR, W) |r| > 7.
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FEY. Eod P(r) = 0 A4

¥ = = ap_1r* Tt = —arr — a

< lag—1||r*" 4+ + aa||r| + |aol,
Bl Q(r|) <0, ¥ |r| < ro.
B Aoy 098 CENTE 1 /7, 1/ry 53002 7 2

ap_1 1

B R ey |
ao aop aop
K
P (L Y S (St R
|ao| laol laol
(PIAR, DUPRR B b T R BIIRAT T 1/ || < 1/, ARRR || > 7y O

12.2 Jenkins-Traub E%

12.2.1 HXSIA

Traub S AL RYIE P4 H— APy 2 BRI EAC TR UBE K — 6 %
W7, Z )5 Jenkins 1 Traub[94] 7240 HEAMl & & —Fh = D BRI L ARSI,
A TR AT 4. RS L

T ORI, HETATTIN T Ll

EX12.1. X TEAVF &M Z 00 P(2) = H;“:l(z — ;)™ € Clz], id Pj(2) =
P(2)/(z — o), 5% P'(2) = Y5 m;Py(2).

EN12.2. 5 XZTPH] {HN (2)|\ € N} L
Elcy‘) cC (Ho‘) (2) = ZCE-A)P]'(Z)) .
j=1

H HO(2) = P'(2). ATEAM T F B2 R HUFS) {52}, 173
L IR T B 0 5 2R

HOD () = 1 !H()‘)(z) _ H(/\)(S’\)P(z)] '

z— s\ P(s))

T BIRIFEAL {sx} RAHEBTOUFA] (Hy} MG HERE, RATEIMF XA
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LRACY k ()

P(z) %

g+ J . J

Z — Sy ;z—aj jz;sA—aj
C(A)P(Z)

J

= (2= aj)ag = sn)

I
NE

cg-’\H)Pj(z).

I
] =

1
FCTT LU th Hy B S SOTFBLIRASKE, BES M Py (2) MOk PEAL e, TR IRESE
SURETBRA. TATIHEE] T R A Y i R

M .
oG m
J Qj = 5x [To(ey — st)
Jenkins Fll Traub 25 H a0 F&AE, i —2 BARI405 a0 M, L, g LRSS
WA .

EX12.3. ZWK f e Cla] M —ALZINXE SN f = f/1e(f).

.
Il

H7%12.1 (Jenkins-Traub Hi%).

U B& 1:No-shift process

HO(z) = P'(2),

() = 1 !Hw (2) H}(:\()O()O)P(z)] (A=0,1,...,M —1).

W IR 2:Fixed-shift process
WOES B2 B < ming<j<y o], BEHLEREE s WL [s] = 8, H s —ai1] <
s — (G =2,3,... k), B o BUR B s BOEMOR. BT Fisfe:

A=M,M+1,...,.L—1).

9

HOD () = - i - [H(’\) (2) - H](DA()S()S)P(,Z)

P IR 3:Variable-shift process
W sp = s — T RO FEAR:

@(s)’
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1 HWM(sy)
ML y— = () _ 2T
H (2) —. H Pls) 2)|,
5)\+1:S)\_7i8>\)7 ()‘:L7L+17)
HO ()

PR E] 5\ — .

EH12.3. 3T R = ming<j<y a1 — ], & |sp — au| < R/2, ch) # 0, D, =
S e /e < 173, W sy — an.
(/\)

). Fi e = 2 Y = 5 Ty = | S R B 47
sy —ay’ ( ) 5y —
ET i VA> LTy <7< 1) EﬂTmEHELIMU
M
__ PGy
SA+1 — (1 _S)‘ H<A+1)A(3A) 1
S\ — (1 N S\ — (1
P(sy)

 HOT(s))(s1 — )
P(s3) Y 1<jen /(g — 53)

ey

P(s2) 2 1<j<k a=sy)oazay 5r — 1)

Zlﬁjgk CE‘A)(SA — o)/ (sx — o)
21<j<k C?)(SA —a1)?/(sy — aj )
1+ o<k ;A)TJ(»)\)
1+ 22<J<k d(A)[ J( )]2
Z2<]<k[ ]2d — o<k ](’\)dgf\)
L+ Yoyl 125

2

)

T ) <1,

L
22<]<k |d |+ D o<j<k ’dg- )| 2Dy,

L) -1 _
Z2<]<k|d(’ 1-Dyp
% 1=2Dr/(1-Dp), MG T, <7< 1.

B Tr, Trot, ..., Thoy <7< L, WX t=L,L+1,....\,

T < <1,

|st —aq| < |sp —a1] < R/2,
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st — o] > Jon — o] — [s¢ — ou| > R/2,
A rP < 1(t = L,L+1,...,A), X T
() (A1)

»n_% G a1 —Sx—1 (A1) ,(A-1)
dy/ = —-— = =17 d> ,
gx) a; — Sxa_1 ng—n j j

[©)

W3 i<k |d§')\)| < D, TR <7 <1, NiTEATHAIEY T T\ <7 < 1(VA >
L.
T BRI A B, BAMEIE HN (s)) # 0, B
HMN(sy) = s CE'A)/((‘;‘)J‘ —53) - Pi(sy)
Zlgjgk ¢; [(aj — s)
L4 Yocjen 45l P
1+22<]<k (/\)7"3()\) 7
FMEE P(sn) # 0, B | Ype, o dV VP < 1/3 51 [HO ()] > 0. O
AT IR E B, T e st

EIR12.4. 4 s AHRFE 12.1 T 2P L4095 40, W HER P L 2% KAt
F IR 9 kARSI,

= Pi(sy)

TERA . RZR D niE

H(L) Z mjo Oé' _ 8)_(L_M)Pj(z) _ Z CgL)pj(z)
lsj<k 1<j<k
T ; o
(L) _ m; [ oq o] — S8
s 26
2<5<k a<j<k L \CI j

[l M J&, BUL 53K, vl xR as/0, SgRArinT DU R L6453 D < 1/3.
BATHE L 2% KA 2D /(1—Dyp) R /M |sp —aq| = |s—aq]| 12DL < R/2,
AT IR 2 BEAC I A2, A, sy — aq. O

12.2.2  WSHERE FI—LE 20155 AR
T2 H O SRR B A T
EIE12.5. X Dy < 1/3, c1 7&0 |sp, —a1| < R/2, W

_ st —an| _ 2 AC-1)/2
C(A —_— = < = .
( sca— 2 R
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JER. ok
(L+)\)d(L+)\) PIEARY;
Z T J J
SL4N+1 — O — 1 2<j<k SL4A—0 2<j<k SL4A—0
—a—1 (L+X)72 7(L+X) ’
SL+x — @ L+ > ocj<ilry %)

T |sp— a1l < R/2, W |spon—an| < TAR/2, X |spin—ag] > R/2, W [r{FY) <
T

(L+N)| _ (LAA=1) ) 4(L+A-1)) A-1_A-2 . (L)) _ _(A=1)A/2) 4(L)
|dj | = |Tj ||dj | = <777 7'|dj =7 ‘dj B

L+
mUZQSjSka + )| < AO-D/2p, < 1 AC-D/2 B |SL < R,ﬁ)\mﬁ%
S WK

CN) < 20022,
F S, O

H L] LA 3, Jenkins-Traub 535 & 22 /0 e 8, &t 1l 1) Newton
IR

#it12.2. 4 L@ BAEHH AN, T A > 1A [spyn — a1 < AR, K oF
=13-22 - (A2 + 1 +2)].

o T ARE A U
72159, B 1 M FEEBUE AR TR, Al R 2 SRR O S R
B R M = 5 A,
2160, KT 2 AT HFE P(2) = 2K dap_1 28 14 darz+ag = 0 F i dx
ANBE A, ARG 2 HE 12,2, RATTEL B N FE 28 4 |ap_1]2" 1+ +|ar|z —|ag| = 0
PIME— IEMR, 1R A F Newton 548K .
E161. KT PER 2 Mk, BRI L B E, Ao gs s iR i — AN 7850 41, 1
Eﬁﬁfiifﬂﬁﬁﬁmﬁfﬂ T8 BT M 0 A5 0, DR M A 2 e v B T f e Sk
AP Aty = 5 — %f SEIEACE B (Bt 20 2D) P BERS I 2 T T 4%
-

H<A

a1 — 0l S Al/2,  fEage — ] < [Easal/2,
JUEZ ST
2162, YR 3 b ISR H FORS B 2SR .
IR 3 AR KA S e Newton 3E48, Fefl 145 R 1K)
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EIL12.6. % wM(2) = LCE M- kKt LT
HMX(2)

Ploy)  _, w(s1)
HOF1) (sy) (W) (sx)

SA+1 = S\ —

B LM (z) = H](;() = 1/wM(2), W HO(2) L i a0 (D =
(Y, Te(HA (2)) = —vW(sy).

T
B P(s\)lc(HAD(z)) vM(sy) v (sy)
SA+1 = S) — HOTD () =$)\+ 71)(”1)(3,\) =5\ + (W ()
o wW(sy)
~ T @)
JF e, O

XS 02 K, Jenkins 1 Traub[03] 97 T CA7T ISR, KET —£
S B AR, DO S 8ioe S5 2 I Py IR (B AR SRR, ks
Pl Jenkins-Traub S0 ] [7]— 58— 02 W LN, B A RER AR St ik )Y
1.

12.3 Laguerre &%

— 02 DU SR AR FE AR EVE A 1R 2, Kl Bairstow 5.9k, Graeffe 5k,
Miiller 5%, Laguerre H%5%, [123] X &ANFIEHH N A, A MBI LIS %
ZICLA NS5 Fr s | #0226 SCHR.

AT R A 4 Laguerre B 1L, e & — FR L Newton 32 AR R 1) &
F([123]2.9 79), BT 200 S8 HEE 20X P(z), KA o MR
T1,T2, - Ty B XUTR — S8R 3

XfF A 52 1 5, 0
1 1
az) = , B() = —— Z

Z—T; n—1
J 1<i<n,i#j

[a—y
—_

z—1r; z—1
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So=0a’+) (B+6)°=a’+(n—-1)"+28> 6+ 0
i#] i#] i
=a’+ (n—1)8%+ 6%

FHIHE B, WARRICT o i =05 R

na? —2S81a+ 87 — (n—1)(Sy —6%) =0

o S ++/(n — 1)(nSy — S? — né?)

n

HT o (195 SCEATTHT LAFS 2

n
81+ +/(n—1)(nSy — 52 — nd2)’

r; ==z

(AFETATA 62 = 0, TERFY 2 BHER vy W, 7E Sy, Sp RILRPFBULEE 1
[ 39087 P, AT S, DRI A R I (R B A 3. TR T
R FLEE r; HFH] {2} SRR, B Laguerre 5024 R

(1) _ () _ n .
I I Sy £+/(n—1)(nSy — S?)

ISR TIORGOS =Frifedl, X2 RS —Bree b e, i et 57
VR RN R DU B Wi S

(k+1) (k) . n
z3 =z )
Sy + \/(n —1)(nSy — 52— no?)

J J

=

2
1 1 1
5]‘:2:[@) (k)ﬂj] ’ ﬁj:n—lz (k) _ (k)
i 7

i#j L% T A

12.4 REUEFIEKEE

X /NPT AT R O AREOT R SRAR. XT 5 R, Bl AT LUAR fif
B EEAR I, R IREATEA AT BRI U Rk, X SRR i
RFIRHRATIRR.
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12.4.1 F, #FEREZE

ST AL LR R L. A8 I o2 = a (mod p), 301 a B p 0
VR4, . Jacobi 7% (p) L AT oD/ = 1 (mod p),

FiEH p=3 (mod 4), M4 z = aPtD/* (mod p) B H].

HHFEH p =5 (mod 8), JLIF P~V = £1 (mod p), HHIES, Ny
a®Pt3)/8 (mod p), W H p =5 (mod 8) 7 2~1/2 = —1 (mod p), THfrz =
2a(4a)P=2)/8 (mod p).

XF T et oL, AT BL il A BRI B IR 7 20 i 5. Schoof 2 H 17—
2 1 IS R) PR AR MR D7V, DR e SR A IR it e, i A T 5 2%, v LAIRATT A
2R — PR R () Tonelli & Shanks 5% [56].

HERATAT LR p — 1 P 2 5RO B R, BIFLE e, q, ¢ 7L, e 2 H
KBTS p — 1 = 2°q. BUNTRIERE Ty SI0HRF Z/ (p — 1)Z R, WL Sylow 2-7-#F
G A 2¢ B IRIREE, B 2 42 G INAERTT, W G VI BB 5% 201 H& 2
A S

M a S p I FARI, BATH oD/ = (a?)T) =1 (mod p), T i
b= a?mod p & G TIF I8, MAEAEARE k(0 < k < 2°) ffifF a%2F = 1. JLREE

é\

T = a(q+1)/2zk/2’

WA 2% = a?t12F = a (mod p).

g SRR

H3%12.2 (Shanks H¥%).
WNFZE p, a, UL e, q ifF p—1=2%, ¢ A,
HrHx W2 22 = a (mod p), BH NFAE.

. BRI n i (Z) — 1.4 =8 modp.

9. é\yzz,rzevx:a(q_l)/2 mod p, b = az? mod p, = axz mod p,

3. % b=1 (mod p), With = &1k, TWMKBIEANK m > 1643 02" = 1
(mod p), # m = r, WA o I = RRRIFLIL,

4. 4t =9y"""modp, y = t2modp, r = mmodp, + = zt mod p, b =
by mod p, J¥: 3 2.
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7163, FREES 15 R BENLITEK G HOEMIE - ATLAA 2 R e LAY
n HEp “HER. (SHT 22 = —1 (mod p))

2164, GACHAE b LLRHIE, DIk Shanks B2th T b HIIOSEME, T REHIAE S0 T4
i, R 2

2 27"71 _1’ b2r71 _ 1

T Gy R G ERR 27 (TR AL TRE, Wy 2 G, BT b € Gy,
B b SRR G, IR AR

IRERAFIR LG, r 2 TR . BEREVARIR BT % R R 0 %, 1R
R SRR L RR, Wby = by ", a1 =20y " = ", TR

2T—m 2 2T‘—m 2
aby = aboyp = z3Y) = 7,
szl o 2r71 o
Y =y =-1

m—1 m—1 r—1
=6 w = (-1)(-1) =1,

Mt H YA AT RN R R i =AY O, e < 1T, Bl 0 =1, T2
LR ZER).

#112.1. 3K o fiff 22 = 10 (mod 13).

fB: 13-1=22x3,Me=2,¢=3. Wn=2N (123):—1,2:23m0d13:8.
BHLy=8r=2 x=108"1/2mod 13 = 10, b = 10 x 10? mod 13 = 12,
=10 x 10 mod 13 = 9.
BIh b £ 1, HAE 02" = 1 MM m A m =1, #t=8""" mod13 =8,
y=8mod13=12,r=1,2=9x8mod 13 =7, b= 12 x 12mod 13 = 1. #utt
4 = 7. O

12.4.2 & p REFIEKAR

SE b L AER A i 22 ORI, AT B A SR 2 T DR i ) L. e A
B b, DAL 23 A Sk AR B o il o 1) (AT B DR 2 il A OG0y, =i B
R T A F, EABOTRERIRATE), AT IR 7 73 il (R SRR AR, 3¢
S EBATREE 2R 25 H RIS [50] w2 A BRI 7 70 i 505, A TPRAE S
L P L R PR AT
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Fi%12.3 (B p ARBOTRERIREE).
WANFHp >3, f€Fylz],
Wi F, 1 f B

1. K g =ged(a? — =, f), 47 g(0) =0, fi 0 % g = g/,

2. 4 degg =0, WEW, # degg = 1, Bl g = g1 + go, W —go/g1 FFAIL,
Fidegg =2, g = go2®+ g1z + go, W4 d = g2 — 4gogo, WH e = Vd, firth
—9g1 +e #é@ﬂ:,

292
3. BEHLEL a € Fp, h(z) = ged((z + a)P~1/2 — 1 g), # degh = 0 5% degh =
deg g, WIEF AT LD,

4. IR A SRR 0 A a/b BORR, VEER I A D EIATS 125

E165. 2 1 PSR FRR f R IR A SRS Ok, RBEAE T,
MR, JFELH 0 MRAE T T B, A g HhHRER .

5 2 DR AT L PLIAL B, RIS IO IR 1 g BB AREIGE 5 EioR
MR ARG IAR.

85 3 D9cbs EaRFIRIR oSk, A IX BRI 2 00E 2 + a,
A RN IR R R OR R 52 [50].
2166, ZFIEE FHIXIN 7730 i SEANR Z AL fE T30 T IR S T — S HAR AR B
RERE, T AN P AR SR A D A — AL

12.5 FL—ZIMALIREEE L

12.5.1 Sturm 53l

Sturm J3 #1 ] HI SR AE Sl RS 2 58— o 2 AR, X — A1/ 43Xy
T EE. e (W [14]170 51):

ENX12.4 ()7 X Sturm JP4). FATH G X [a,b] F—JoF 5 K+ 52 2 05 p,
M po(=p),....pr A X Sturm JEA, QS eA 12

L. p(a)p(b) # 0,

1. pi 1€ [a,b] EAAR S,
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2. 4 pi(§) =0(1 <i <k —1,€ €a,b]), W pi—1(Epi+1(€) <O
3. 4T e € [a,b], % ple) = 0, W pa)py () 76 ¢ AV 5 @ — ¢ FF5 4.
BTy € R, XV (y) IFH po(y), p1(y), - - -, pr(y) AL S EL, B
V(y) = #{ilpi(y)pi+1(y) < 0}.
Xy = +oo AIFERRBRE SO 2RUE X
7 Sturm AT W 5

EIR12.7. 3t T [a,b] L85 3L Sturm 531, V(a) — V(b) A p 4 [a,b] £ FEARKAS

.

B W w0 € [a,b], 21 < @2, A [z1, 2] TIE pi(0 < i < k) BIR, WV (2) =
V(zq), WL EREL V (2) AR AR

L Wa<c<bHple)=0, MEXPE 4 K5HFEe > 015 2 € (c—e,0)
i, p(x)pr(x) <0, BEXHNAZE—IK5, Yz € (c,c+¢e) B p(z)p1(z) > 0, Ik
X ] N ANAS S i 208 V (z) BRELEM p(z) B py(z) MRS, W V(e) &
kN 1.

2. Wa<c<bHIMEANIQ<i<E-1), pilc) =0, MEXHH3 55
r€(c—e,cte) M, pio1()pi1(x) <0, BERFFRE V(2) BREEM pii(z) 2
pit1(x) AT LI, KAV (z) AN TR EAAE.

iEEe. O

TR0 £, ML IHTE SN AT, Sb5 LRI (K p
E a,b A EA %, BRI pr ESPT R N . BODRRTATY A5
FEX, A
—1,4e,1

IR 5RO 1, 0 FIES R AU A TAT LA & BEAT S NE S AL AT 7 91
-1+ 51707 1+e9,

WA Ay 0. F R TIRHN A LI py, T2 AL pi(a)pi(b) # 0.
U AR S Sturm FPFIWE? T € S4TSR AR R S
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EX12.5 (Sturm JEH). T LEF A T2 p € Rlz], H Sturm JEFEIE L

p1=p,pi =—pi—a mod p;_1(2 <i < k),
HZ pr(x) A—HHZ 0.
TEIE12.8. Sturm 7% X Sturm 7.

BB B —ANAE pla)p(b) £ 0 T L v LU R, R ZEH— 41 2 & AF11 a, b B
A,

FANAH pr € R B AT1RH).

HEAKMEXT pi(€) = 0(€ € [a,0)), W pim1(E)pir1(€) # 0. M HrhAy
R, AT pi1(€) = 0, W (z — &)| ged(pi-1,pi) = ged(p,p) = p AEK T,
T . P piy1 = —pim1 mod p; &l pi_1(§)pig1(§) < 0.

FEVUANKAESXT T ple) = 0(c € [a,b]), HTILTFT7, pi(c) = p'(c) #0, BT
Hr e LN

) =y P = P
MILE ¢ A 20483 p(z)/(x — ) 5 pr () A% O

Hy b T ) B AT A B R

EIE12.9 (Sturm £H). p ALFF AKX, V(z) £ p 8 Sturm F7)E ¢z 20K
FH, N p £ R [a,b] EEARGAEA V(a) — V(D).
XERFHV(x) ZXA:

V() = #{ilpi(x)pit1(x) < 0} + #{i[pi(x) = 0}.

AT IX AR S H V() B E B U283t B, wi ek i, X T &
A pi WATEEAE a, b WA E. F5L b BT p 76 a s, WITE o 2%
NIRRT AAS 30 E AR S 0. FESEE AR T S Sturm P81 A2 15 3 A
AR, BN AA pi1(a)pita(a) < 0, BEAE pi—1(a), pi(a), piyi(a) MY 1. &
SRERATT AT AAS 2 B e IR V () BRI

12.5.2 H Sturm FHAHTIRBEEE X

DX T B8 28 SR A o L2 — B iR i JEAR. BATTRI A Sturm J32 1 AN BrRE AR 1
B, e A RN RR BT (L [13]).
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HiE12.4 (SEARMREBI L),

NI IR 20050 p, XA [21, 2], B p(z1)p(z2) # 0,

it [y, 2] EITAMKIBE R XA KES S = {[a1,b1], [a2, b2], ..., [ar, bi]},
Forfag, b)(1 < i < k) PEHBAEE A p KSR,

1. T = {[1‘1,1‘2]},

2. AFEIX (] [a,0] € T, 2T = T\ {[a,b]}, & V(a) = V() =1, W § =
SU{[a,b]}, ¥ 6 25, # V(a) — V(b) = 0 MIEHHL 6 2,

3. WM V(a) = V(b) > 1, & c=(a+b)/2, T =T\ {[a, b]},
4. Fiple) # 0, BB V(a) = V(e), V() = V(b), # V(a) = V(e) = 1 § =

S WHla, ]}, BT = TU{la,d}, BT V(c)— V(b) Fl [c,b] RIFEERAE, # 6

ak
w,

5. B p(c) =0, S = SU{le, d}, 1By = 2 — ¢, I% p1(y) = p(y + ) /v,
W p1(0) # 0, RILARMLEXHER T I M, WX Fpf V(e—M) = V(e+ M)+
1. #V(a)=V(c—M) =18 = S Hla,c—M]}, &M T =T J{[a,c—M]}.
IR V(e + M) — V(b) KPR [+ M, b) AL S BT,

6. 47 T = o WHH S, BT 2 5.
R R BATAT LU =0 vk4i /X 1], 5 Newton A2 SRR (1 EUE AR

12.6 SEZIR

AFEIFREAT O 2, T G 2 0, BAN R Z09F HA e 3T A
ORI 2 T, ) AT BRI B A 5 R ) AT AN T PO R 28 T AT
A2 I TR ATRAR A I, WTAS AR AR A 8 B T X AT
5 A0 5 22 A

12.6.1 HEZMAREX REK
EN12.6. T X LI
d, = H (JZ _ 627rik/n)

1<k<n
ged(k,n)=1



12.6 R %H\K 243

K n a3 2 3 (nth cyclotomic polynomial).
EI12.10. 5 H % AXARLZBKARTLH L AKX (W [0]22/-227T R ).

WESE N, @, MIKEH ¢(n), ¢ h Euler L. 732X E n AR
R R, BATT R 5] 2L

513212.2. 2" — 1 =[] ®a.

dln
PE . A w R n KA, R d, B8R dn, JFH @q(w) = 1. HILATLL
N TE AR UE 45 2P 4 S A7 AR TR] AR P eB P 3t 380 02 T~ 0 IR 7 2 i L —, X
JRAL O
SIELM AT LS 0 In(2™ — 1) = 32, In®y, H Mobius [ {5 28 #t 1] £3
In q)’ﬂ - Ed|n M(n/d) ln(acd - 1)7 EI]

@, = H(l’d - 1)u(n/d)
dln

#i12.3. @, = [J(«? — 1)/,
dn

313812.3. & n, k B EEL, XMNA:

nf&%éﬁl, D]’J (I)n:xn_1+x”_2_|_...+m_|_1’

of

1.
2. % n AT, W Oy, = O, (—1),

3. & ged(k,n) =1, N @, @, = &, (),

4. B kWOERTFHESR 0, U O, = O, (2F).

JER . AU R

(1) n ZZHW, Hé(n) =n—1 BIf5.

(2) 7] LABSAIE w B A2 2 HAY —w HIFT A2 2n.

(3)4 ged(k,n) = 1 B ¢(kn) = ¢(k)p(n) = (k — 1)op(n) (K k Z—ZF%0).
A w B kn, W WF IR . FAEHLEY w B2 n, W) Wk (B2 n, DRk
THBITC VIR, RBOMH R HL AT AN RO

(4) H & A5 ¢(kn) = ko(n). 45 w BB kn, 7143 P B n. [AREH
BT T BT, UCEO [R] FL T JnAE S BT O
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5 P W% o0 18] 22 T3S B b B AR M, OF HLIRATT AT AR i T 20 [
TR B[ 175):

8i£12.5 (705 2 WM A REE).
N IEREE 0 ME R BRI RN T p1, ... 0,
fttn B A 2 30K @,

1. f():l’—l,

2. XF i AN LOEHE] r, M f; = fifl,(ipi),

3. & fr (x”/(l)po“'Pr)).

12.6.2 HEZIMA R Graeffe 2 755%

BORG R K 22 W7 B, FRATTHEE RE AT ROt HEAT 23 13 2 I U . [37] 42
T PR R ARSI Ty, g T AT A0 A% 11 23 1 22 T 3 (Shifted cyclotomic
polynomial )[R 752, TR AL — N Graeffe ik T—10BN4H 5 —
i Euler % (Inverse ¢) Jii%. FATTELL R =AM 23444,

B3%12.6 (Graeffe I F2).
LTPAEATE W
fth -2 fi = graeffe(f), HARMEES D f IRIF I 0EEA

L f(x) RIENZFTEB > FERX, BI f(2) = g(2?) + zh(z?), HH g(2?)
Al zh(2?) 43 B f(x) AR ANZ BG4,

2. 4 fi(z) = g(x)? — zh(2)?,

3. FLUE 2 AT 1e(f1) A IEEOF .

Form s, B f(z) =0, W fi1(2?) = g(2%)2—22h(2?)? = (9(z?)—zh(2?))(g(z?)+
zh(z?)) = 0.

W fi(x?) = 0, WEATE g(2?) — zh(2?) = 0 3L g(2?) + zh(z?) = 0, TLIEWEFH
GG, ¥4 f(z) =08 f(—z) = 0.

AR LRI v] LU Y S8 2 ) — 0 M. O



12.6 R %H\K 245,

Hi%12.7 (Graeffe £ 7772).
WANATLAZIK f € Zx],
Bt - f e A e B 2 1k
W f1 = graeffe(f), N

L % fi(z) = f(z), W f 208255
2. 4 fi(z) = f(—x), H f(—z) 2RI, W f 5015 2 56K
3. f1=f3, Wb fo RAPAZ I, W) f 2505 2 T

4 MFREMWR, fHARSAZ TR

FEA A, (WTHf 09— MR o, B fL = f T a% a0 394 F I
MR, MOLAFLE k> 14613 of = 1. T f AT £ 2 0L o — AR AT
AR A= B 73 [ 22 T

(2)#F n E@mEH, W (—2)" =1 = —(2" + D|(@®™ - 1), TN (—z)" — 1 =
o — 1(z®" — 1), TTRIFEII T f(—2) L0 B2 R R f () o35 2 50
v

(3)ILI f AR A — AN 23 B 2 AR P AR, H f ANAT2y, Bt f a4 15
Z i

(4) R AR IRATHE f 72— DR 2 W, B fla — 1, 37 no2arE, W 2 3R
B on KRR R RS — AR R R, B f RRA B8 T f IR,
W fi = f. #n = 2q, ¢ Z2FTH W fL FIARE ¢ IREUA BB AIAR, SO &
Bt n = 2q IKAKRJF AL, 35 4ln, BT fi KR n/2 OK R BAL R, (H 2
d(n) = 2¢(n/4) = 2¢(n/2), BRI HIL 2 Kk, B2 —2 B2, O
7E167. X Graeffe F 0 7 vEFRAT X B W 75 50— &5, BT Graeffe i B2 77 A2 1) 22 Tt
3 fL FHETREON L, WESERT 3 20 =AW BAT 175 A0 AH B (1) 22 0 1 T &R
et A IE, RIS 120 £, 58 2 I8 f(—x) FIZE 3 B fo.

T TRTRRAT 1245 15 B AR
5122, ZE f=ab -2+ 2 -zt + 23— + 1.
T f=a® -t + 1+ a(—2%+2* +22-1), N
filz) = (=22 41 —z(—2P +2? +o-1)2 =2® 2T +2% — 2t 2P — 41 = f(a),

[i4 f il Y R A M f=®55. &
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#112.3. TATHEE A7, B f =a® —af + 2 — 22 + 1.
i

filz) =( 4—x3+:1:2—x+1)2:f22,
AT fo= (a2t + 22 + 1) + 2(—2? — 1), W[

fa=(@+r+1)2 —z(—z—1)2 =2'+23+22 24+ 1= fo(—2)

RN, g5 b f 2RI HELE f = Oy o

12.6.3 Euler REEH X

A0 B ] RE ey R B WM B BT UG v AR BE AN L 22 o A
Aoy A 2 s, (AR I SL I 2. an SRR T RS R SR A 7 R, I8 BRAT AT 5 i
B H n. AT ZR IR 5 92 0T AR R — il L.

Euler & B HUNEA T FAERI AR, BE fRE— dIRATTHZ I, A
n A Z IR, AN d = ¢(n), H fla™ — 1. Ft—A AN E AR
BN REM) n, FRUEAT AR, A T 525 A il BErf) n E, FRATIZE X EREL o (n) 1)
— Mt

FEIE12.11 (Euler BREIATE). A F R4 o(n), RAVH o T4 ([37]247 R ):
1. n<3¢(n)3?, V¥n>2,
2. ABFHETIF n <56(n), Yn < 3000.
B3 7 R PR BRI, BA 134 W] LIOE I 32T 2 T AR R R ORI BT n
Bt o3 2 350, ARG n BS, 04 1. 1 E—/NT 1 Graeffe I #3411 n] LA

JNIE, Graeffe Z IR
f1 = graeffe(f)

WIETARRAE N f AR 7. FEs bl it i e e B, A1) AR g5 kT8 n
B Graeffe 2 iz
f1 = graefte, (f),

AT ARG f BIRRA n UCHE.

FI12.12 (n B Graeffe Z1iX).

graeffe, (f(z)) = resy(f(y),y" — ).



12.7 (—) A4 % -247.

5112.4. IRFEE f=aB — 2"+ 25 -2t + 22—z + 1.

fi#: d=deg f=38, T/ n < 5d=40, ZKK LI fla® — 1, Kk f = §y5.
WERAHARERE, WIEETHE n B Graeffe 2300 ] LLANIE

gractfe;s(f) = (1 — )",

TRWAERE] f = 045. O

12.6.4 {5 E % I

W f(x) 22T, m oy — 88, WA T A geka il than f(z + m)
(A We?

TG TRA I R B0 53 [ 22 AR O O 1, BRI T 45 58 AT — AN R
B2 f(x), HEERB m AL f(xz+m) 220, WK f(m) = 1. Bk
PATEERIFTTHE f(2) £ 1 = 0 [REEEOR, X AT LA BRI 120 it 50— wrh i 2]
EE, WAT UL f(x) £ 1 (0H REUR A B 1R 2l 2 A 1207 BRI AR,

g AN AR R gl B X — T
5112.5. %1 f = 28 +162" +1112° +4362° +10612* 4 164023 + 157522 +860 +205.

R ALK f(z) +1 = 0 FE4EHR, 1 f(2) — 1 = 0 #EAR —1, —2, —3, Sy —2
NI
flx—2)=a® —ab a2t — 22 41,

IEAEIP A Z I Pop. <

12.7 (—)EERE SR
12.7.1 EEEHHBEL

XN RATRAE B 285 5 e B R 1), iR S AR TR T,
B T2 I g, b, BATAT ORI EANTRE S E f = goh = g(h). BIERA]
LGSR E B 8, B T455E 10 f, BEANBEFRBIXFEM g A A, AL AT £ 2]
AT,

A B2 I A 1) jEE 2 AT RN, W TAREC B A SRRk U, 3RATT 2 50
HEAG B SR AR AT K T 4 DK 22 300 LA R T i Bk (1 20 T 22 0K, i b, sy
4 k2 I, W

f=ab+223+1,
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WA DUEAE 2 RO7RERRE iR AR, X BUR L 22 & R B iR 5%, RATES &
Wf=goh Hbrg=a2+22+1, h=2a>.

AT NER S [171).

TATKRFEE — e, Wt n k2 f € Flz|, X T n i — D7
r>0,%s=n/r, WATLEKBNZ X g,h € Flz] 3 ENTHRRE 0 A r, s H
f=goh=g(h). BAXEFZEIRRENTE E (tame case, W, [174]), BRI F 1%
fiE p = char(F) ANFEER r.

TATAT N 1 20T 5245 R 00 il e i — 1 g B

EIE12.13 (Ritt 5@ H). 25 (complete decomposition)f = f1o fao---o
fo(EF fr, .o, fr A RT 2869 ETHAT R F LT RE—49:
Vf e Flz], c,de F(c#0), r,m > 2,
1. fo(cx+d)o((z—d)/c)=f.
2. (x™- fM)oa" =" o (z™ - f(a")).
3. T, 0T, =TnoTy, =Tr, £F T; 2 i B Chebyshev % A X..
7£168. Chebyshev £ I3 X

ta),

T, (x) = cos(n cos™
AT

T, o T}, = cos(rcos™(cos(mcos™ z))) = cos(rmcos ™t z) = Ty

F G A LR N A ENE, TIHIEATE f = goh, H a = le(f),
c=le(h), TRBAA

f_ (ig(m + h(O))) o h =0,

C

EHA TR AAE AN E 2RSS, IR A2
I (h)H BTN 0. F5 58 Fifigs i E X

EN12.7. 0 M K Flz] PR E— 208 S, W f e M, & X FES
DECY, = {(f.(9,h)) € M x M?|f = goh,deg f =n,degg = r,h(0) = 0},

PR f BRI 53 fgf 1R PO .
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NIRRT, T s A X

7E X12.8 (The reversal of f). W f = 2" + ap_12" ' +--- +ap € Fla], i
f=aoa" + - +an12+1=2a"f(1/z).

Bi%12.8 (—uBAREBIE).
WANH— 2 f e Flo], X% n = rs, 3F H char(F) fr,
it :DECE .

1. 8 h € Flz], degh < s H.h" = fmod 2, h(0) = 1, 4 h = 2°h(1/x) €
Flz],

2. W “Taylor I I REL by, ..., b, € Flx] WI'F:

f=Y" bil', degb; < degh(V¥i).

0<:<r

3' % b07 00 -)bT' € F7 é\g = ZOSiST blxz S F[$]7 %gﬁﬁﬁ (f7 (g) h)) ggﬂ:? ?i:':]jl‘ljiﬁ'j
o &k

FRA A, B A0) = 1 41 lc(h) = 1, 1 degh < s %1 h(0) = 0. il Kik
f=goh, It Bl AR ZAE, W) F AR 1) dRE s WU TE], B deg(f — ") <n—s.
58 b = 2°h(1/x), T4 2"h(1/2)" = (x°h(1/2))" = h", H.

deg(f—h") <n—s < 2"((f=h")(1/z)) =0 (mod z*) < f—h" =0 (mod z*).
. =

7E169. ) FH A G (1 e 38 5 v ([174])283 T F 5 2.1), W HEANFTIEM B I E A
O(M(n)logn), Hrh M(n) ZMANKECH n 12 BRI M AEGEZ 5. Taylor
JEIF KTt Buclid FRik— 0 oF SRR, Sk ZH B 2 Ty Sk s —ut
it SEAN T () R AE N — /NS 2. AR R ME— MR T T 19 20 2
g 1 AR B o

HETERAT AR T e

#it12.4. 1. BRAAANSME f =giohy = goohy Hdeggy = degga = 7,
W) By A fR ARG, B e AT Z 08 T vAIB i = AN T P A 45 A T AR BE
F:Ac,de F(c#0), 1245 g1 = go(cx +d), hi = (hg — d)/c.
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2. #DEC], < 1.

3. W kA F RN, B (f, (9,h) €DECL,, h=ca®+-- +d € k[z], N

g1 = g(cz +d) € Fla], hy = (h —d)/c € Fla], & (f,(g1,h1)) € DEC,.
MRS SE, AT AT — o2 W 5E 2 2 50k

Hi£12.9 (B E#E).
BMINEH —nikZU f e M C Flz], H char(F) jn,
v f e A BT

L WS TSR = Pt p*, 4 d(n) = (1 +1)- - (ex +1) o m [
E%&ﬁ, Hidri=1<mrm<---< Tdn) =N %JEE?,

2. % j A 2 A3 B d(n) — 1, KR HE DEC], , X T T K28 — A fi#
(f, (g, ), BBV A SVESK AR b (1953 10l /L, 198050 h = fao fao -0 fi,

12.7.2 EXBREHI—LEKIRE
[105] FXTE ARG — LA P AL T 45,

EM12.9. f=ag+ a1z + azx® + -+ apa™ + - - - FHIER R AL (formal power
series), VR a; fEILH.

ATy A RS AT BRI s SR A0S L R R 2 8, IX 3R BOE A2 AE C By
. B S B2 IR T g UK AR, S BL T i B8R (R SIS
S BRE LR, HIRAIS A THE e TR 2. — i =, JfiTte % B U i
(I I0 IXFE, BB TAERE 2V (N € N) N I¥ 2 S i)

G, FATRT AR 2R AR SRR Sk

Hi£12.10 (B XFRECRIEETE).
Wit f = gh W5 n KB RE f,..

fo =) Gkhn k.
k=0
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1 B SE, JATRT LR TS 13 2 BRE H%:

Hi£12.11 (BB REEREEE).
N IEXEREL g, h, S5 XA L, o hg # 0,
Wit f = g/h.
Hi
n—1
Jn = (gn - fkhn—k> /ho
k=0

ﬁE?jﬂ\m‘ff%[ fO)fla e

T RS SRR, ISR T TR SR A e B R B OB T s B
NRPEL g(x), R FRATE o, FORFEL f(2) = g(2)®, BRBATTB g(z) A0
Y7

9(x) = gma™ (1 4 Imid gty ) :

gm
WL o RN

o
) = g (14 2t
gm

i bR LA H 1) B9 45 S — AN 50k 1B R B RO, RS
PR3 % g(z) = 1+ h(z), b r(0) = 0, R 3005 #LR T, FediTml LLn)

1 g(x)* = (1+h(x)*=1+ (‘i‘)h(x) Ly (i)h(x)n L.
AT Buler K3, 1 f(x) = glo)*, FATRIVI 0T LI 51
f'(x) = ag(x)*~'g'(2),
IR

fl(@)g(x) = af(z)g'(x),
AR LR BURTT, FFI 2 I R 1545

n

> kfugn-k=ad (n—k)fegnk
k=0 k=0

fo=>_ (a;:lk‘—1> Ik fr—k
+

1—n)g1fn-1+ a+2—n)gafna+ -+ nagnfo)/n.
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M EXTTLLE H, Euler 45 HIWEIE S AR O(n?), —Meth, AR L
IR I EIVEEL Euler 45 H B ERI AT (R BHE SR8, [174] T ENAEEE
AREEVIE O(M (n)logr), Hrf n B BN, r &I TR (o = 1/r 15IE), M
SCHR [10] 25 ¥ Newton IEREFVE T LUAS]. KT B U REERE N P 5k
W AZ 1%, TiAhe T AR A SR v 2 2% [109] 2530k, X BLAAS 1 5¢
R



KRG EHKRE

A 24 BT RIS, BT LLBA TR ISR A AREOT R 2 0 A 2R 51—
FRYVMES NS WA FRAT LM 7 B S BI R 256, JA il 2R | — & JT
Jik, MR T REAAE LT = MBI, ARSI PR E. — & RS0 B
P B A EACU Y SEBL U 5 PR A8 UE B 6 i R O7E, A RESEA T HIL
AU, RN REAE A & — M = A, i mT DU T AREO BRI SR . 54— Tt
Grobner JE 7775, E BT K 2 X446 h = MR 1 T 40, e T2
Tt AR R o A5

RN UATUE W] () B2, T30 BE L Grobner JEE R 2, IE 2 W1,
FJTAE LT HE A AE T B R +r H. SR T, ROVESE A 2 T — A
ATe a2l FEBRE A2 O BRI, B AE M TR, 2 I AR v 5045 Ty T AN
Grobner 357512,

A, A [12] FAT AN IE I W] LR 25 X v Bk T I T, X i
P2 S ICBRAR A B BB g B, RIMAC R 55— AT sE A i g 2 oo, 28 9 e =
95 A R TTIER Grobner 2.

TES A T 0, FAT U] — N 2o T B AR R I8, 1 e i
JCIT i, ¥ ) A — iR, A b — T A ) 8 R A VA ORGSR A 7R T
PR Gl SRt X HUEAT 3R AR WOR BRI, e n DNRTCH 21,20, ..., 0, —
FREFRATTR T AL T m Ik, B S o R —28 0T oy B —Je i e, LR
x; PRSI, SEBRh, FRATE AT REXTREAS o #R T — RAIBIME, FIF BFS 2%
AR n JeFext, BT RR AL i 2 iU sl s o A, FAT T mT LUR %5 5

253
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Mo P S R LI BUE T BRI . W R B AR A E AR, — B O Al
R ARBE J5E IRN 2 0K f (BB F 2 0O @ o f 195 ¢ MR (B
ATRTELE CRE — TR I FE ). T2 BOx PR it F m DR BB 5 72, BIAE — e A
HAESRABEAR, B HI DX TR B 88 (1735, R DX TR] 20 45 A2 0 /N RGE IR, DX Ta) SR
PR IE SE LA RC. B2l A )oKt W]

x2+y2—1 =0
22— 249y —2y+1 =0

WIS 22 — 2 =0 y? —y =0, Ktk 2 = 0,1 Hy=0,1, FAI7EH
2 x 2 JLPURMESLBEATHEAC, 25K, X LS ] AR 5, SH 2 IS 0 il S 2% 1
MRACEEE Ny — IR AT QTR R SR, AR S R AL (2, ) = (0,1)
5 (1,0).

13.1 %3¢

FRA T U 0 45 5 — R S 45 Sylvester 253X, A 45 AT W o6 T 3RATLLHT
FEL I — AN (WAL 8.3 ), ME T IR W F:

EIL13.1. & R 2 UFD, BAF RS AKX f,g € Rlz], W ged(f, g) 3-F L% AR
4 res(f,g) = 0.

MAERNZIE—N—n 2 W4, & f,g9 € Clz,y] = Cly|[z], FATAI LA
ENE K Cly] EXT 2 B—rc2 . AR Bl e, ATH ged, (. 9)
N A res, (f, g) = 0. IAETRMTZER AT AL, AW 2o &A1),
WG (x — x0)| ged, (f, 9), WHKT v IR

res(f,g) = 0.
HH UL, FRATTSE B AT T oT, BT R — A Sy TR

HE b FATAT LUK X A ST 7T 2 n AN ITIE . WA TG A
T1, 22, Ty, WIFATESETTLAN n DTTREPHH (n — 1) RO7TRE, WP H 45 2002
W o, ZERE (n—1) NIRRT 29, ., 2, W, PRI REEE MR 2, R
AL SR T R
#113.1. &L AT 4

fl(xvyaz) = $2+y2—|—22 —-1= 07
f2<xayaz) =r+yt+z= 07
fa(z,y,2) =2® =22 +9y? — 2y + 22 + 22 = 0.



13.2 X7k -255-

s
fa=res,(f1, f2) = 22 + 22y + 2y% — 1,
fs = res,(fo, f3) = 20% + 2zy + 2y° — 4o — 4y,
AT ARTC 2 O 25, v Bl 20O T y g nis y W&
fo = resy(fa, f5) = 4(162° — 4z — 7).

TR —IC I 1622 — 40— 7= 0.

13.2 RAE
13.2.1 —LEKHES

IR RS 79, X JFEASE B J. F. Ritt 26 A1) 56 T oA T A
N, EAMEEE 70 SRR, SRS AR HENT LA i BEALASIE B I O 17X —
W, E A Grobuer FESAL, & —FIE o7, T LA BEAE B, AR T K g
SETFHIIAREE N, KT RI7, TS [14], [13], Wa] WS SCR AN T
FAE [3]4.3 7.

NI k&AL 0 B, K[X] = k[ry,..., 2] = R, BT IT N

T <o < - < Ty
EX13.1. XTI ¢, i ¢ P K NER 0 4 p, & SLCEIZE cl(t) = p. B
cl(t) = p = max{i : zi|t},

Ferp AR 0 HEHIZE SR 0.
EX13.2. M TZH f e R, @ XHEN c(f) = c(16(f)).
EN13.3. X FAETFKR <CRx R, XT f,ge R, ¥ f < g R FHI&KMZ
AL
L cl(f) <cl(g),
2. cl(f) =cl(g) =p>0Andeg, f <deg,g.
B f£gng £ f, WEK f R g GO0AHIR, 324 f ~ g.

EL70. A f < g, WI(f) <1t(g). RZWAK, Gl f = 12323, g = 23w HONAH
[F].
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ELTL. EFERPAOE A7, 1 H & R

EX13.4. B cl(f) = p > 0, # deg,g < deg, f, W g X f 2K, LA
g(red f).

ELT2. g < f, WK gred f). HY gred f) B, A—EH g < f. #lw
g =m1z3, [ = x2.

FfE cl(f) =p >0, H
f=fox + fay 4t fm,

M—1+

9= g0z, + g1z} c g

Hok
EN13.5. fo € k[r1,29, ..., Tp1,Tpi1, .- -] BA f HIHI.

M g ARXS f LGS, BT M > m, BATTR] iR I E RO BRER L 21k
EN13.6. Is € NS fsg = qf +r, Horl r(ved f). ¥ g 04 r B FERR N Z04E,
AL s HECM —m + 1.

13.2.2  #7l

BATFIN— R 52 X
EX13.7. ZHWRIPI F = {f1, fa, ..., fr} BATIF (ascending set), # F 51T
Z i

Lr=1Hf #0,
2.r>1, HOo<cl(f1) <cl(fa) <--- <cl(fy), HVj >, H fi(red f;).
FTFA ) 3 SCEATI AN TE TH 51 (I v SRS Je AN .

EX13.8. JHHIF A ES, WERTHHN A i — N AR R EA L. 77 JE R R 2 T
AT TR .

ENX13.9. & F 2T, ZHRK g € R, #7Vf € F A7 g(ved f), WFK g #XF+ F
R, K g(red F).

EN13.10. & LT EIAIF R R <, M TFHRATHF = {f,....f,}, G =
{917' .. ags}a %k F = G, %—Fﬂ%ﬁ:‘Z*%E
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1. 3 < min(r, s), i3

Ji~g1, fa~g2,..., fi-1~gj-1,f; > 9j

2.s>rH fi~g1,. oo fr~gr
i F £GNANGLF, WFEZFZYAHF, LA F ~G.
JELT3. 42%4 F~ G, E’zﬁj&ﬁ r=s E_ fl ~ gz(VZ)
R E AR, RS VA A

EIE13.2 (Ritt 51H). K P, By, Fy, - RREAZN G F5), B Vg, A Fp <
FyV Fypr ~ Fy, n 3¢, Vg > ¢, A Fy~ Fy, 2P A AR FH 7 Fy.

B, A rg = #Fy, fq € Fy REHATIE A2, W)
flana"'aft])"'

S ATRHG AT B R AR SR g1 € N A5 Vg > qu B, £, ~ fo.
WAIHHELE ¢ > qi I Fy 155 2 4> 2 30 S 741
fq(11)77f¢§1)7 )

FIRERI AT g € NAETE ¢ > qo 4T 1Y ~ £ B FHA TR 1y < n,
BATREXA AR AR F ik, RS ¢ e N, 1 ¢ > ¢ I, rg =1y H
Fy~ Fy. O

HEIL13.1. PAAT AT 5356 H A Fhed.

13.2.3 EK7|

WA R—ARIEZFZIAMES, HrhL S G T, BATC bk H 511
PUWELH AS(A).
EX13.11. £ F € AS(A) 24— MR/NTT, WK F ot A AT (basic set).
EIE13.3. A Eag ARG, B AR AME SR K.

JER . FRATA RS G PR RIE BRI AT, % 4y = A.

B f1 oA Ay HFIREAN NG, B cl(f) = 0 ) {f} CAEIEARS. #5 cl(fr) >
0,10 By = A1\ {f1}. #F By "HocExt fi RZML, W {f1} DR EFEAS, 75048
By 1) f1 A 2 A AR A,
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Vs € Ag, BERAT fo > f1. W45 fo ~ f1, WIS fo(ved f1) FJE. # f2 > fi, H
T fo(red f1), WIHRE cl(fo) > cl(f1).

P fo 0 Ag HIEEANR/NTG, 85 Bo = Ao\ {fo} "FILEXT fo WAL,
W {f1, fo} CAREFEAT], 750 AT LGRS H Ag - -

T 1, fo o KD TV 0001, U0 Lok ik P i A B A5 40 1, A3 BB AR
il =

BT RARDIMAAAENE, BATICE S A R REEARSNES N BS(A). &M
13.3 G PR B RE S b B Ot TR 2 IS A BEEAS 154

EIE13.4. ARMERSAXMRNGARE, F={f1,..., fr} € BS(A), cl(f1) >
0, X g 2—FERZRAKX, B gred f;)(Vf; € F), & B = AU{g}, M 3G ¢
BS(B),G < F.
PEB. i cl(g) =0, W G = {g} Wi 2K,

Foellg) =p >0 M 3s(1 < s <)M cl(fso1) <p < clfs), XHT
g(red fs), W g < fo, WG = {f1, fa, -, fs—1,9} WL EK.

Ficl(g) > c(fy), WG =A{f1,..., fr,g} BIALERK. O

13.2.4 4 EFS5AE

EX13.12. # g XTI F = {f1,..., fr} A2LMH, & L K fi € F 92, W)
At RERIE:
Irng = Qrfr + R, Rr(red fT)v

15111Rr =Qr-1fr—1+ Rr1, erl(red frfl)a

IRy = Q1f1 + R, Ri(red f1).
WAR Ry X F 2L, AT ¢ X F IR, ik grem F.
RNES LR

EX13.13. ¥ Pl AR 2 Wik i) A IRAE, #kTH51 C e AS(P) 4 HRFAE
4l|(characteristic set), W C c (P) H Vp € P premC = 0.

BI%13.1 CRIFESIEIL).
BANAPEA R IAES P,
it P RS F
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1. A=P,i=1,

2. kith P, )—NMEAY F;, € BS(P),

3. ¥ P\ F, P2 AN F; KR, HAEFRTM LS R,
4 #H R #@, 4 Py1=P\JR;,i=i+1, 525,

5. i F.

T RIS AR, BT @ = m Pk, AR S A I
V(P)=V(P)=---=V(Pny).
M T FR A2, g 2 13.4 nIRnEATIA 20 B (138 I AL
Fy = F =

H T Ritt 513, JATAT AW SAER 28, Ol i = m I, Ska 2k, Mk 273
2 R, = 0.
FTRFAES A 2 TN R OR R, AU T € BE:

EIE13.5. R F = {fi,fo,-. ., fr} ARFAKRS], B fitdmXA L, J =
Ll I, WV(P)=V(E)\ V() UV(P.L)UV(P. L)U---UV(P ).

JE. N BRE R E X, TATmiE T2 p € P, T p(red F), W75
dry---541 /TE?%[‘
Iﬁr"‘If1PZQTfT+“'+Q1f17

Y A5 W AR AT LU H A AT AT — TS A2 A2 ) 14, I © A2, IAE Va e
V(P), #i a € V(J), MAHEA i 13 a € V(L), 55 a € V(P L), #
ag V(J), WaecV(F)\V(J), HEGECH. O

E174. 5 F Z2FJEH, WG V(P) CV(F) = o.
EH13.6. s FHMRIERS AKX EL P, HLE—AIOHIET) F1, Fy, - 144%
V(P) = JV(E)\ V()]

¥ T A F ¥ 8RR KR,
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GEY). RUR AT E 5L, JRA1EA S
v(p) = vEN\VE) U Ve n).

HRABANEWA I # 0, W I;(red P). HT I ZHHIES F A f; B8, W2
A Li(red F). I I;(red P).

PRI AR, RN AR FW) L, 20k V (P, L), 45 HRESIASE T TE 5, W
A1 BB RFAE A A, i B 13.4 AP AL R Z R, V(P) n ik h A #EE
. O

13.3 Grobner £

Grobner JE52& Buchberger T~ 1965 -7E H g FoV g SCrh 3, el H K fig
P2 T RRAL . LS & K, B AR 2 o0 2 U AR SE )8 A
BN, [17]) — P SEE VR A4, 40 [175], [13] bt /41,

13.3.1 —LLER5NAE

BANFZR A T Z 62 A 5| N Grobner %5, 4 7 5 0L, 15845
2l 5 BT,

WF 8, Lh X FoR n DAETT 21, 29, ..., 2, WILZTAH R = F[X] =
Floy,mo, ... 2], WA s M2 f1,..., fs € R, HEMNERPEEACAE

I<f17f27-~7fs>{ > QifiQiER}-

1<i<s
ENX13.14. X T LB I, & A5 N
V() ={a=(a1,a2,...,a,) € F"|fi(a) =0,i=1,2,...,s}.

BRIANT V(1 for - fs) = ey Vi), BV e I(F(V(I)) = 0).
K EWAAL S, fi,..., fo RO T IEE, BATRNE, /£ o2 BT, i
THOE B BAUA, AT

<f17"'7f8> = <ng(f17"'7fS)> = <g>7

HXFARAT—A 210 f, X g 7F Buclid BRiESE f =qg+r, W] f € (g) &
r=0. (X T2 E, XL R AFRPE IR D AL, teln

<.%',y> #* F[wvy] = <1> = <ng(x7y)>'
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XTFHEPR a = (a1, 00,...,0p) € N, 58 X X = g2 - a0, PR HLI0
3 (Monomial), ¥ e AIGEESCN M C R.

BT LUE SC M PR R <, AL S IA AL, BT AT =4
febra, B,yeN, Ha<f=a+y<p+vy FHGHEILATFRET
#113.2. M L[5 #7 (Lexicographic order) <jep : @< & o — 3 L0 %H—3E
Ty N
#113.3. M L1453 485 317 (Graded lexicographic order)<je,1:a<jez18 < ||| <
18IV ([ledll = 18I A a<iez3), Ferb || - || A& 165K
#113.4. M 157 235 5 7 (Graded reverse lexicographic order) <jepo:0<jez2 <
el < 181 v (el = 1Bl A o — BATAEF 3 54 ).

FAT— R P, BB < KRR, EIZFP R, AT LUE X200 f 1
SR I6(f) A f BRI RRIE, SRABH R] 5 SCARIUAR KL Te(f) A4 LIS Im (f).
—ANZIEREUINE XN deg f = deglt(f) € N™. H Tix e, FATrT LG —
JLZ WA IBRERCH R ERVE, PHgy R i RERIEIN HA:

H£13.2 (R
iﬁuk:f?flaf%"'afs € R7
Wit q0,...,q5,m € RIS f=qufi + -+ gsfs + 7 B r TARATRIA
16(f1),...,16(fs) AT —AEEER, BIA AT F251k.
Lr=0,p=fq=00i=1,...,s),
2. Y p#£0 W, JEILES 3 2,
3. EATALEREAS i A 16(f) | 16(p) W

1t(p) _ t(p)
w(f) PTG

B r =r+1t(p), p=p — lt(p),

% = qi +

4. iﬁtlj q1,42,---,4s,T.

5113.5. e f =22y + x>+, fi=ay—1, fo=9y? — 1.

i H B e SRR RS, TR, B2 R UH £ KAk, 153 f =
xfi + (xy? +x +y?), B OPIATTLLH f1 38 fo SRAML, fi RS RA TR AT X
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—LH f1 Rk, 1524558
f=@@+yfi+fot@t+y+]),
R 2 A2
f=zfi+(x+1)fa+ (22 +1),

BA T2, 2L R A R 2 8RR, Xt 2 502 WD Ju 2 i
KR PEZ . <

TEN13.15. 7EHE 13.2 55 3 20 2 i B A& S0 BE 3R 16(p) B/ NIFE S @ X
R 2 I AT 2940, WE SO 20 » AR frem(fi, fo, ..., f5) =1

FH AU T 204k 45 B AN ME —PERRATT A, HEAREH Ui 2Rk A — 12
Wi e A AE TS EAR T, O T AR YRR LE 22 o0 2 TR A B I, RATT 75
F5| N\ Grobner FE.
13.3.2 HBIRNIBAE L —LEEEE

B IR B R A e B TR R FAR, AR N AT,
(@) = {{a%]a € A}).

513213.1. 2° € I © Ja € A(z|zP).

3I313.2. & [ R — /AWM, LT A HZENY -
(1)f €1,
(2)f FEALRAETER I,
(3)f & T ¥ 3SR PR

EY. (1)=(2) BT = (a), WA f =3 qar®, H go REIGL HILHN
F AR IS TR R 2o B
(2)=(3)H1(3)= (1)} B4 0

H1 5B AN A 21

Hi£13.2. BARMILA [, [ AF G AZLMRLECNAAARRE GERAKX.

EI13.7 (Dickson 5]#). VA ¢ N*, IAR%E B C A#4F (x4) = («B).
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PEB. A TETUEN], FATIIAN" BT Wi a8 Vie{1,2,... ,n}(a; <
B). HUILFRMIANE o < 8 & 292

W B R AMINNICHES, [l B = {8 € AlVa € A(a £ B)}.

TRVa e A38 € BB < a), WHEAR, B L #a = a ¢ B, Il a
M oe, BAEE B8 € B(B < o), 7. Wik Va € A,38 € B(z|z*), Rl
2@ € (zB) = (z4) C (2B). X B Cc A= (zB) c (x4, I (x4) = (2B).

NIEATES B 2 EMRAE. T n=1M1EN, BT <247, W B Z&$T
8, AR AR O, R IR B A T n — 1 IR ST, A

A" = {(alao@w s, Qp—1 € anl‘aan € Na (Ckl, .- '7an) € A}7

W A* (/N CEE B AT, VB* = (B1, ..., Bno1) € B*, BATHH bge € NAE
13 (8%, bg=) € A, HHT B* AT BRYE, FATATHUE K E

b =max{bg-|* € B*}.
FitVa € A, 3p* € B* fiif4 8% < (au, ..., 1), TRBE > b, T
(8%, bg<) < (B%,0) < a,

Bl o ANJEf /o, B A TR —W/N G o D2« < b, IBA #B < (#B*) x
(b+ 1) ZHWRE. HIEgNE, Ae AL O

513813.3. [ R R PAE—®H, £ G C I ZRARER (It(G)) = (1t(I)), M (G) = 1.
B WG ={g1,...,q), WVf eI, B Rbrizn £33

f=qg+ - +aqg+r,

Hrrr A G4, METr=Ff-qo— - —qgcl, TRItF) elt{l) =
1t(r) € (1t(Q)), B r AN BIRERLE (16(G)) 1, Btk r = 0, W f € (G) = (G) =
I. [

FH A A PR BEARY) WA R AR B, FRAT T THIR):
EIE13.8 (Hilbert 3L ). R PAATEA [ ¥ A FRA K.
#E1£13.3 (HAUHEE ). R RYA—BEAM L ChC---C I, C---, &
EneNVm>n,I,=1,).

KA I = U2y I 2 RAE R A 3], 3 2 XA 5% A1 19 34 B i Noether
 (Noetherian Domain).
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13.3.3 Grobner & H MR
WAEG|I N Grobner FEH & X:

EX13.16. WA Z UM R PHIHAR T MK —RI)y <, T AR TE G 240 L
(t(G)) = (Wt(1)) I, BKAy I #) Gronber 2.

BATIEHAL T 144k Grobner 254 GB(I), JI
GB(I) = {G € 2! |G Gronber %}
Grobner & FIAFAENE & B Hilbert J& 5@ #UAS [ 13.3 ARUERT, &AW R P

EI213.9. X G € GB(I),Vf €R, HEE— ) rc RIEF f—recl Br ¥L¥E
R (G) FAEEL, BPRTH G 418,

B G L Grobuer SN, A THAD frem G = 77 8L 7.
PRI AT AT RBRVEEIVEAS B, AT ME—E, AT A f = hy + 11 = hy 4 1o, H
r1, ro P MAREMFIANFIERRAMI S R, W ry —ro = hg —hy € T = 1t(ry — rg) 1]
B 16(G) HhoTEERR. Moy, ro B XATHTr — o = 0. [
#it13.4. feclor=f= fremG =0.

Z, FA1E 3] T Grobner 1 — ML SE P .
P ERAR ) Grobner ZEFFEPTIH S-2 i, FFZEIHgL.

EX13.17. W TAFELTRK g, h, W o = degg, B = degh, 27 = lem(z®, z7), Bl
v = (max(ay, £1), .. ., max(an, Bn)), WE g, h K S-Z AN

S(g.h AN R
(9.h) = <1t<g>g‘1t<h> )e
5[3813.4. K g1,...,9s €E R, a1,...,as € N" ¢1,...,¢cs € F\ {0},

f=) cx¥g e

1<i<s

HA e N M a; +deggi =0(1 <i<s),degf <5, BPX IR X R e e AR
2+ (Leading term cancellation).
A~ 275 = lem(lm(g;), Im(g;)), WAL cij € FALFF 27|20 B

f= Z cix’3.5(gi, 95),

1<i<j<s

H deg 2?3 S(g;,g5) < 6, (1 <i < j<s).
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PERA . ABOE 1e(g) = 1, WA ILEFHN o il e BEA AR AR, T2
1t(g:) = Im(g;) = z%°89. BT 20 = 2% Im(g;) = 2 Im(g;), WG z7i |20,
T . .
Vi i
S(gi,95) = (g% Tt(g)

I A VR EATT deg S(gi, 95) < 7ij, Bl deg 20 S(gi,95) < 0.
Al s > 2, N

g=f—c12°75(g1, g2)

o o o S— x712 x%z
=c12 g1 + 2™ go + § iz gy — cqa® T2 g1 — 92

3<i<s lt(g1)™  1t(g2)
= c1(2™ — 2’ 71BN gy 4 (a4 1’ 1B 92) gy + Z cixr™g;
3<i<s
= (1 + c2)x™ g2 + Z cixig;,
3<i<s
B degg < 0, HIULI g HOIEAFIAGNTE, FATATLAEW £ 7T DL plesE 2 h i1 T
v .

N E BT T A Grobner B AN 78 EEAAT

EIE13.10. G={g1,...,95} € GB(I) V(1 <i<j<s),5(gi,9;) remG = 0.

. =. S(9i,95) € I =(G) = S(9i,9;) =0.

<. & feI\{0}, HE ULFIEW 1t(f) € (6(G)) BIT.

AWV f =301 cics 09 0 = max{deg(qigi)|[1 < i < s}, WEHA deg f < 5. 1
- GAAL, B deg f < 6, EX

= > 16(qi) g,
1<i<s,deg(qigi)=0
BRI T B 13.4 WA, ATE R S(gi, 95) WEMEA S, MHEAE G FAHH
. MERBE, TE q M = e, args L max{deg(q?g)|l < i < s} <
deg f* < o. W f* XA f — f* = 30 <<, 67 9i, max{deg(q;"g;)|1 < i <
s} < 6. TH f WA LIRS
f= Z qigi, max{deg(q;g:)|1 <i< s} <,
1<i<s
X5 6 1w SOFE, W deg f = 6, B 3i {f deg f = deg(qig:), KL
1t(f) = > 1t(gi) 1t(g:) € (I6(G)).

1<i<s,deg(q;g;)=0
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13.3.4 Buchberger /AR 291t Grobner &

Buchberger #& i T Grobner %5 (82 IF 45 T oF 5 & 19 5%, BRI 1)
Buchberger 577

&;%13.3 (Buchberger 5i%).
ifﬁ?})\:fl, cey fs € R,
Wil = (f1,..., fs) B—" Gronber % G.

1' G: {flv"'7f8}7
2. JEIEJETH T 2D IR,
3. S =, ¥ GHTEHEH G = {g1,..., 0},

4. XFRAERT (1,7),1 <i<j <tiHr = 5(g,g;)remG, 7 r # 0 U
S=SU{r}

5. 4 S = o W @, 0 G = GUS.

SRk et TN DR UEMIZ AR nT DL B, PR 280 Bif g 2 13.10 7]
%1 G HIE Grobner 3. KUY REBIRIA 2 J5 JATHR 0T LIAF 2] SBr S & G, Al
e by, whGicGy -, B

(1t(G1)) € (It(Ga)) C - - -,

M BATHEE B, In € NG Ym > n H (6(G,)) = 6(Gw)), Wi Vg, h € G, %
r=8(g,h)rem Gy, WEIR r =0V r € Gui1, T I(r) € I6(Gpi1)) = 1t(Gy)),
H r 2 20 Gy, MAE RATE r = 0, TR2FVEA L. O

2 WU AR Grobner FIfAZME— 1, 1y HAE LT 5L+ G AU 15
Ko IR, SR SRR BE AT KRR Z T, I IRATZ0E Grobner
€ Ltl, FEAT—25 D AT A

313213.5. % G € GB(I), g€ G A 1t(g) € (It(G\ {g})), W G\ {g} € GB).

EY. 1t(g) € (WG \ {g})) = (G \{g})) = ((G)) = (t(])) = G\ {g} €
GB(I). O
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EN13.18. % G € GB(I), HVg € G, Hle(g) = 1 Alt(g) € 16(G\ {g})), WFE G
#& I IR/ Grobner 4 (Minimal Grobner basis), JH-f#j1d 8 G € MGB(I).

FEN13.19. W G € MGB(I), #iXl+ g € G, g N[ F#E G\ {g} £tk Bl g 1T
fi] — I AAERAR (16(G \ {g})) o, WK g KT G ZAMLK). ¥ Vg € G, g K
T G #RELR, MR G 224 Grobner % (Reduced Grobner basis), Ffj1C 4
G € RGB(I)(Sii Rl —YEmic 3 G = RGB(I)).

EIE13.11. BA 2 AKX [ A E— 418 Grobner 2.

B AEAEPE 51 P 135 WK G AL T N Grobner JE, BB G =
191,92, -, gs}t, RJERT 1 < i < s AL by = gsrem{hy, ..., hi1,Giv1,- -5 s}
HI A% /)y Grobner 3 ) 46 AF 1T 16(hs) = 16(g:), (1 < @ < s). ?EEH h; AHX)
{hi,y oo hic1, Givts - - -5 gs ) LICTTENSLAENS T G = {h, . .., hs} RZLLIT.

ME—PE. & G,G* ¥ T 24k Grobner 2, I Vg € 1t(G) C (1t(Q)) =
t(G*)), g* € G* 1€ 1t(g*")|1t(g), FIAEHL, Fg™ € G 1E 1t(g™)|1t(g*), P
1t(g**)|1t(g), B T-Z14t Grobner ZEH 2K/ Grobner 25, FATTHIE 1t(g) = 1t(g™) =
1t(g*) € It(G*) = 1t(G) C I(G*), FFHXFRATIE 16(G) = 16(G*).

Vg € G, Bl g* € G* 115 1t(g) = It(¢*). BT G,G* 4tk, W g—g* € I
I AN R 16(G\ {g}) = 16(G*\ {g*}) FILEAtk. TR g— g =
g—g'remG=0=9=9"€G"'=>GCG" = G=G". O

51# 13.5 451 T i1 Grobner &R A% /N Grobner FEf/) 7772, & #E 13.11 BIAEAE
PEIEBH TP 25 H T 27N Grobner 34438 2940 Grobner J: 16 5 7.
13.3.5 Buchberger ;X1

Buchberger HyETH BT RS G P2 A SBOREZ, RIRERBHE K,
DAL it BN A — e i ALAE. [17)3.3 S5 T PR St (K s ik, SE JATRE Sk
13.3 P IR W, DUETHAA mAGE Suk %

H7£13.4 (Buchberger 57%).
i N R 13.3

L G={f1,.. .. fs}, H={{i,j}i £ N1 <i,j < s},
2. Y H # o BEFMEUE 2,

3. fE h = {i,j} € H, H=H\ {h}, r = S(fi, fj) rem G,
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4. Fr#O0W fop1 =r, H=HU{{i,s +1}]1 <i < s}, G = GU{fsr1},
s=s+4+1,

5. fith G.

Z175. W E = {f1,..., fs}, MRV BN FEE M {13 G = EM, BAH
Fol My = Igws, SRIGHE ISR RE R 4 D AW D) G, WOl R ERE 4
r=S(fi, fj)rem G = S(fi, fj) —aq1fr — - = qsfss B S(fis £i) = D1<pes Skfr S
S, = 2% [ 16(g:), Sj = —a7i [1t(g;), HARH S, = 0. WK

1 S1—q

1 So —
(Fisoosfor) = (fireo ) T P = e

1 Ss—gs

ﬂ%ﬂﬁ%’fﬁ Ms+1 = MSQ87 iﬁTJIL‘HEE_X‘EE@ M = Ms Eﬂﬂ

E176. 7 AN Grobner FEN LEN M L FARN IS, TR T AR, AR
AT RBRIZATE) g1, - - -, s, FRRLIAH N HIEACHIFE.

E— et

513813.6. XA $ AKX f1,....fs A d, I = (fi,....[s), J = (fid,..., fsd), M
{fi,....fs} €GB(I) < {fid,..., fud} € GB(J).

JEBIFE ) Grobner H 05 X (16(G)) = (6(I)) AT,

313813.7. EHERZAX f,9, I = (f,9), d = ged(f,g), W T @AANEHFH:
(1) Im(f/d) 5 1m(g/d) 2%,
(2) S(f,g)rem{f,g} =0, B {f, g} € GB(I).

EYL (1)=(2). SEkd =ged(f,g) =1, H f=aX+f, g=0+g, HF
le(f) = a,lm(f) = X,leg = b,lm(g) =Y, f', g/ JE4 PRI, T

I _9-9
a ’ b

(D#7 =g =0, W S(f,9) =0,
(ID# f'=0,9" #0, i ged(Im(f),Im(g)) = 1 1%

1 1 1 , 1, 1,
5(f7g):an—EXQZ@(g—g)f—%fg——abgf,
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AU BN g 2946, W H Im(g)[1m(g’ f) A ged(Im(g),Im(f)) = 1 % Im(g)|Im(g"), X
Hdegg < deggAg #0F)E.
(IIDFF f' #0,¢" = 0, X5 (1)L
(V) f' # 0N g #0, S &Rt vH5 m) 4
1 / /
S(f,9) = (Fg—9gF)

FATW S 1m(f'g) # (g’ f). B —FAME, W Im(f')Im(g) = Im(¢’) Im(f), HT
Im(f) fllm(g) B2, BAVEE Im(f) | Im(f"), FJE. AR Im(fg) > Im(q'f),
MEE— AT g 2ok, L8N

S(F.9) — H((f' =179 — 41,

XA R B B Ik, 43 2058 — 2 R A G RV IR rTBEAT [ RE e, Rk
HAy f = 16(f") B AE R TR A R T — Bk LE, BRI 0.

gi b, WA d = 1HISOURIE T (D)=(2). 2 d # 1, BAITH ged(f/d, g/d) =
1, T7& S(f/d,g/d)rem{f/d,g/d} =0, R} {f/d, g/d} =& Grobner 3, 5|2 13.6
A% { f, g} W2 Grobner 2, iy fHHIE.

(2)=(1). (DHLFNMIARK d = ged(f,g) = 1, BRI D, X, Y € M e

Im(f) = DX, Im(g) =DY, ged(X,Y)=1,

T2 S(f,9) = lc(Lf)f — %g, HARE {f, g} A& Grobner 3, FATIEAT 77 RBRVE ]
LI 2| 2 105 u, v 813 S(f, 9) = uf + vg, H Im(uf),Im(vg) < Im(S(f,g)). 2B

CIEE: ¥ .
(lc@“)g:(w‘W

A 9| (Y/ 1e(f) — u), X
Im(u)DX =Im(uf) <Im(S(f,9)) <Ilm(Yf) =Im(Xg) = DXY = lm(u) <Y,

W g|(Y/le(f) —u) = DY|Y = D =1, JFE Im(f), Im(g) H.3%.
(IDY% d # 1 W, W ged(f/d,g/d) = 1, T2 {f,g} /& Grobner %1 %
{f/d,g/d} & Grobuer 3, HM m(f/d), lm(g/d) H.%. O

EIE13.12. S(f, g)rem{f, g} = 0 89— A %M 2 ged(Im(f),Im(g)) = 1.

A177. HfFEES] ged(Im(f),1m(g)) = 1 = ged(f,g) = 1.

PATTrr LU 043 2] Buchberger 53515 —MEIE, fE1HA S-2 A IF L4tk
AT E Im(f), lm(g) 275 B Z R PE & 5.
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A

EN13.20. M TZIR fi,... fo, " f=(f1,..., fs) € R®, ¥ X Syz(E) = {h =
(hi,...,hs) € R°|h- f =0}.

EIE13.13. & Cly...,Cs € F\{O}, Xi,...,Xs € M, Xij = lcm(Xi,Xj), )
S}’Z(Cle,...,CSXS) \417

X; Xy o
{Tij = Ci;éiei - Cj;éjej ERII<i<j< 8}

iﬁi, ;H:-‘:P €i, €5 7{1 R ‘:Pé/] E] 7&%7/&

iﬁﬂf]. ﬁf’ﬁ%‘]%‘iﬂf <Tij> C SyZ(Cle,...,CSXS). f}rﬂ,?'fﬁ%& h = (hl,...,hs) S
Syz(c1X1,...,csXs), TRH

hici X1+ -+ hses X5 = 0.

FRAT— i X € M, WIFE B8 X HZRIE 2 )5 0 0, AT 7]
JEIKLET, KB HOR. TR hy = X, Ht ¢ = 0 X[X; = X, W ) ,..., ¢,
e o PANFNRBERG S, T2-A e+ -+ des = ¢ e+ + ¢, = 0,
|

h=(hi,...,hs) = cngz{leil 4+ c;thteit

/ X , X
=G % meil + -+ Citcitmeit
= cglczli( Xisi i — Xt i)
iviz Ciy Xiy Cin X
/ / Xi2i3 Xizig
+ (Ci1cll + Ciy Clz) Xz'gz’g (Cz'gXig €iy Cz‘ng'g els) +
+ (¢, i+ + cgtflcit_l)XX ( Xir—siy €ipy — Xissi ei,)
Tt—1%¢ Cit71Xit71 CitXit
+ (¢ iy + -+ chciy) X e
41 Ci1 i Cit CitXi it
HER RGN E, fHIE. O

EIE13.14. K G ={g1,...,9s}, B{m;|1 <i<j<s}&Syz(lt(gr),...,1t(gs)) &9
A mUE, M G e GB((G)) & Vh = (hy,...,hs) € B(hig1+---+hsgstem G = 0).

B FEE 75 (91,---595) = S(giy g5), Wams WAR. O
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?IIE138 ) Xij = 1CH1(XZ',X]'), Xijl = ICm(Xi,Xj,Xl), D"J
Xiji Xiji Xiji

Tij + 2+
Xij 7 Xp U Xy

* Xl‘Xz]; Tz] /ﬁ'— Tl Fa ti; A R 49 RS éﬁ%#%*

E1T8. AQ*E‘TkLBH717Hﬁ;ﬁ>4*t15%§%“ﬂE AT AW EF X Xi; N X =

Ty = 07

H#I£13.5. X B C {1j|]1 < i < j < s} & Syz(e1Xq,...,x:Xs) 9 ERALE, &
3, 5,012 755, T, T € B, B X| XG5, W B\ {7;} €% Syz(c1. X1, ..., csXs) #9£Em
k.

i 3 18 T AT 7T LL73 B Buchberger 503% i 58 — AN ek, B34 S-22 1 R
gL EwNA S-Z2IM A ML G, TUATIHHE. X—52, e i
Buchberger SiEHI0R.

EHEZE

BT RISCH A3 AT, FATTIAE 7T PAZS Y Buchberger S92 1 Stk vk,

H7£13.5 (dt Buchberger 5i2:).
iﬁﬁ)\%lﬁﬁ f17 cooyg fsa
A (f1, ..., fs) B9 Grobner 2 G.

1. G={fi,....fs},C =2, NC = {{1,2}}, i = 2,

2. M < s, fEHMNC = NCU{{4,i+1}1 < j < i}, NC = crit(NC, C, i+
1),i=1i+1,

3. ZINC # o I, e U T AP IR, B0 G IR H,

4. 3% {i,j} € NC, & NC = NC\ {{i,j}}, C = CU{{i,j}},
5. 47 ged(Im(f;), Im(f;)) # 1, W T 6, 728,

6. 7= S(fi, fj) remG,

7. %T#Ojr\lufs—i-l :T7G:GU{fS+1}7S:S+17NC:NCU{{i7S}’1 SZS
s—1}, NC = crit(NC, C, s).
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FT=¥  RETEERM

B S erit BOR S AN SERDTE, N IANAG L, b X =

H;%13.6 (crit HKEL).

10.

11.

12.

13.

14.

15.

crit(NC, C, s), fithHE R NC.

L l=1,
A< s R 1 3-7 28, BN 8 45,
i {l,s} € NC WA i =1 IR 4-6 22, TWE 728,

i < s WA R 5, 6 25, T 728,

#7 {i,1} € NCUAN{i, s} € NCWE Xj|lem(X;, X,) —E L, £NA NC =
NC\ {{i,s}},

i=i+1,
I=1+1,
i=1,

i< s WCF T 10-14 35, B0 15 25,
#{i,s} € NC WA j =i+ 1 IR 11-13 25, TE 14 35,
Mg < s ISR 12, 13 25, N4 14 35,

% {j,s} € NC A{i,j} € NCWFE X,lem(X;, X;) £E WAL, ZNE NC =
NC\ {{s,7}},

J=J+1
i=i+1,

it NC.
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13.3.6 Grobner E/Y5 F
—LeiE By A
RAEBATTAT AR B AC T TS Firdi th 1 — 2650 - 22 0 22 1 e CBAR ) ) B0k T
TATTEAA YR S A o) 0 TARATT — A2 I f, an ] W & e AE —A 240
PHEAL T = (f1,..., fs) 1, ARIRHB 20 vy, .o 0 43 f=v1fi + - 4 vsfs.
T S8 TATTAR A 57 A B Grobner FE Y SHE, ANUAGE] T 2461 Grobner JE
G ={g1,...,9¢}, M BT LG BRI RE My s 43 (g1, .. o90) = (f1, -0 fs) M.
HIHEIS 13.4 R RERVEFTHDE fRARAERA T . 3 f e I, WM HBRIESEE
PRI Z TN w, g, W f = wign + -+ wege, TIEH

Uy u1

f:(gl7"'agt) :(f17""f5)M

W (v1,. 0T = M(ug, ... u)T.

XA 2 T BAR R T AHAE KA E, ] e (T IME— 2546 Grobner %2k
HEAT. MAERFR R/T TP AR EH R TT, ALY f = fremG. T
SERIAIN T R RYT 1—413E.

EH13.15. B={glge M rg ¢ I6(G))} £ R/I £ F Lag—43k.

R/I it ki n) . ¥ f € R/I, TR CANTE TAZIAREE, Wnf & f~1 4 B
ITCER ML PR AL A AR, X HLAR I, A8 g 2 f 30, VEE T

fg_1€I<:>1€<I7f><:><I7f>:Ra

MFATATLASR (I, f) (1) Grobner 5, F 1 &5 28 b R A 2 AR, FRH 1
TE (L f) RINEHERR, WL =vifi+- - +usfs +gf, g BIJE f 76 R/T HIIT.
Hilbert 25 FIE K Grobner EERAIEP RN

SUESIE F Ak > F(k = P).

ENX13.21. Vi(I) = {a € k*"|Vf € I(f(a) = 0)}.
T Fr PRV, 8 X R (V) ={f € R|f(V) =0}.

EIE13.16 (59 Hilbert F ). I C R, k &£ F ¢9REAX, M V() =0 &
I=R=F[z].
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EN13.22. 5E X 2T FAR T FIAREIAR (radical) b VT = {f € R|3e € N(f¢ € I)}.
BREVED F, Vi(I) = Vi (V).
EIE13.17 (9 Hilbert & g B, I(Vi(I)) = VI.
#i£13.6. V(1) = Vi(J) & VI =V J.
2179, 58, 59 Hilbert 2 s € B UE B WAT SAREOI LTI 15, i [00] R Hrp g
[4].
EIE13.18. K G = {g1,...,9:} € GB(I), FTE@EANFAEFN
(1)Vi(I) RA TR,
(2Nie{l,....n}, Jv; e N,j e {1,... ,t} 14F lm(g;) = =",
(3)R/1 7 MRt
4 b @A — AN R, RATEARIEA [ R R Y IZA (zero-dimensional).

B, (1)=(2). H Ve(I) =2 W1 e G, v, =0 BIA. Nk V(1) # o, I
FA G e {1, on}, AT 1= #Vi(D), W aipm(m = 1,2,...,0) A Vi(I) A
i AR WAERZ TR, fo € Flai] © Fla] M43 fm(am) =0, 2 f = fi-fi €
Flz;) € Flz], W f € I(Vi(1)) = VI, T4& 3e € NAffF f¢ € I, W Im(f¢) A& z; )
w, GHPHILHR gj AL gj = x”i N x; W

(2)=(3). XT R/T M ciep, 2 AL 0 < vy, QAL oy, 0,
AT A PR 11

(3)=(1). ZEZWMAES {2]]j € N}, HT1E R/T 4506 W, WEil—sE
LML, BIAEAE m € NAEE Yoz i) = 0, IFH oz iy il € 1, TR
1E Fla] PEEAR, 228 m A, ATRHLEFLGEN Vi, TR V() C[]iccn Vi
S BRAE. O

HiL13.7. R I REGHEAE, G = {g1,...,9} = RGB(I), A FHF A
T < a9 < o<, Mt >n, FTH g1,...,00 € GEFHHBTIEAF g;(1 <i <
RE w1, 29,...,0; B lm(g) K x; 69 %

n)

5113.6. ZEH fL =22+ +22 -1, fo=a+y+z fz=a22—204+y>—2y+22+22
A B BEAR Y Grobner JE.

#%: 1 Buchberger 57417 53 Grobner #& 24
G={91,92,93} = {16.%'2 — 4o — T4+ 4y — 1,42 + 1}.
B, V() 2—ARRLE, IMIEREmHER i, HbEATT RS —4—

T2 T 5 R MR H AR, AR EE AN R 2 AN e, ARIRIEARTR 2RI AT g
BT AR 1% BLYE G R &5 SR 13.1 ) 45 2000 o is 20 45 1 S —FEr. &
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FIRAMMEHR—ETHE

IRAE A T 5 R L, B B i e 3 R e R 0k C, B b —/N W g i 2,
TAVRE Z ) 2 2518

EIE13.19. [ ARLEA L HAXY Vi€ {1,...,n}, HLEHA INClx] # {0}.

PER. (=) AR FATHREIEBOHN I F TP 2 < 21 < -+ < @1 < 241 <
c <z, BT

(«<). M THEAE AR LB AR, Hog— s 2 0 Cla,) B BEAL,
Mg — A EHA sl Il f A, fi 80— H deg fi = my, WXHT A HI0 74
" e (W) = (W(Q)). HtH13 R/I & C A PRYEZNE7% 4. O

E180. f; PTHIL Y70 ¢z = 0 MM/ 2 A3 2.
EX13.23. I preq HZ IR p (T T T7H55, B preq := p/ ged(p, ).
EIE13.20. Ep R —TEAXKE, H /() = (Pred)-

Y. HAEH V(p) = Viprea) = V(p) = I(V(prea)) = V/(prea). MERA
<pred> = <pred>- O

[0]46 Bigs T 40 e B

EIE13.21. K I C Clry,22,...,7,) Z— 5 AXEAE, WA

\ﬁ =1+ <p1,red7p2,red7 oo 7pn,red>7
;H:—‘:F Di ;%/ﬁifﬁ?@« IﬂC[Il] éﬁp’fi"—é"‘i)&‘ﬁ;, _El-pi,red ?%pi éﬁﬂ:‘%ﬁ—‘}l&ﬁ\
JEBA . e b AR AT A AR, SEiE Oy — R AR FRATSEEE pi(E ny =
deg py)HEAF C 1R 7404, 7551

Pirea= ] (@i—ay),

1<j<ny

Herb e P S PO R ain, aia, - - -, Gin, TAARIEL 1 pyea € T TIAG

J =T+ prrea) = [ (T4 (21— ayy)),

1<j<m

[F] ﬁéf@j{l‘?/ﬂ\:? Dired H%EJI‘

J = ﬂ (J+<x1—aljl,a:g—agjz,...,xn—anjn>).

1<ji<n;,1<i<n
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XTI, (21 — a1y, .oy T — Qng,, ) BOAEARORTRAR DRI J A2 BRI RCOR BRAR 1)
A, B PR B AR AT AR, AR AR H AL

HJ e SCEARE T J, XtTF JIESEE V) T, TRIcTc VI,
BURHARH VI =VJ = J. O

N HEEAGS A S

513813.9. X S = {p1,p2,...,Pm} CC" 2 m NEFAR G L6, NAEES
i g; € (C[.I‘l, ces ,xn](l <1< m), 1EAF gi(pj) = (51]

JER. [ —e 2 WA TE T I Lagrange AR RIS 7775, BATT AT LSRAU ) it
A& p1,pe PIA KL, I R E AN EAF, AYTBRE p1 s # pog, WIE X
Tk — P2k
glp=—""-,
P1k — P2k
HW 2 gra(p) = 1, gio(pe) = 0, MFHIEL ¢1;2 < j <m) )5, Mg =
91,2913 - g1,m BRI
T gi(2 < i < m) W RBIYIE. O

T RE PR T O REALR AR A T ([9]47 0T).

EIE13.22. T R C[X] PHR%EEM, A= R/I, N dimA > #V(I), RFF 4 H
24 T =1,

ER. W V) = {p1,. - pm ) o m = #V(I), 2L
§ CCIX]/IxC™: fr(f(p1),---, f(pm))-

RYET L 13.9 % g1, . . ., g WAL i(p;) = i, W Gi(py) = 045. HTVY(A1,..., Am) €
C™, 3f = Yicicm Migi> W 0(f) = (A1, o, Am), BIBE 0 2. T2 dim A >
dimC™ =m = #V ().

P AEM &M, S8R T = VI, & f € kerd, W f(V() =0= f ¢
IV(I)=VI=1I= f=0, I\ifi § 55, K2 FH, dim A = m.

FHdmA =m, I c VI, Vf e VI =1V(I), A f(VI) =0,
5(f)=(0,...,00)=> feckerd= fecl=1=+1I =

13.3.7 Grobner EF4FEEEBRAIEA

7EH Grobner ZEBR R T FEAA N = MBS )G, K — D DHANAKRFEZTIAN
FMRZE, [0]2.4 W4 T MORE, HTSRAEM A2, Ry 1K
JCEUART N Cla] K —EocHIRIE T, B A = R/T, EeBATE X
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EX13.24. LHEWGT mp C Ax AR me(g) = fg, BB my=0s f=0. L5
mp BEARZEPEMLR, e erE A IR L B AR PR R,

MR AR LAIGAIE XA E R PSS B — € MATEYE, B VA (t) € C[t], A
mppy = h(my). RFgE WU mpyg = my +mg, mypg = mpmg B
TR E A Y TSR T i
EH13.23. K hy £ mp 9N B AKX, VA€ C, I B—RLHLA, N TF@=A4
AR Y -

1. hf()\) =0,
2. X\ & my B4 IEAE,
3. fEV(I) EBIFE N, B X € f(V(I)).

JER . A AR ANIE 1R 2 SR AR .

2= 3. AGIENE F(V)), HEFE e X5 3z € A\ {0}, fESEFE 7 72
F=Xz2=0M0 2 V(I) = {p1,-..,pm}, W f(pi) # M¥pi € V(I)). 2 g=f—X,
A gpi) #0, B gi(1 < i <m) L gi(pj) = 045, EX

dszl)%

=1 g(pl

W g (pi)gpi) =1=1-g'ge I(VI)=vVI=3AeN(1-gg)el) ¥~
WRETT, WAt g" Wi 1 —g"g e I, Wl g"g =1, i

f-XZ=0=¢"g2=0=7%,

).
3=1. WA= f(p)(peV{)), H hp(my) :O:>hf(7) =0=hy(f) el, 4
hy(A) = hs(f(p)) = 0. O

HEVD13.8. K T ARGEIRMA, W) m,, BIFIEBES V, BPAH V() P EM 2 5%, B
hy, () A AR [N Clz;) 69%—F — £ R A.

E181. AFH BT VER A A AE T, B IATTIH Grobuner ZET77VAN, BT 20K TE E
(1) M7 T () Grobuner J&, Hoat 82800 2. 3R E AP & A A3
ghifey, AT LU VBN 0 - LR Y Grobner JE, #33) A _BRI3E, DLt
KRHEATHRA AR ) V5 [9].

E182. RV — R FT 7 K AA Z Rt 2 WA ) Grobner ZERIA]
RN KA O T N Cla,) E—ARoT, NTRGISREH ;.
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Ji

R BR

BRI T 5 5 8 6 A0 £, A BB 0 1K A BB A
SERIZ [0, A5 B0 AR 2 e b T S 52 SR BB, ASDUEA )
AR ST BENG,  T 1 F AR AT R SR, 4 B S S A R B
B ST R, B LTI I A MU R A2 R s M 50— 39 4 5
BB e,

MBAELHOM KT, TR T LA S22 R M BRI 1 SR 4, A B B
R I BT S R LR JL AT B R AR 49, Grumt 21 T — AT (2
I [51])

zﬂafmﬁm;f
Wb M BRI B HTE o = O A0 S A T 0, AL P40 10 51 219
SO B L B 502 oo, AT AR L (00 Ko R BT 4 A Tn 3 5 K
JHEH T

BRI 1K 2 HOREL F AT T ISR PR AT 4 FLOL RO 08, 7 5 i A 3
A 5 0 A R O L3 B 2% A 0 B BT SR, T A
A M 5T B SR A I O T . R ST, T4 i
S5 T B SR EOR 0 72605 2R AR R R L7 A B, 3
ST 5957 A M BRI 0 S

278
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14.1 HEAX

I T HHUCECR GEAE T AR BRI BB — e K, TSl 7 Kk&
FGEMTH SRR A4 1, T R A s UEE R R L B A WU & A, Xl AT
AR PER R BETE SRR R B R e T SR R

14.1.1 E&HEH

ARG AT OGS L R B A PR s 2, SR GA S U A SR AR PR s A 28, FRATIAE VT
2 FIE AR PRI, T LSBT A TR IE IR, R TRIEX el
S BB, PR AEAN R AR PR,

5 231k 30— enT LU MO oA e o, AR R R 1 3 1 5l ik - g
i, Wk, 7, BRULREME A MREN, TREEEX T8 TREX WA K
.

TE14.1 (GHREHIE). & R(f1(z),..., fo(z) RET fi(z) OF R R, i
AR
yCli_)]rgclo file)=vy;, 1<i<n

%F/r:}/g-y F]E]ﬂ‘ R(ylv" . 7yn) ﬁixy ;‘”32\

lm R(fi(z),..., fn(x)) = R(y1,...,Yn).

JERR . A7 B R e HE O RS R, R A R B PR s PR ASAIE. O
14.1.2 RKRETREREGEIA
)14.1. T8

xlir—o{loo \/m —x.

PR R A A, A1 2

2 2

. : 4+ x) -2

lim Ve tz-z= lim Pt
z—1>+oo Ttz -z :c—1>+oo ‘/$2+$+1'

PRI IR 2 1. O
53445 s T LS Taylor 25U FFAR 5.
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PEY A /14 L RO

1
lim Va?+2z—2z= lim z(4/14+—-—-1
T—-+00 T—+00 x

1
= lim (14 —+ o

T—~+00 2x

)
5)-1)

= lim (é+o(1))

T——+00

O

SEBRvE R, W A B 2 SRR B B T AN HOE B S R
RAEH, e AT LU k3 235 WL 20 4 e H5oAe PR o550 i) L

14.1.3 L’Hospital ;£M

L’Hospital £ 2 H sk iH 5

0 oo
—, =,0- 00,00 — 00, 0", 0c?, 1%°
0" o0

LB A E B R AN (Z W [2)).
ST 8 AL ARBR.
EIE14.2 (L'Hospital Z—IEN). & HEL f(x) F» g(z) LR (a,b] A ESLEY,
WA Nim,_, f(z) =0, lim,_, g(z) = 0, FFELAERXE (a,b] NHFEAERFHK f'(2)
Z g(z), ¢'(x) #0. e RGEMIE A FTILT)
G
g @)

)

R 4
i 73— £®)

emag(x)  aoa g(x)
W1 Tim,— DO SR O RO R, LA bR L.

g'(z)

T S T

E14.3 (L'Hospital 3 ). &5 f(z) F g(a) AAEKE (a,b] 7 2L,
WA Nim,_, f(r) = oo, lim, ., g(z) = co, FF BLAEK A (a,b] AHFEH RFE f/(2)
E g (x), ¢ (v) #0. WmRGEMIX A FILY)
. f(@)
g @)

=K,
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AR 4

o @) L F@)

oo g(w)  aa g(x)
G Yoy DU S 20 MR R, W)L sk

g'(z)

X IABRI A GE K, ATEABGE IS5 2ILL EPTAE TE.

EH14.4 (HAh L'Hospital ¥:0U)). 1. 4 0- 00 89 R X, ThILE LR § A X
SR RiEEER L’Hospital E N, 1%

lim f(z) =0, lim g(x)= oo,

IR ZAF lim, ., f(2) - g(x), AR AT ABAT R
fa) - glw) = 12 _ 900,
@ @

AV F Xz > a R IAFTEX, FZK2 2 A REX,

2. 00— oo MM RZ XA QHH 2 2 wREHF lim[f(z) — g(z)], &

lim f(z) = 400, lim g(x) = +oc.

ARATARATF B LR, e TR § A RZX:

3 3FF 12,0000 Mg RA X, TAF Ak s Rk XIRaF 4. &Ky =
[f(2)]9®), W Iny = g(z)In f(z). Iny B9HEPBEHEA 000 BEIREX, B
o ) LR AE—FikaE R & liin Iny, b€ % F K (3K +oo, —00), AR 4 liiny
HETF K (R o00,0). o

J% ] L'Hospital 2 W — i 5 -1 5~ A2 A0 W5 5ok 2 b A 7k ol ZEOH 6 A5
@%'
#114.2.

n nmn—l |

lim — = lim =...= lim — =0.
r—o00 el r—oo el r—o00 e¥

L’Hospital ¥ W] LA A A I BEAR 201 15 70 BE B Bemiobl s b 2y ik
R, DLt Fn] DL Gt 080 T 3BT 25 70 100 BRI % s sl B 2, it
A LA G S S OCR R IIERE, L5 U RIS, S0f - SR Se R B IR 2, L Hospital
TRNGEAN T8 1R, Tt it 24 B FL Al A T RORVT RO BR.
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14.1.4 HMHKIS

B TAREAS e, ZBOE U L Hospital 3002 4, AT — S8 HAl (AL 45 T S04
BRI, EATAMUEAEENHRE N, AT TIHEMENEZE TH, (12—
FEARME 5 R AT il D BRI BT

KT IR G AR Z e R, WATEE 4N
SIFR14.1 (KaE S, 4o R R A g(x) AR E 2o $94F T AR RF X f(z) <
g(x) < h(z) =4, AR 4H

lim f(z) < lim g(z) < lim h(x),

G—xp o T30
HAeY, R
iz, ) = Jlim, () =,
AR 4 O O
wllrglo g(z) = a.
S e ML OJVAEER
#114.3. Mg > 10, 15

PER. CHIY g > 1

lim - =0,
n—oo g™
A
L et
g gl S S g
iy

O]

St F oy SRR B, B T R L'Hospital ¥E N2 Ak, 3B 0] LK 47, 40 1F
T R, LUy 5 AN 3 BRI R 80 2 b sl (KD 2, s R T ) A 235
PRI 0, WHOLZTCTT K, IRZ DL R IXAEMLLE L Hospital 32 Y KK - 22 HR
iz,

14.2 Gruntz E£

Gruntz S L HIR V5091 17 6 KR 2 (exp-log function) K BR (¥ 574 (Z
W [51]).
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14.2.1 53T E7eR #u

MK o XAEETFIX N & > 2f € R I A & S o B0 il 4 &,
PAME C B LEEM KR,

EX14.1 (BRECEF). W f1, fo K HIGE, B8 ME XAEXE 2 > 2 flz > 2y
|, BAEAE 2o > max(xy, zo) AR © > 20 11 fr(z) = fa(z), WK f1 S0 T
fo, LA fi ~ fa.

IC ¥ LA OC R4S B S AR 400 AL 11 BREEE.

E183. LU f Ron—ANRRBOE. T IE I ph B0 vk S ok e G st 5
PR BCE AR s B, R

f+a=F+g9. f-9=F -9

TR, XA IS 52 8 AT 1)

ANHER Y, 78R AN BRECE 1 IR A bR U A 23 A ) — AN BR A .
EX14.2 (PRECFIT). BREBCE f 2/ f PITRIeER g W BT B B
FEX14.3 (Hardy 3k). —A> Hardy 3H J& 1E P50 FSE R R AR G, ey
ooy 2B PR, JF HAET: 183 F e SCH RRBCE INVE Rk T # Bl—AMk.

FER14.5. ik H R Hardy #, 8 V] € H, lim, o f(x) —RAE, #EFTH R
FHAA Loo.

JERA. WIR H 2 Hardy 3, EFICH f e H, WAWEXHT 1/f € H*, ETEW
W p s doo B, f(z) » 0. W f' € H, f 3 TFARAKM o T8, WIS,
I f Nz R IR, fEAEE S X O T 7 RIRE AL, P f R A R .
KRR, BATAT AR Vf € H, limg 4 oo f(x) —EAEAE, M0 H5 T4 B Sk
Fo0. O

Fd4i Robinson A1 Singer [P/ 5 | FEFRA A Wi R e 3, 513U E BEIUE W1 2

EI14.6 (FEXAERREIR). R(x) a#RAE f — exp(f) F= f — log | f| & b2 —
A~ Hardy 3%, # A F83FHBHIX, 2 L.

E184. TR HeR H £ 2 1 Hardy S SGHEFTH).
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TEX14.4. 7F Hardy 38 0] DLE LA R pR &

v(a) >v(b) & lim a(z)/b(z) eR

T——~+00

ENX14.5. ¥ a,be H*, R

lim a(x)/b(x) € R*,

T—+00

NFR a EMT b, i M a =< b.
i a € H* RN SRR T RIEEN N v(a), H* A TR M R AE O
KEAILA Y = {v(a)la € H*}.
EM14.7. 1 T AN H FF R RET R A A
2. T EARE
v(a) > v(b) & 11)1}_1 a(x)/b(x) € R
R e
E185. Y R E SRR Ok ZR RN BRAT 138 0T R ES o 1 B A 2 — S0

P At T IBEE SIS, JFE X v(1) = 0, ATUAREIERT v IR
JUZRAEIR, XLV N HAR IS 2 [31].

Ei14.8. 1. v(ab) = v(a) +v(b), Va,b € H*;
2. v(a) >0 HHAE lim,— 4 a(z) € R, Va € H*;

3. &FabeH*, a+beH*, M via+b)>min(v(a),v(b), % v(a)# v(b) HI

-

T
4. & a,beH*, Huv(a),v(b) #0, W v(a) >v(b) ZHARE v(d) > v);

5. %& a,be H*, B v(a)>v(b)#0, 4 v(d) > v).

14.2.2 wA[EEZE

X B B = M 0 R B 1R O R AT I AT R A DX E AN ) S I
A LAE SCEERIRS (1P R AR

EX14.6.
v(f) = —v(n|f]).
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72186, IXFE—k,
1(f) <7(g) & lim In|f(z)|/In|g(z)] € R.

FEX14.7 (ATELE). KU, Fraiie v(a) = v(b) KIKEL a, b WA B — AR,
PRl 3k

feHr P AR LESRIE ) (f).
JE187.

Y(f) =v(=f) = v(£1/f).

#114.4. & H* J& Hardy 38, f,g € H*. 3H v(f) #0, v(g) <0,
Y(In | f]) <~v(f)v(€) > ~(g).

FEFE N RAGF R B JATH IR T f - g MR (f) > y(g), Blln

et = ™.

14.2.3 Gruntz B

EX14.8 (MRV). K“h it g TRIEX LN hayg.
1 f AT 2, B MRV (f) = {}.
HAb A

{Ltiz st f

MRV(f){
{glgafA(@Bhaf:h=g)}

2188, [81] FIEW] T MRV (f) P o RA MR AT Ek.

72189. MRV (Most Rapidly Varying)LSEaid f o BA7 KA LR 1 7R E A
MRS, ERMERIG T f RIEX M, e BRI 2k =00 B 1
MRV H] GEAN[F].

MG MRV ()52 (R X 14.8 ) uf G2 M oA, 20 AR IE G 214
[51].
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E1E14.9.
MRV (f)={}, %=z 4 f,
MRV (z) = x,
MRV(f-g) =max(MRV(f), MRV (g)),

MRV (f +g) = max(MRV (f), MRV (g)),
MRV (f¢)AceC=MRV(f),
MRV (In|f]) = MRV (f),

max({e/}, MRV (f)), % lim; o f = £00

MRV (ef) =
{M RV (f)

£190. PR max RGNS, IR [FIAT HESRECR IR RN G i R
AR AT EEIATR], JUAR [l A AN 4R 75 ) 5F

28— MRV 511
1%]14.5.

MRV (z + 6712) = max(M RV (z), MRV(e*‘ﬁ)) = max({z}, {e*mz}) = {efxz}.

JE191. VW IERYE T DL i

:B+e_“”2 —xz2 —x2

I Ine T xr+e I 1 e
m ———— = 1m = m —— —
I e z—+o0o  —X

KIGIE.
MRV BA7 4 M5, BARERES Y [31].

51314.2. & f AFRAERE, < f, g€ Q= MRV(f).

1. g=zRg=e"ANh— +o0.

3. v(g) # 0.

3

. 00, Hg=zxRg=e"ANh>0
im0 g = .
0, #Hg=e'Hh<0

5. g .
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6. & g=c¢e N MRV (h) < g.
7. g € MRV (g) C Q.

W f,g 2 Q=mro(u) PRIMADNTTER, BEz e Q H f = il g = IFrEL
PR, W f,g >0 H fe MRV(f), g € MRV (g).

Hy(f) =~(g) flc=limy_ s/t e R*. & A= gic = elnf-elng — gs—ct
f=4A-g%H

. InA . Inf—clng
lIlm —= lim ——=
z—+o0 Ing T—+00 Ing
In f
= lim — —¢
z—+o0 In g
=c—c=0,

Bl A<g.

BweQ MRV(w) = {w}, W wfE QPRAFEREL Bu =u O =
MRV (u;). 2 f; € Q 43 f; At Q D HABEAT TR 7 RIEX, B ow; % w JE
TSR w1 (f; T2 IS T IMRV(f)| = max{|MRV (f)||f € u}).

Qiv1 = U\ {fi} U{w}, BE&HBER Q, = mro(u,) = {w}, n= 19|

EH14.10. & f AT B, MRV(f) = {w}. £ Fw -0, w=¢"H
MRV(h) < w. M fXTFwfw=0" LTURAERFEIM YD qws. HF
MRV (¢;) <w, e €C.

PEB. FF f AR w B f = w, WE PR AR T AR X H R B 1 e L (E
H14.6), f LA w 30, e, WORFREL, X BB AR 20, DA AT AR U
YRTFRAIE B 5 B

MRPEE P 14.9

MRV (a-b) < max(MRV(a), MRV (b)), MRV (a+b) < max(M RV (a), MRV (b)),
DAL 5 BRSO AT S BT, RIS T, SR A .

AR, R EERAF I o] USSR AU B, g B PRGN E B3
Z I [31].

N NFIA MRV TS H R o B ) g g 1
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%]14.6.
el/x—e el/az
f(l') - et )
it
Jim  f(z).

PEB. AN MRV (f(x)) = {e ®}. £ f(x) THf e Hepk w 153
flw) = ("% —e'?) fw,
RIEH f(w) 7E w = 0 A RE SRR, W)
f@u):-—eUm-w°+-%eVI-w1-%eﬂx-w2+-0@u%.
PH G T —el/™ - W0 HARECh 0. Rtk

lim f(z)= lim —e'/" = —1.

r—+00 T—+00
O
513214.3. & f(2),g9(x), v(z) AFEXFERE, lim, oo v(x) = 00, W
f(x) < g(x) = f(v(z)) < g(v(2)).
B Bou(e) = 2L, W
o Info(z) o _
A0 g e wv@) = lim u(z) = 0.
O

FIE14.11. & f(x) Fo g(x) FRRAIRATERE, Hlime o0 f(2) = @, limy o0 g(T) =
+o0, AR A

lim_f(g(x)) = .

T—+00

JERR . AR, O

E192. Y f AR, ATRLK f(2) BTE ) o Bk e
BAEFT LUE RS 1 Gruntz S0VERITESFE T
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B%14.1 (Gruntz 5Hi%).

BN AR EL f ().
B e B PR
Jm f().

1. ¥4 Q = MRV(S).

2. 7 QPIEMEEN w, L w >0 Hw — 0. 3 QM HEITRES
H Aw® HJTER.

3. B fw) 2K f FITT R T Q MIGEN w RonJE 13 2 1R 8 # BTy o+
w BIRIE AN FEL, REH f(w) fE w = 07 KRB

4. BWRBEIVE NN cow®. F eg > 0, WIR[F] 0. 5 H HIGE eo < 0, MR
too, HAF 5 5 EIAREL co HIFTSHIE. F57E TIRE e = 0, WIR 0] IR 2
co IR IR,

Y F Grunts SR SEAF S LB 0 VA4, VA 200 [31)



55 >k F0

A% TR EEHE AAT 5 SROM ) JUE SR AT 5 R GRS, e A5 AR 73
A 1L A TE 53 A0 (RIVES 23 A0 3 1 RIS FR ) i AU #4823 W SRSRAN_E 5 e AN BLAE
RS G, WFR A AN E SR, 3K BLHATT I A V8 AN E SR 5570 A1 i L.

15.1  ZIFRECKF

Hy TR T AR R B, B 1R IR JORORAN, DL F 23]
AT LASKAIA R, 2 2 IE B2 5 2]

EE15.1. 1 Y k="
0<k<n

9 z k2 — n(n—1)(2n—1)
0<k<n 6

3.y k=)’

0<k<n

/. Z k4:n(nfl)(2n71)(3n273n71)
0<k<n 30

2193, XL IR S AR UE I, (EAR HME B4 DA et I Y ) R
H T RSP HE ) RATTS TN ZE 4 51 R 2243 I R B e L
EX15.1 (ENHT). 1. TBETFEEXN
E(f)(z) = f(z+1),

290
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FHIEN E" =EocE" ' E'=FE, E° =e.
2. BXNENFETA=FE —E°, Wk g=A(f), WA fh g B2 E A%
EiE15.2.
A(f-g9)=A(f)-g+f-Alg) —A(f) - Ag).
JEB
A(f-g)=E(f-9)—f-g

=(E(f)—=f)-g+f-(E(g)—9)—(E(f)—f)-(E(g) —9)
=A(f) g+ f-Alg) — A(f) - A(g)-

EIL15.3. Wk g R [ ESREBL, TP g=A(f), A4
b—1
Zg(i) = f(b) — f(a).
JEH].
b—1 b—1
> g(i) =D (fi+1) = f(5) = £(b) - f(a)
%194,

g=A(f) = f=3%(9),
X AR 43 1 30 5 B
g=D(f) & f= /g

FESRALL).
EX15.2 (PEERIE). sE f 1) m B B
fr=f)- fle=1)-- flz—m+1).

EIE15.4.

A(z™) = ma™=1,
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JEE] .
A(x™) = (z+1)™ — 2™
= ((ac+1)—(:v—m+1)):vm—_1
= ma™=L,
E195.
n—1
Z jm— 1 m+1
- m—+1
=
-‘L&
m
$WL::j£:ame%
i=0
ij
" =g g™
m—1
= am—1,i(z —i+1i)-a*
i=0
m—1 m—1
= am-1it™ > a1 2t
=0 =0
m—1
= 2™+ (am-1i-1 41 amo1)7h
i=1
TrRABmEANR
Amyi = Qm—14—1 T Qm—1,,
Hrbapmo = 1.

am,i TEALEBEF R 0 26 38 Stirling 2(Z W [175]),
A IR 73 2 @ AN AR T ARR TR
#115.1. Phm = 1,2 Afl.

n—1 n—1

L Yi=Y il=in2=1ln(n-1),
i=0 i=0
n—1 n—1

2. Y i*= Y (2 +it) = gnd + gn? = gn(n+ 1)(2n + 1).
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EIB15.5 (LIUAXLHIIIA). &

Il

JERR . AR 195 f1

15.2 #BJLIRE
2 T B TR, ST L (T S5 5 SRk A

EN15.3 (L), IO I g, FR AL R, an RAHAR I 2
tt
_ 9n+1
r(n) = 7

KT n (AT HREL
H115.2. “HEHRE (7)) B LTI, B

(n1)  Tem+DT(n+1)C(m—n+1)

(™M~ T(n+2)(m+n)l(m)
_—n4+m
B
&
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n—1
I HI#H 2 ged(a(n),b(n + k) =1, Vk e N. & A(f) =g, W fo = fo+ X gk,
k=0

fn fn 1

gi‘fnﬂ—fn‘%_r

% y(n) = %, i)
y(n+1)gn+1) = frur1 = (y(n) + 1)g(n),
Bl r(n)y(n + 1) = y(n) + 1. FILAATEL y(n) = 2= Da(n), Hr z(n) # 0 HiE

c(n)
a(n)z(n+1) — b(n — 1)z(n) = c(n).
15.2.1  tRKM kS 2
W T4 (Greatest Factorial Factorization) 4 T2t (f— R Bk 4.
EX15.4 (WK iE). & f A E—2I, 32 f FIBCRE e it h
ff(f) = (fr,-+ . fm),

I

L f=f I

2. fi, s fm N ZIAH. frn # 1

3. ged(f}, E(f;) = 1.

4. ged(fLETIf;) =1,1<i,j<m.
E196. IEXFEE SR T ARAE

fr=f BTy B

B NP R T A -, AW g = gcd(ff7 E—jf].) £ 1, ] 9m|f-
KRB e A an e 3, @ BEFEE S [175].

EH15.6. 1. K fABG—SAXEL f£0, N f £2EH—FHRKNEN>MB.

2. gff(ged(f, E(f))) = (fo,- -+, fm)-
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15.2.2 Gosper &%
313815.1. LZRITUTERKX g, K o= g ) f=1.g, N

A(f)y=g< E(r)-c—7=1.

IEH.
Alf)=E) - f
=E(r)-E(9g)—7-9
= (BE(1)-0—-7)g

E197. UM AT A o = ¢, 7 = 2, Hp (a,b) = (u,v) =1, JEH.
byo ¥ —2 0, ikl

a-v-Eu) —b-u-Eww)=b-v-E(v).
S B TSR 229 B 0 T 46 0 SRR SR 7B B34 1T B i
A RE R BOAEAR XA TR, HZ TR
Gosper F5A IR e KSR EVE 197 T 2 I 2.

i ged(E(f)) = ged(f, B(f)), B vo = rismgy: v = soaseyys M (vo,v1) = 1,
TR AR LA ged(E(v)) 15

a-vo-Eu)—b-vi-u=>b-vy-v1-ged(E)),

Hrp
(u,v0) = (E(u),v1) = (u,v) =1,
TRA
volb, v1]a.
W ogff(v) = (hy, -, ), W
i
B hy oo et

=hy-E7 (hy) - -E_(m_l)(hm),

E(h ) E(hg)? - - E(hm)™
hQ hm 1

= E(h1) - E(h2) -+ E(hm),

v =
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FEHT volb, vi]a W13
hi| E7Y(a), hi| E7L(b).

o # 1, M
1 % hy| ged(E™ (), E™ (D))
= B~ (ged(a(x), b(z + m))),

X5 T

resg(a(x), b(x + y))|y=m = 0.
BAEFATAT LA K o B3 —MEE V H Gosper 5%

H3%£15.1 (Gosper 5i%).
fN:(a,b)=1, Hrh b HEH—Z I,
WE—2ma vV, e oV, Hb (u,0) =1 H

a-v-Elu)—b-u-EWw)=b-v-E(v).

1. & R =res;(a(z),b(z +y)), d = max{k € N;k =0 8¢ R(k) =0}. #7d =1,
A 1.

2. Wap=a,bp=">b, X} i =1,2,--  dWKIKITH

H; = ged(E~ (ai—1), B (bi—1)),

i1, _ bi—1
E(H;)'"  E-G-U(H;)’

a; =

3. i Hy .. HS.

72198, AHMEE H hi|H;, A

v=ht---h®{Ht - HZ...HE = V.

m

Eﬁ?ﬁiﬁiﬁﬁfﬁ%%qj, —H a; = 1 Ei bl = 1, ﬂuf')ﬁﬁ‘ Hj = 1, /H\:EP ] =
P41, d, SRR DL E A TS
IAETATTRE T R T

a-V-EU)=b-E(V)-U=b-V-EV),
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Hrp v ohgamg —2mia. EARREL g = ged(a- Vb E(V)), 13
r-BEU)—s-U=t,

,ﬁ\:q“r:%,s:b'E;V),t:s-V.

r
U=Ue®+ -+ U,
Horbr e W DA G R 58 B T, 8 BLAUE WIS S [175].
EH15.7. % m = max{deg(r) — 1,deg(s — )}, 6 H (s —r) T 2™ 89 R #K.
1. % deg(r) — 1 < deg(s —r) X 6 ¢ N, | e = deg(t) — m.
2. % deg(t) —m = 3§, M % RXF A RTH.

3. #& deg(t) —m # J, N e = max{deg(t) —m,d}, R e <0, N ZAKXFH AR
T fif

E199. X 2 IS RE LU B IR B A5 2> L= AR AL, I
AL U K. 8 — R/ T4, R

u = U v = V
Coged(U, V) ged(U, V)

b 7 20 A S ) U R SR AR Z A, I AT Vi 2 HAR I SR AL, 1]
w1 Wilf-Zeilberger 5L (Z W, [139]), B W] EUFBEESKAN E 5L ot AR A SR 205
T PR ) LART 2B A5 SR R i) B, 5K HH R o B0 A R R, BRI ] TS
PR E BIUET . a0 7 2 R ) SR ) 8L, BAT ) S92 45 Moenck
3%, Horowitz 532, Paule 535 (Z W [133)) A Karr 595 (2L [101]) 56, Karr 595
(R4 JE F AR 3 W] DA e 25 A ) B0 A I 8 (2 DL [102]) LA K ik 22 SR AT ) i (2
DL [154]), T BLRR RN SEVEAH A 4R 221 [139] A1 [140].




3
Jio
SH
SO
SN

SRS ITENEZERE Y — Wt SN R G & A0
REZ . ARPT AR, KA BRBOHAT FF 5 1o 18 S BN TR B . FA A 20 1
28 50 FER TP ML A 2 ¥), Kahrimanian[95] F1 Nolan[133] 545 B 7205 T
R FE . SRMAF 53 1 o B — FF S B AN T S EE RN 2. R
T 2 IR 5 A 2 R LAAh, oAl R AR 0 15 5 AR 00 SV S o AH =2 DR K
f#1. 1963 4F, Slagle[163] G T 28— 15 B0 P SAINT (Symbolic Automatic
INTegrator), SAINT K H A LA KA 43 1) Ja K MR S0, mT DA B SR ik K 5%
I3 R R 73 F . 1967 4, Moses[129], [130] 5 H T SIN(Symbolic
INtegrator) 27, SIN B T N TR RESL LA, 16 T A T — M1 Risch 594K
il I FE.

Risch FVE AR5 B0 BRI 1 Z 588, B Risch 7EARK — R 51 TAE gt
SE(CELAE [148], [149], [150] M oAt — 282K 0 AR L1 30), A LR A 51
Oy BRI FEBE T kA, Risch Fkgy AR BAfE MR R, R A E — A
2578 BRI A WIAERUY, JREA VAR I 45 R BLIR 45 . Liouville i€ ¥ (7€ 3!
16.1 )7 Risch kR g ke 2% 0 1 7EH .

S Risch FVEAERNE B2 36, (HANE VORI #E 58 A ST . Jif PR 2
ZJ7TH ), B4 Risch FREOR 58 42 00k 22 WX, 1 2 U B 70 A A 2+ o0
DRISE IR A0SV B o AT RE 25 5 | NSRRI AR 70 45 B P AN i ZE I ARE B0 A AR 73 &5 2R
WAFAH 2% BRI BRI AR 3 SR 5 S0 SR R B SR AR A B, Fa 850 7 4
(R K, DRI A B A ek BRI AR 4y 45 B A e L FE R R R S5 55 205

298
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SR TAE S T IR Be b, N 252 EH, B1U0 Trager[21], Bertrand[30, 31] 7E
AR ERA 7 T3 ) TAE, Cherry[52, 53], Knowles[103] 7ERF# bR 2R 53 7 THI 1) T
VEAG4E

AT A AT B R SR A R R R S AR 3 R, i B AT i R A,
fiff, AFIEESHAN [64], M [74]. RTARFEBATH KIAE ER 7 B S 3
S, JEGEBRKI TR AT LLS % Trager (JSUARTESC [21], SCHR [74] K FARARSCSCHR.

16.1 BIERIFRH
16.1.1 EHHXHHR
I T BB B S R . RedT P m s ) o

r(z)
SRy, Kol g(z), r(x) € Cla), WLBAATT (g(x),r(x)) = 1, RR—ftEgn

B deg q(x) < degr(x). SRATELRR B IR AD R (K IR IR T #2073 U3 i

513216.1. & (f(x),g(z)) =1, deg h(z) < deg f(z)g(x), MA
h(z) hl@) o)

HF deg fi(z) < deg f(z), deg g1 () < deg g(z).

YL (f(2),9(2) = LRMFAE u(z), v(z) L f(z)u(z) + g(z)o(z) = 1, TR

hz) _ h(@)(f(@)u(@) +g(z)v(@) _ hz)o(z) | h(z)u(z)
f(@)g(z) f(@)g(x) f(x) glz)
2 fi(@) = h(z)v(z) mod f(z), g1(z) = h(z)u(z) mod g(x) WIS O

VAT (2) = T (& — a0)™, 2SR 16.1 T4

=1

.

q(x) Z": bi(x)

r@) 2w —a)n

Hdr deg bi(x) < ny. 944 bi(x) 76 = a; LETF 1R

SR DN

=1 j=1

Y

Hrp b, 321

RID

n

i N
/i bi1 In(z — a;) ZZ G=1 a?—al) ) (16.1)

=1 j=2

WL T
q

—_

~.
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F A 2 R 5 R0 I ) R B Al i e T, BRIV A B R B AR oy
YA H AT B R RIOROR B0 B0, 23 IR AR O3 R B G0 RORE R0 2. (He AT L
AMEAFH B W) 8 —J7 T IRA T AL C L5840 i r(a), TORE O )X — s
AR AL Sy Ty JrAE T S RE e B2 51N 22 R B o A9 AR
R, XA O TR IK R AR S5 RIF A T .

#116.1. ¥ q(z) = 2z, r(x) = 2> + 1 € Q[z], W / ;]Eg dz = In(z? + 1), MifE C L
O3 r(x) WG | NN AREEL 7.

16.1.2 Hermite 7%

Hermite J5 1548 22 TR 0 J7 73 i RACHR 58 42 73 i, ﬁﬁ%j?‘iﬁj\ﬁﬁﬂu
FERBOR TSRS WITEL 9.9 ). B r(x) I T7 R4 r(z) = [ ri(x)’,

ri(x) TSI IR HPT P HL A AT

Jrh deg i(x) < degri(a). I%&mmﬁg%ﬁﬁ%/fﬁ1Mﬁﬁl
01T riw) BT BT, 8 (i), rl(@) = 1, TR ZTR ae), o) 2

a(@)ri(z) + b(x)ri(z) = 1, ARANHAT /3 15 2

X

/qz'(ft) dx_/%( z)(a(z)ri(z) + b(x)r] (fﬂ))d

ri(x)t ri(z)

— [ M) oy [ L)

/%m<><be»m—nw_ 1 @)

7“: 1 — 1 r:_l

S

N T TR L, BATTR B AL T ¢ 5id T do, LU 5 SRR SRR 2 1 H Y,
fln b ACHIAT R 5

¢ gia+ (g;ib)' /(i —1) 1 gb
/r? _/ e - . (16.2)

VLR REFR A Hermite 20 IERE. REREAT— IR 3 B R0y, BERR & 200 BF AR s (1)
UCBUEREAR K, WL ELAT B ] 58 45 2R 0 (A7 2L 0
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16.1.3 Horowitz-Ostrogradsky 777%

Hermite J5 20 % T 564 0 fift, (BN BRIV 05 0 e OG- vy BB 43 40 X 40
fift. Horowitz-Ostrogradsky /75 NIA 5 E A T 5 1833 F5 8 R EGEN 1) )9 25
R E A T R R SR A 1) L

e
/q:m+ @
T 1 9
E$%¥%ﬂ%%ﬁﬁ%ﬁyE%%ﬁﬁ%%%ﬂﬂwp:MW%m:rﬁy*%%
1
7|

!
q:<m>+%
T (& 9
C]/17“1 - C]17“'1 q271
= 5 +
Tl T
_ ¢ira — qirira/r1 + qar
T

M 1) R S5 A 3K qr,y qo WAL g = ¢ire — qurira/r1 + qer1 H degqr < degry,
degqo < degra. L qi, o MIRENE M RINZE, Xt N2 ZL degr 4ELME TR
2 n) L.

7£200. W degr = n, W] Hermite /7L TR 2B O(M (n)logn)(Z W, [175]),
H M(n) b2 03k M 52 % B2 1l Horowitz-Ostrogradsky J7 & 5 28 Bk
O(n®)(fRZeME 7 FRA), RUE M b X b J5 3 B LGl 1ok 3 AN HE 2, (HAE SE i
TGt A RS LM & .

E201. 3CHR [15]2.2 FIEERAE T R4S Hermite 2946 R A PIANBRAK — “ IR
A2 LUK A B A R O(m?), “EeERA W LUK A P 5B 22 O(m), Herh
m N r TG 5 R AN B MR RRAS 3 RES A b G 48 73 23 s A TSy
Ik

16.1.4 Rothstein-Trager /7%

I TR i R G AT SR R A, B () S Te R B E - 2 K, AR
 RAEA

m
/q = Zci In v;,
r
i=1
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Horb o A HAMFRIE L, v IV TR 7 RE 230K, P (o] Dol &
FF IR AL IX LA ). SR PG 2

m
=y
v

1=

[y

HF v TSV IR HPTPI LA, Al

i U; = H Vs, JES)
J#

m
2 : /

q = CiUiv;.
=1

TRENT 1<k <n, &MH

|
o
=
R
§

(q—cpr',r)

(q - Ck‘r/a Ui)

.:'3

.
Il
—

(16.3)

Z(c — C)u U}, v

Il
feE
<
g :
\_/

|
<
e

e i — AN U A2 R
(3 Z#]:
((cj — ck)ujvl,v) = Q1 i=j,i#k,

U Z:j,Z:k,

m 1 ik,
(Z(cj — ck)Ujv},vi> = { .
Jj=1 v, 1=k.

H130 (16.3) W LA, 2 3ATHk AR EL ¢ Jim BT 8 K2 R 7 v SR H
O AR ¢ We ? 38 [ RE AR UEFRATT AT LA SR IE

M

(g—yr',r)>1e I <k<my=c,
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I R 8.3,

(g —yr',r) > 1 Resy(q —yr',r) =0,
(45 PR A Rothstein-Trager £520) MUK ST y BIJTHE Resy (g — yr',r) = 0 R
AR T I R AL o
#116.2. W r =23 +x+1, ¢ = 322+ 1, ] Rothstein-Trager &5 Res,(q —yr',r) =
Res;((1 —y)(322 +1),23 + x + 1) = =31(y — 1)%. MM ITFE Resz(q — yr',r) = 0
MR y =1, mRKART (¢g—yr',r)=r=23+2+1, i

/g =In(z® + 2 +1)

BRI AR 425 5.
72202. Rothstein-Trager 77 MINTAIE 24 E R O(nM (n)logn)[175].
72203, XTIk Rothstein-Trager 453, HAR v GG w AR IAE k. & r oV
T, n MRA a;(i = 1,...,n), AHERLT (16.1) I by, BEE o] HER AR

NA

ETHE—2miEH.

TE204. X TS PR AL IR0 IE NKE ¢ HRH A AR e B0 I PR 6 B0 I kg B R DL
i) arctan Ji.

REES

= Z 9(a:) In(z — a;),
i=1

7' (a;)

16.1.5 Lazard-Rioboo-Trager /&

Rothstein-Trager J7 AR T 51 NAS DA B4 5K 5 £ 1) 80, (RT3 75 B H 50
Z A& 8 b2 0 R A F. Lazard-Rioboo-Trager J5 72 X b — N4
o, kB T 20 J7 o Ry i R R

n

wWr=1](z—a;), h=Res:(q—yr' r), MEXFIEI (SN [12] EH 3.14)15
i=1

el

n

h=c- H(Q(ai) —yr'(as)),

=1

Forpr e HARERHL T B o IVEEEONIAL q(ai) — cpr’(a;) = 0 19 @ (AN 10

vk = (g —cxr’,7)

n

= (g —ar [J(z - a))
i=1
= H (x — a;)

q(a;)—ckr’(a;)=0
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A EN deg vy 5T b o IS BHULH R PT A0 Bep AR ek 80K R AU F, A
T LAE F(y)[z] A g — yr' F1r 4 Buclid BRi%, % Wiz, y) € F(y)[z] ARAXFS
T o RECh « 2, WA v, = Waeg o, (2, cx). 7350, IRHZ AR A7
FIVEE(PRS)(Z I 8.3.2 1) Rt & 45K 1 (11&, Wiz, y) Wk E T BLS 25 1t
A RN EAT

16.2 Liouville I

MWEWL LR, B BEpR B 8 v DUAR . 3 HL B iRORs 25 U, 7T B
FeF A5 R B AR R B I e 2. O TR R AR JOR A5 SENS 2E, FdT15 ]
ANAITR 5E 3

EX16.1. W F A MFIEAFHIE, M D F — F#LVf,ge F A1

D(f +g) = D(f) + D(9),
D(f-g)=f-D(g)+g-D(f)

W D FA F AT, (F,D) Bl A RIS H B . 4 O(F) =
{ce F | D(c) = 0} FlREERAHEL

WAL D AT PTAT o0 M 5 R p R SIS S IR AE i, BATIAEIX AN S
UM LU (2 0 [49]).

WER16.1 (WOMCEUIEATER). 1. Vf € F,ec e C(F), D(cf) = e¢D(f).

2. (RiENf,geF,g#0,

p(£) - 2D-1D0),

3. C(F) A F 89T 5.
4. ¥feF nelk D(f*)=nf*"'D(f).
5. (THEFHEFXNS,..., fn€ Fel,...,en €7,

DU ) DU, )
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6. ( ;k—%_) %Iﬁi\‘PEC( )[$17"'axn]; fla'-'afneF; 'ﬂlj;ﬁ

DP(isee ) = 3 G- S0P

PR HE AR P A TRAT T 1T LA 5 4 35 49 W7 25, 4670 2 40 1 B A
Sy Al PR, AT e IR M | T B B AR 2 M.
EN16.2 (WAEEH). ¥ K MO, K(0) b K BT %, W2
CIK(60)) = C(K), BAMET D R4 0BG K L1015 A s, 5 0 1 2 b)
Tz

1078 K LR, B f(2) € Kla] 673 £(6) = 0;

2 07E I LRAREIN, Ty € K A9 0 = /(i 0 = expy)
3a@xiﬁﬁﬁmm@weKﬁ%m:%wmmwzmm.

FRK(01,...,0n) K EER—DHISEREIR, 45V < i <n,0; H K(01,...,0i—1)
FRIRIEEA G (L K (0) = K). TR —A K _LRIR155E R 50k oo 8= ok K
ERIIAE R AL
2205, H 8 K = Q(x), R(x) 8t C(x) I, BLLE SCHImL L 70 B 08 o il 1 X

cc%ﬂ:é ﬁaa
E206. X H C(K(9) = C(K) fRE T Wik 0/ € K 191, 0/ @A 2 K ot
EOEES

Nifi>k A Liouville 1 25E P #5138 T B0 0 #1455 o8 B o 58 A E 5K
5E BRAIE W] 7 S0 = R e PR 5K A% B AT IR, IR & AR — S (S WE [74],
[45])-

EIE16.1 (Liouville). & K A— Moy RE, f e K, & [ A K L&y &
O fAMFRS), MA

n
/f :UO+ZCilnvi7
i—1

EP ek, e CK)REAE), vy e K=K(er,..., cn).

32207, ATBURIEAE K = Q(), R(z) B C(z) I SIRATE 15 017 R BB 45
LR
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16.3 BRI EE EFR
16.3.1 9 fE5[IE

WO KK L — X R, BATHEIE f e K(0) R4 ) dl. n] &%
f=p+ q, Hrp,q,r € K[0], q, r B3 H degq < degr, 51 HEALAFIATGE
’lﬂ%/n%ﬂlﬁﬁz B AN IE AL R 2.

513£16.2 (EHXTECREO LB, 3] f A K Lok, & f £ K £
A, W p, k! ;?w_ K LA &5,

e8], LL K () ﬁ% K N H Liouville &2 nJ 13
/f =0+ Zcilnvi,
i=1

Hrh vy e K(0), ¢; € C(K(0)) = C(K), i& K = K(c, . .., cn), W HR40HIT AT
DURIIE v; € K[0) M — 20k, k95

n /

U.
/
f=vy+ g cl-—".
=1

Uj

:L}X_L/UO = Po + 07 /\EF' Po, 40,70 € K[ ] qo,To ;EL%H degqo < degTO' *Eﬁ (3 y‘j K
HItRibE K [ R 2 TR A S B TR Ay PR B SR, R A

Z

p—i-z:(po—i-z()) +ch + Z cz—

i=k+1
/ n U/<
(et (1) 3 et
"o ikl U
€KI0] eK(0) hEH R

M0 =1, W K[0] T2 B S K9] 2. o € K, w4
E%%%—%“ﬁKW$%%ﬁﬁpﬁ£wﬁkm¢§—%ﬁﬁJMMEi%

R(0) 2R,
0 0 ¢ K LR, SR T 0 195 TUUAII A LB TR, A
i .
p:p6+zlcz'v:,

(16.4)
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ﬁn%%@Kiﬁ%%ﬁﬁ. 0

16.3.2 ZIES

(A3, TRATTT LIS (23 BT 2 R4 p AT ISy T 23 BRI,
I R AR, W f BB TSR
72208, —HORVLKFIL AL £ R APIITA R 5 TR RS .

/xx, /x“lnm

/a:x(l +1Inz) = 2.

E209. AE FIEEIRL R, 4 TR K(0) R BUiR gy, JATHUG 2 5miE W
i R dl K ) e& B ERR Y. Bl IRATE & IE A B B8 K = C(x) LRIFRI>
Jids, AT LA S0 C (2, In ) HHAOAR > 1R L. I C (a0, In ) A5 0o i 3k
K, fiREf3 2] C(x, Inz, Inlnx) & BB J57k. il RS VRS 2, Mk
TR BEAR IRSR AR i R, BATIAE A AT LUE 2I(Z W B 17.1), SRBUX R
FER 2T LIAE G Ef A R AR T A 4% o 5B 2 i) L.

#R (16.4) ik

PIAERISE R AL, 1H

p=>Y_ Aif', po=> Bt
i=0 i=0

Horp A;,B; € K, JlIES]
m n n k o
S a0 =Y B+ iBele + Y O
i—1 i=0 i—1 i— Vi
k
T A O BATWEFRZERE B, F1 Y. ¢;lnv;. FIH 0 75 K @B, n]13
i=1

m+1 % B, =0,
n g

m #i B, #0.
#7 Bl =0, W By WAERFE, BWATLE By = 0, THELIRATFE R E 0
1) 55 e XL 0™ A 1

Am = B;n + (m + 1)Bm+19,7
Jir LA
By, = —(m+1)Bp 10+ /Am.
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B2 p 76 K RSBl WA / Ay, 1 R0 PSR — K 2 T, 3

BT R By DU By € K. M8, T / Ay BN 5 HUGAEAE, By
(R 52 R — AR BRI 500, BB M0 b, H KT FEI I o1
AT

A1 =By +m(Bm + by)f,

A ] %0
B,,—1 = —mb,,0 + /Am_l —mB,,0,

TR p e K ERSETRL T / At — mBu %5 K10) S BRI 0%
SR, W R b 5 Bt -+ bt (bt SN R50). WIHAEAT, P LR 60
ST

v,
Y
Vg

k
Ao =Bj+ (Bi+b)0 + >
1=1

k
Bo—l-zcilnvi:/Ao—/(Bl—l-bl)@/.

i=1

k

BARMHEE by, YLK ERRE D Y o lnv(FEEIK )G — DA m R o R
1=1

AL K ), W BAT (FEAZE AN AUR RSN )Rl 7 2 32 AR 2

16.3.3 HIEIHSFEERS

TATA R (16.4) T z—g Al i c; In v, SRARG IAT B 73 R0 HE8 43
i=k+1

AJ DLAA H R EORR A R A AR S B ORZE AL Hermite 2946 I FE RIS EAT, FRATIEG:
UEWTR 5 | B
513216.3. X r € K[0] A ERKOI-FHZRFZAKX, N (r,0) = 1.

. r= [0 a) hrfE K FRAMR WS Am sk S
=1
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¥ (ror') # 1, WAETE 4, (5430 — a; | %fa;. aﬁ%fa; e K, il 046 K 1,
WA % — ). TR0 =a;+ clc HHH)OARE K L 75! 0

BT 51639 (r, 7"’) = 15’*]1%?&]5, BATe ] LUEAT Hermite 29401 RE T .
r {E K[0) FAETC V070008 v = 1 rl, 582K DI R1EE (16.2) MALEE R, N
i=1

M=K H A ﬁj\ﬁﬁﬁﬁ”ﬂ/\
Hﬁ—ﬁ*ﬁﬁiﬁ/\ﬂﬁ Rothsteln—Trager TNERIRARA. W r € K[0] o ¥ 7

BT, T ﬁj‘ﬁ’]ﬂ‘;fﬁ%j}/ S cilnv, b o € O(K) AL v € K[6).

i=k+1
k4% Rothstein-Trager 453X Resg(q — yr’,r) =T y B ¢; € K(0), 56 ¢; AEH

¥, ] g 1F K (0) P TRIERUY #5 o B8 B R AR T (¢ — e, r) B
[DECE

mman%/
1

40 =Inz, N K = Q(x) LB SRS, BB E Sy g = — € K(0).
r G FJT R, FTLAHEGEAT Rothstein-Trager J7i2. v/ =6 + 1,

zlnx’

Resg(q — yr’,r) = Resg(1 — y(0 + 1), z0)

1—y O

=—(1—-yz.
AAIEEE O T y A ¢ = 1, HoWE L iHE R KA1

—(g—cr',r) = (1— (0 +1),20)
= (0,z0)
=40.

SR Z S KTl

/ 1 =clhv=mh6=Inlhz

zlnx
RIAR 25 L.
ﬁmﬂ.ﬁﬁ/
Inz

40 =Ine, % K = Q(a) LI, WBEEOY 1 a 5 € K(0). r

To 5 A, AT PAUE #4T Rothstein-Trager J7i%. 1/ = é, [i4 Rese(q —yr',r) =
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Resg(1—y - ; ,0)=1— f, G550 T y IR
AR

16.4 #BEIEERIIAS

FRA TV A A L R HR 7 PR UM i i e 7 O 50 e AR 20 0 B i, 42 R
Sk F AR LG I BT Bk BN T, BRI I8 0 O K F R s 2R Ht
f € K(0) R4y n) 8.

{HIXA r) ARG 2L I — 48— JF /e vH SR AR b JRATT A SR R K b ok

93 T FE(BERR N Risch T2 7 FE[148])

v+fy=g,

Hrh flge K,y € K ARMBE. BAVEAEUD TR SH —Fh e
Risch #4377 B, 1 HAF 3 Risch 373 77 BEFIRT 5 B 40 0 3 s SCTR 1 AH L <4
95 DUAEBATR MR & DA RS AE K 158 UK FE 1SR AR

SRR S — e T, BUE r € K[0] T F )7 NP ABEARE (r, ') = 1.

#5116.5. &0 =e, r =0, r LV IHEF, H (r,7") = (0,0) =0 # 1.
DRI FRATT 75 X 5 [ 2 16.3 f— AN/ NEAT

51316.4. K r e K[] AERBOAFZATHZAKX, LOfr, M (r,r) =1

n

EO. W= [1(0—ap) o r 6 B LRSI WA R ECKS

' =>"T] - a6 - a:)
i=1 j#i

=> 1] - a)(n'6 - aj).

i=1 j##i

1 (ryr') # 1, WIAELE 4, 15 0 — a; | n/0 — af,, NIt n'a; = af. HT 047, & a; #0.
1]

ai\' _ a—0a; aj—n'a;
(E)_ m - g 0

R a; = cf(c AFHE), X5 0 /£ K LHE#orE! O
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16.4.1 45 fE5|IE

HUE3IE 16,4, 4 T REWS AKSEAE ] Hermite 201k, TN F BEKA R 0 1 T
SRBSHIK, JKHE ] FRATEIA 5 X,
EX16.3 (7 XEIR). K(0) T Y. A0 M EHA K(0) TS X £
. -

FERENE LR, £ AT MR p + g, Hehp B XETR, q,r € K[0], ¢, r
0%, degq < degr HA 01 r. HRLT T2 16.2 B0 fiF 5 BE, 1E BT RE 22
iy,

313216.5 (HEISHR B MR BL). & f A K Lo eMdssdt, £ f A K b
HnERey, W ph g e K EHNERY

AER]. LU K(0) A0 K M Liouville & ¥ n] 3
/f = 0 + Zcilnv’h
1=1

Hihrog € K(0), ¢ € C(K(6) = C(K), it K = K(cy, ..., o), BILARA5H00 AT
PMAAE v; € K[0) bt — 25k, k545

n 'U/

, .

f=wvy+ E ci—.
i=1

Vg

B v = po + z—z ] SR, AR v o K e EE R K9] E RS 2 A A
it IR PR Sy, FRATEE R K(0) 2 Ak S Rk, T

(A;0") = AL + A;i0" 10" = (AL + Ayin)6',

PRk 22 T AR S5 AN LI BCRR AN AR BT AN 0 1 v T % R
P04y, DRI A o) o B B e VRIS 185 ke (B ik 22 vy, Herh deglvl- — ),
RS

k / n ! n / /
v; Qo v, — NN v,
— <p6 + E ci—+ | E cmm’) + ((m) + E G—t— U'm Z)

i=k+1 ¢

SOV I E2 EN eK(O)HEAR, 0tv;
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HIT 0 76 K Lk, S5 i) o0 T 0 1) SC2 IR B0 2 1 o I AH 45,
Mt

p= po—i-ZcZ + Z cimin’

i=k+1
a () = v-nnv
(). g i
r "o i=k-+1 Vi
[i'e
/p po + Zcz Inv; + Z cing,
=kt (16.5)
/z = %2 + Z ci(lnwv; —nm),
i=k+1
HE K LW O

16.4.2 ZIAXEH
7R (16.5) %

p= > Af, po= > B,

i=—m i=—m/

Hrp Ai,Bi e K, JliEs

En: A0 = ( > Bel> +ZCZ —l—Zcmm

i=—m i=—m/ k+1

k n
T A ©5, AT EHRZ KM B M1 Y. eilnv; + >0 emngn. BT 20E0KT
=1 i=k+1

AR, Wb no=n', m =m'. PRI RS 2
A; =B, +iByn, i=-m,...,n, i #0. (16.6)

REE K ERSRTRSIE B; 1 Risch Jife, BAVBGE TREWAE K ESRAFILRTY
FEslgn BRI e, A AT AR, W f 45 K (0 )L?E%ﬂ£$u’\ gy

KB (i =—-m,...,n, i #0), wE R /A() K By + Z cilnv,i+ > engn.
i=1

i=k+1
16.4.3 HIBERH FXFEER S

M T HATTAH T 512 16.4 FIPRAE, HARTTEARE) SO il i % #E4T Hermite £
R RE, M 2R 14T BE B>
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EE ) uﬁH%U? Rothsteln Trager E’Jﬁ/ffrﬁﬁéﬁ*ﬂ , Ber BT

)”\'Jqﬂ/ﬁ[l Z w , WA = H vj. Wu; = [[ v, W
i=k+1 Ui j=k-+1 J#i
== Z uj"U;,
Jj=k+1
e

n

g= > ¢j—nnvu

j=k+1

n
q—¢C; ’I°,—7° Z njn' , T
j=k+1

— ( Z (¢j —ei) (v — njvjn')uj,r)

j=k+1

KA > ny = degr, Jrblv] LUl K 4550 Resg(q — y(r' — rdegr -n/,r) KTy

=kt
IR SR AT ¢j. 5 BT S TR, W iRk &5 XA ¢ R4 W % 7 K(0) L
TCRTEER s 5 A R34 8 w4, W T R AT (g — ¢i(r' — rdegr - 1), r)
R w] sk 43 v;.



W TR, HARBL Sy Bl h A VR, SR 7 2
(RTTIA%z R EkEoR. AE T AR, SR TR AT St 2 — A
IRZ TR B E R, 15 Galois FL12, Lie XJFREL IS5 A 2 BB WL & e 71 1 H
TEBAIE. 5¢ T-3X J7 1h S PE 4 1 2R 3R RSCHR B 5k, FATHER 538 2% [159] A [30]
¥ 2.11 7.

ATE B R TR i P B BE AR ) ), A0S Risch 300> 7R, —Birdk
PR 52, B Galois FRAR TR/, B 7 B2 Kovacic 53k, =2tk sr
JIRE 2 A, A7 B PR R LS I T R R R AR, S AN (62,
[LOG] AT [171]. P BeAS 7 5 B H A BEAR I 3o 7 B, i R ARE R (i dn [11],
[6]), X} T Laurent B3\, &5, Puiseux & EMESA T T #.

17.1 Risch 5 HE
T2 BTSSR OB I BRAT B3 T T
Ai(z) = Bi(z)' +iBi(z)n (x)

P e 16.6 , SLrh gl Ay ' € K(GES) h CAkEl, B; € K I RAMEEL. X2
—™ Risch 15> 77 FEI SR AR W) . —feHb, 15 f, g € K, Risch 43 75 12 ] gt /2 22
ST

v+ fy=g (17.1)
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FE K R, D0 SR R U R LR A O T R e ] B — 2R T R, R 6T
TAT SRR A SR AR I R A 1 A

17.1.1 HFIEERHI

T I 2 4 B SR T, M0 K = Q(w), R(x) X C(a). i
den(y) FoRA BRI y WIELI 308, W FATEARTLZ I p € K Hp | den(y),

v

FA VA FR L p (XHL B p| den(y), p”| den(f), p7| den(g). T4y = e H

I / /
B () = 1, 0y = IR OP gy ) < 1 den(y). i

(7)) P =I0 Y fy, g A EE p BIRE N o+ 1, a + 8, v. HEE P b
BRE p KRB, 53 o =g T

1. 3>10, A vy=a+p;
2. <IN, W v=a+1;
3. B=1H,

o il KAEILL 5y, Wy = a+1;
o /U RMGHLSY. H (p,u) = 1 W[HE a, b, 13 ap® + bu = 1, I

1]
“ 4+ b b Y
y=— :v(apaJr u):UTﬂL%::TﬂLy’
p-u pru p u p
F .
W2 degY < degp, p* { den(y). FIFA[®K f = > + fiE deg F <
degp, ptden(f). Mif
oYp Y _, FY Fy oL
y’+fy:—pa+1 +ﬁ+y/+pa+l +—+ >+ 17

W T AT 2058, e sKAN 3 BE Ry pott (I FH6 € i LAY 43, T
p|—aYp' + FY,
M p A4, degY < degp, #l (p,Y) =1, Al1%
p|—ap +F.

N deg F < degp WAL F =ap/, lla= 5
HH AT 2] T REN R AL y 3 BE p IREL o 1 B, AEFRATIE T8 A5 o R 8K
wE B B E, BATTSERS FUER T [148]) Hhr 5] B
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'11

Sl3217.1. % = AKHKE G =1, N

F
a < max fy—l,z? ,

’B

&
o < minfy — 1,7 - A},

74056 T LR B, U PR (p,Y) = L IEFISIT p R 4 % R,
SCA U 7 T Lo A+ R 558 p 6T 7 BT % T B e T LA 2
den( ), den(g) HITG VI TAMIR B SER MR, AEBALSRITRA U 6 = 1 K
SPITT p, it p WRATLIAF g, 79 = = - 948 15 Rothstein-Trager 77
PR U P LA 51 ’

F=2q¢ & (F—2p,p)dEV ML & Res,(F — 2p',p) = 0.

MITBEATATTRKEE X Rese (F — 2p/,p) = 0 KT 2 FPHEEARET W, JAFF2 T W0 R
T den(y) B AMEEUITTIA

B3%17.1 (P den(y) —ME2D).

1. WFE TV 7 53 i# den(f) = ﬁ pf", den(g) = H plt, HH B, v >0, pi o
P
07 Rl

2. WML <i<n, Zp=pi, ="0i,7="

o HB#£L % a—mm{fy—lfy By, r=
o BNIHHE R f = E—i—f, K Resy(F — zp/,p) = 0 M3
oz, e (BRI HEE 9.7). 2 o = max{y — 1,2}, ¢j =

m

_ i—(y—1

(F —zp/,p), r=p" 1 T] qj% o=,
7=1

3. BIPrA r I, ALK IL.

1E432] den(y) I—MEEZ G, /\Eﬁﬁﬁ y o T OREU A B S, RER] A
FFE RBFRM y TR T By =— ?ﬂaﬂméjztlj o = dega. ¥ AT
U7n%%ﬁ%um¢AA!Tuﬁﬁﬁm

Rd +Sa=T
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a5, o R, S, T AZ IR, it B =degR, vy =degS, § =degT, W Ra’, Sa, T
PIREGT A B+ — 1, v+ a, 0. LRGN IR AL, 53 0 —FPE T8

L.y<B—10, HI=8+a—1,;
2. y>B—-1, WH 6=+ a;
3. vy=03—1H,

o /Ut sRANG B IUARBIE &, W6 =+ a;
= S alz N @ - ﬁ . ’7 .
o i /cui KM BRI 2. Wa= ) az’, R=Y ra", S =) siat,
i=1 i=1 i=1

W argaq + syaq =0, NIl o = —ii.
B
HI AR 2 T y 3 BHRE o 19— A B

3|H17.2. £y =010 -7 hEsH 0
e

agmax{é—ﬂ—i—l,—%},
rs
E

a <min{éd - +1,0 —~}.

AT 5IB17.2, 8 FRAERT AR y 190 7 BEAT Fos 0 REGERIR T, &3
FRE (17.1) 1£ K = Q(x), R(x) 2 C(x) HIfif y.

17.1.2 —iB1ER

T IRATE T K b R A B B S B T JE, Bronstein[41]
UEB TR e B

EI217.1 (Bronstein). &£ K 95 ZH FRRRIY KT w80 F Risch 7 4219
BART IR, % 0 H K Lo EF A mit, NAE K(0) 8915 EH FRAREY KT
FApAFe Risch 7 #2 [9) R ALHRT fif .

FH T Risch[115], Rothstein[152], Davenport[63] fift £k T B 559 5K AL 43
i) #UF1 Risch 77 F2 i) #, Trager[21], Davenport[62] f# vk T ARE Y 5K (AR 43 i) 7R
Risch J7#2 )@l MR # € B 17.1 , {8 0] DAAFER A5 21 4 4155 R £ 47 45 3R
73 M1 Risch J5 F )@ IR TS T .
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17.2 —M&MMNaAE

SR> SE B Bl B ) — B TR o (@) = f (), (A ) A i ok
MESE LA 2K T Risch 73 75 R fue ] P K — 2R — il T R (Ze T ), 4
RIARAAE K P, w8 K LR e Eoik. BAREATHRE — By
ke (17.1) ATl K& (2% 1))

y:e_ff . <C+/g€‘]f> ,
(EIX I B R e — e ml /5, R A T B IR S M Fe R 2, BRATTIE A5 [ 2] £
Risch J7F& ) /8 .
AN LU e BE [64] A FRATTRE U8 8 SR E MR R A3 2 Kb ] BE 1) 55 R L
fit.
EIE17.2 (Davenport). X K L#) Risch 7424 K LA w15 240G, WA — AN
ye K %& el I 2 K EREATRTIARE y).
ER. G0 F = K ([ f).
1. #el I 78 F A% W Liouville EHL(GEHL 16.1), [ f bk K FXIHe8 %
(L, T el f M BTE K FAREL.
2%JVEFLEﬁﬂﬂWHmjﬁM%E%EFL@%A@/W“:ny
WIEF FWI%. it 0 =elf 2 F b isds 5k £, o g o) 20T 40
J g0 = ho, Kot h € FOEEIREBRECK T 5 IREAE), NTTAf#y=he F.

HF=K WHyeK, AN [frhuf K st afdy =p( [ f),
Hrp p(z) € K(x), M7 (17.1) 713

/ _9
()l )3
mEnE Y +pe K, B yec K.

XA 5E R T ERA. O

RISk — B 2k PE 5 R T DLl it sk K i, Bt KB AR K sk 2R 40 ok 5¢
J%.
2210. HT [ g8 = b PR EEIAAAE, T RIFRAERITA WM y BT K,
T

v(z)+ylx)=a+1

PIRER = + ce ™, WIHEE T K = Q(z) HIf# y(z) = =, (HIFIEMITH # 2.
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17.3 % Galois it
B TR EETS I H AR R — M I 2 Mk T R el SRR 1 1) 6 — e i S £k
PR
y™ +ar @)y 4+ an(z)y = f(2),
IR S SR ey At EL LI N

y' = Ax)y +f(2),

Hrp
Y 0
y=| ¢ [(M@=| |,
yn=2) 0
y f(@)
1 0
0 0 1
A(z) = .. .. . .
0 0 0 e 1
| —an(z) —an_1(z) —ap2(x) -+ —ai()]

WS N [ 55 IR 7 FE IR SEA R AR N @ (), WIFESF IRt 7 FE Il g ok (575
[11])
y(z) = ®(z) <c + /q)_l(s)f(s)> ds.
DRI FRAT T RT DA 56 25 B8 55 IR O RE ISR A . 7 SK A 22 0 07 #4 ) ad f rh g A T
K] Galios B, i LMEMIr TR WA — DX N — T Galois Blig. fEIX B
A — AR A, XIS 2 Kovacic 5 44 1 M2t B SR figd Sk iy ik
fith RV B 2 I 506 T LLSE 4R A Galois BB HITE ). BTN JLANEHE W
WS (T2 [171)).
FEM17.1 (Picard-Vessiot ). Wy = Ay A K ERIFFIRENME T REAL, o2k
L O K #RNRTHITREH Picard-Vessiot 3k, WH C(K) JARE AR, HAFLE 712
WEEARMHE F € GL, (L), 1815 F WG K EAR L.
B117.1. %8 K = C(z) LM B &b sy i o = ry, % n, ¢ AT — Ak
Bl AR, A FEAMR RS
& — [77 C]
n ¢
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1 Picard-Vessiot W4 C(x)(n, ¢, 7, ).

EX17.2 (15 Galois Bf). Wy = Ay N K _LRISFIRE M TRE4], Hi%s Galois
B G = Gal(L/K) 32 X W Picard-Vessiot 3 L _F 5 K-REE RMEE, B G
Motz N L B K-REA T o, W2 o(f) = (o(f)).

FI17.2. (81 17.1 )X 0 € G A4 Galois 1 HIIGER, W o(n), o(C) T TTHER
SRR R, PR n, ¢ RN

0(77) = Qg + bUCv G(C) =cen+ doga

KHEH
Uy Co

a(n ¢) = (n¢) [bg i
Hp My 4 C B2 x 2 350, T2 o /¥ GLo(C) J63R.

NSRRI Galois BESACEOREEE L THRR, BAIRAH) HZEE.
EX17.3 (REHE). # G BERRE SR, HRFRI ik 5 skl 55 00 05 5 #E 1
&G, R G AR
E211. LTS (E X 1314 ) LSS, BB B I 2F [33] =, H
A, AR AN 25 B AT 7 S e 45 4y, O EL I o 45 1 8 R0l 3 SCTR 2 <A
5.

BI17.3. Bl IREAERE SL,, (C) A2 T TT 1 det(ayy) = 1 RERIVIHTAE, HAF
BEAEN, W SLa(C) BRIA—AMREEE. AR, ] DURIERE R IEAZH#E SO, (C)
oMU

EIL17.3. o Galois BE G (LA GL,(C(K)) 69F B )AXREAEE, B L& G-~E

JE BIRJIE W] 5 24 2 IO HE % (RO B2 # /] 2 [171]), P IRATE X L H
2 H LA T
B17.4. %8 C(z) LR o = y, W] Picard-Vessiot 3k L = C(z)(e%, e %) =
C(z,e”), HH (a(e”)) = o((e”)) = o(e”) Hn

= (TI C)Mcra

o(e?) = ape®, o(e™®) =a;le™?,

4%
M, - [ ] |
Ag

HF1 My AR G Lo (C) AR T HE.

HIES]
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#117.5. & C(x) LHTTREy" = _4%523/’ M| Picard-Vessiot 3 L = C(z)(y/z, /x Inx),

;L 1 _ 1 .
Hifi (oc(Vx)) =0 <2\/5> = %(v7) fif i3

o(v/7) = V7.

it o(vama)) =o (57 + o) = IRy L

o(vxlnz) = cov/z £ Vrlnw.
Fit LA REXE Y. 3 Galois #F
-1 ¢
C
U] |

o1

P2 GLo(C) BIARELTHE.
n ¢

117.6. (241 17.1 )ik
H Wronsky 174120(Z75 [11]), BT n, ¢ AT — N EERIE R, 7751 W hAEE

WAL M
g - )
7,’/ C, 77/ CI bo’ do’

A o(W) = Wdet My. X a(W) =W #0, Al%l det M, = 1, M, A{K5ps L
Ji SLo(C) I—MRETHE.

CEC},

17.4 Lie-Kolchin EIE
ATAT LA FE EL AT A5 R B0 ) 1 — 2k B, o ket B N

EX17.4 (Liouville p& %), 8 K N — M3, K(n) b K B3 ik, WL
C(K(n)) = C(K). n AL K ¥ Liouville A2 p%t, #7 n Wi/2 UL F4&h2 —

L nfE K FRAREM, BE f(z) € K] 1§43 f(n) = 0;
2. n1E K 2R, Bif 2 € K;

3. 015 K LRI, AT ’777 € K.
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K, ...,nn) N K EB— Liouville B3k, £ V1 < i < n, gy N
K(m,...,ni—1) L% Liouville A& i It(41 € K(no) = K). K LA Liou-
ville B ECE PG FR N K 1) Liouville pRAL.

212, PR AR HRR B0 AL B A%, SRERR B0 B Ak, BRI AR R A
Liouville B%t. {H 2 WA, il [ e 7 Liouville b %M JF4)4%5 b %%

2o M7 7 R RO 5 B K 51 5 AT, HET7 2 Liouville fif by — i e M ¥
GL,(C) MARE TR RS . NI Lie-Kolchin mE (2L [108])45 H T etk
Ty 7 FERI RIS Liouville f# A AR ZE AT, /R L 7p F 2L
EIE17.4 (Lie-Kolchin). 3% G A &K Mfky 7 #2535 L 69444 Galois BF, Gy A G 4
Qb s ekl o X, MA T & A FMNeY:

1. RS 77 A23F B84 fRAR R Liouville 89 ;
2. Go T’T)’*ﬁ%’
3. Go T L= A1k,

PRIk TSN g3 T ) Liouville f#, FATT Al LURS [ AR FRERIAITST. Eb
IR T B e M AR, BT EER R IR AR S Lo (C) MK BT T T i

17.5 ZME&its Az
F I IR e T R
2"+ az +bz=0,

Horlra,b e K = C(x), ML bRAERIAEHe y = e2 ) @2(C(x) TS BT Bk ), 7]
BRI 2

1 1
yl/: (b— ZGQ . 5a/)y.

PRI FRATT B T mT LU e T
y" =ry, (17.2)

Hrbr e K &k, X oB A M EATIE, 4 n 22— Liouville
fiE s, A ¢ = nfnlz 25 n PRI T — MRS [11]), T B )
i & K ¥ Liouville fi#.

W AT, FRR e SLo(C) MARELFREN TRRAVR E 2, Fa b
R E L (S [107]).
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EIE17.5 (SLo(C) FRECTFEERI/32K). K G SLa(C) #9REF B, W G it RVAT
Z—:

)
C

2. G5 T | 1]
C

c,deC,c# 0} #9TEE, BP G T L= Ak,

oo

3. G A ARSI BB (W EAREE, NEIREE, + @ IREE);

cE(C,c;é()} 0 7 B,
AR F %

4. G = SLy(C).
XN AECRERI DY AN SR R 5 B AN N4 T
EIB17.6. 742 (17.2) 69/ R A AT e bt
1. A=Ay =el“ A Liowille %, £% w e C(z);

2. H—ARy =el¥ h Liouville &, 4 w A C(z) Loy=—kKR¥t, BFE—
KHW TR

3. FiA g y £ C(x) LRI, A Liowville &, BATHRHH TR,
4. & Liowville .

SE. A ISR T 17.5 (0 DURHE TG, 8 1, ¢ TR AR R
].ﬂ@&G%LEﬁ%JEWGGwm:%mﬂﬁm(i):ZECQL%

CGC,C#O}U{[_ . C]

w:n—, Bfgn =el«.
n

zﬂ@&G%{r 1]
Cc

B, W Vo e GH

CGC,C#O} 1 ¥

e
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THREAT o(nC) = 2nC, o((nQ)?) = (nQ)?. A 173 WTRILAT (1€)* €
n

m¢) 1 ((n¢)?)
— — — . (C
°=TC T2 oe W
Hh
I\ N\ 2
(5) = (3
n n
A
— ¢ — 309 — ¢+ dro+2r' =0. (17.3)
W w N

W gt 2 g b =0
2 2
() — Ak, KT REPTG R G R A

(20— O)u = G — 24" — 6/ 7,

NI]
212w — @) (W' + w? — 1) = —¢" — 3¢ — ¢* +4rdp+ 2" = 0.

BGE 2w # ¢(RXIEEE K E), TRA

Ly =el @ WOEITREMIM, H ol C(z) LI = RAHOL.

3. HEY Sk KB [L - K] AR, B+ G AEREE, T G = {o1,...,04}.
WLHn+1NI0E v, U1, 2

o1(ug)
v = : )

on(uk)

WPAEAE 1T < m < nAT1F vy, ... v RYELK, v, .o o 18 L EEAEAH
K. B mt1 = cvi+- -+ epvm, W o(vpi1) = o(er)o(vr) +- - o(em)o(vm),
MHT {o1,...,00} EAE—N 0 € GIEHTHA {o1,...,00} FI— S,
M v BAE IS V1 < i <m,o(e) = ¢, BIEH 17.3 4 ¢; € K, \NIi{E
n+ 14 LHPResEE K SR, (L K] BRZA RT.
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4. HHTX B &7 Rk U, W A A Liouville fi# 114, 54 B4 il 4 &
Liouville ff). H1 Lie-Kolchin & ¥ 17.4 A] AI{E XS LT Go & Al firt. 5
G = GL3(C) XN Go = SLo(C) AR, XA T JEMUEH T 778
Liouville fi#.

& FRAFIE. O

LE4NE T Liouville f# ) X2 J5, *F Liouville ff 1 A AE M) A e T —
SO, T TR A T ) A T A R AT AR B FRATT AN, &
r = g € C(x), o p, ¢ AEFEKIZ I, W r B S RN ¢ K% 5T, BHAENK T o
RIS T a 10 q F R IERL. r 76 oo MY e N deg g — deg p. IX5EFR I
Jee S ) WO AL B IR 15 T

EX17.5 (M4, % q € Clz]\{0}, X q 7F oo ALK 4k
Voo(q) = —deg(q).
& p € Cla] WATLHZIN, EX g 175 p LB
vp(q) = max{n € Z: p" | q}.

HLIIE 100 (0) = 00, 1p(0) = 0.
B =2 € Cla), X r BHHv(r) = v(s) = v 0T v TUUE voo B vy).

TERXFEIE SN, v 18 a AR S B B b EAE T (vpa(r)).
TEIBL7.7. T 17.6 697 Z AP AR L 44 56 B 51 5 A &
1. r TR B ENHAIBER 1, £ oo LN A BEAR KT 2;
2. r BEVH—MREAWEA 2 KT 289 #;

3 r EMELGNENTET 2, £ co LN EKTFEFT 2. TEI XS

i
o 5
T:Z (x—ci)Z —|—ZJ:$_]d]7

) V1+do; € Q, Zﬁjzo. A~
J

y=Y ai+ Y Bid;,
i J

HVI+47€Q.
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B BTl S HE R 17.6 UERT 2

L A5 0 IR, 5 r M w 78 0 40K Laurent i 50 (L8 mi ALK H 1E)

r=azx"+---, (17.4)
w=bx™+---. '
o 4+ w?=rnafH

M n > min{m — 1,2m}. M n < =30, b fHm< -1, 2m < m—1,
Hin = 2m. PR EONREECE 10 % IEMEA oo &) Laurent &
K (174), WH n < max{m — 1,2m}. WM n > -1 0, bfHm > -1,
2m >m — 1, Fln = 2m. Jrih co BB EON HEECRT 2.

2. 1 (n¢)* € C(x) {H n¢ € Cla) (MM —RKIGIE), RNK—E, Wk
(n¢)* = a* [J (2 = ),

Horbr e ar sl U

(25 = %emfl .
i (17.3) e (17.4) AI43
(e—ieQ—i—;) 34 =2a(e+n)z" 4.

iMe W#aH, e — 3e?+ fa73 = fe(e —2)(e —4) # 0, WHIn = —2
n=—en<—2. Prlhr BDH—MREECH 2 8O KT 2 K34

3. AW 0 A— PR (AL EmARERE), TN Cz) EMAZREL, v
WAE 0 417 Puiseux &2
n= cxh + - ,

HrpeQ, By =rn KERX (17.4) W15
p(p —Dext ™2 4 = acah™™,

WEn > =2, Bl r ZEAR A B BN T AE T 20 JFH A 0 = -2 WA
plp—1) =a, T V1 +4a € Q. TRAN X

a; B;
T:;(x_Ci)2 +zj:$_]dj +Pa
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ok P e Cla). FE%HE oo &b r [ Laurent B (h T /RIS, RA1 r R
e —Mid )
r=yz™" 4.
[FIAERT15
p(p —Dex™ 2 4o = yexh ™,

WEim < =2, P =0, B r ££ oo ALHINHONT45T 2.

@i Bi
r:;(a:—ci)z +;x—]dj

T (S P

j i j

RIS B =0,y =Y i+ 3 Bidy. FHH p(p—1) =y 51 VT +4y € Q.
J ? J

IEEE. 0O

#117.7. % & Airy 72
y' =y,

W r = 2 e s 0 %) BAE oo ALIIBTE0N-1, AN AT — 45 b S5 A, W7
PG Liouville fiff, H—21RA AR Airy pREL FIFERTLUANE, M n > 1B, T
y" = x™y #AT Liouville fif.

I T FRATI AR B A A 3 I SR AR B R AT AR 3 S T 5 221 Liouville fiff
OB RS AT, B BT R R O AR SR 1, AR r KRB R
AR T 2.

Wit n=el ¥ we Clz). WwE e kb4 R In 5 R

v

P e TR DI

—~ r—c) zT—c x—c
AN 0 &b, T [w] = [w]o, W w 7E 0 42611 Laurent Ji& X 15K
a
w=w+—-+w,
T

Sl o @ WSRO WL AR LRI i
(Cl) T‘& 0 ﬁ*&/ﬁgj[\ﬁj‘j 1, r = *.’I)*l 4+ ey Hﬂ w/+w2 — T%“@J
vay a

*
_my+1+“.+ﬁ:§+“"
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Ay <1, [w] =0. Nififg

A% a? —a =0, WOEW'E MHEEH a=1. U\WﬁwEOiEﬁ*Bﬁ\ﬁ\iﬁﬁ - A
T8I, i ot =

(co) 15 0 4bHK 'Eﬁfl\iﬁﬂﬂ 2, r = bx_2+*i_1 , [FFE R HERE AT LIS 2 [w] =
a?—a=b, U\ffﬁwﬁboﬂhﬁﬁ“ﬂ/v\fﬁﬁf”ﬁqja =11+ V1+4b).

(c3) WO AR RIBTECH 20 > 4, WK

H (Vr—w)(Vr+w) = o 113 [w] = £[/7r]. W w50 IE 73 X £[/r]+—
R oF = L(x2 +v), Ko e — [V b ey IR

(ca) B O AEM AL, 5 (cr) FIFEMAERE NS [w] = 0, a = 0 Bl oo = 1. w 7E 0 &b
B AR 0 st

A5 LA B Tﬁ/ﬂﬁiﬂ

s(c) d
b=y (s(c)[\f ) >

cel

H TR r R SEES, R € Clz], 8% s(e) I+ 88 —. PRt R 445 w2
i d, d; MR T, jJJH:djijﬂ] N TS r 7E oo Ab Laurent Jg 5

w:R—i—;.o"'—F-

T
(001) B oo AN v KT 2,

*

xl/ + 5 xl/—‘rl

AWV +wW?=rifH R=0, aoo =01 s = 1.

(002) W oo MMM EH 2, r = b2 s34 - FIFERITI S R = 0, a% —awo = b,

=1(1£V1+4b).

(003) W oo MMM —2v <0, [V7]eo = ax
Z Iy, U (es) 1T R = [V, aX = (£
' REL

gra Ul B =415 3]

=+ - SR

Vb ROR T ALE 0o MR
by, Hdhb o — [VrR
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ﬁwﬁwww@ﬁm%m%ﬁﬂ%

= as(oo Zas ) € N.
cel

I JE I T R E i, P = H(x— )U“Jw—f’ﬁjJH—F ﬁ)\w +w? =r 135

=1

P’ +20P + (0 +6% —r)P = 0.

A REOER 2R PRI, 51# n = el @ = Pel®.

DL bSR3 5 AR IS, TRATAT ARIAE 2oy, N TRt n = el &
Seil A s AT A3 2 O(BIAEAS AF TTER SN, PRI A E R AL SRS T 2 T
K P I— oy e, S e tids 0 Fl P b5 w. FERIIE 3 A 2 I I 7 KR
gk, AR ST E R A2 ST PR T RIS B, st 6 f1 P
T w MR 2y, 72— MREOT R, AT — 1Rk, HAAm 20
[107]), AR T 5e38 W, X 45 H Saunders|153] X} Kovacic $% 1) —AN & fL IR
AR, AR TSR, A8 S T R A SR A AT A

B£17.2 (Kovacic HiERILIA).
KW " = ry 1 Liouville fi.
1. FALEL S s BEA AN
@)ur—fﬁ%%AﬂTﬁﬁﬁi%ﬂwm%&9Mt:ﬁﬁ.
=1
(b) Mi& L C {1,2,4,6,12} b w 7 C(z) EAEIRET HE I HUH.
o HVi>3NWHAt =1, Hvwo(r) KT 28CHEE, W1 e L;

o Fita A1, I >3 NTFHAt; A1, W2eL;
o #im<2Huvy(r)>2 M4,612¢ L.

2. i3 0 1 d {ALE Y.
(a) W 52 4

1
diix = Z(nnim(uoo(r), 2) —degt — 3degty),

1/t 3t
g =~ [~ + 2 ).
fi 4(t+t1)
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(b) Fyit 2 Eﬁ*&)ﬁxﬂ‘}i‘zlﬁ W ta WARN ¢, .. NG W bi(t =1,...,ko) N
i R %

di: \/1+4bi, Hi: di

T—c;

(c) MR TET 3B X I 24 1 € L INRAF ta,t6,... FIARA
Ckot1y - - - »Ck- &If ci(it =ka+1,--- k) %E‘]Bﬁﬁy‘jl li, W v = /2, a;
B Il L R b [ L R 4

(x —¢;)vi pritl

a; A " x—c
(d) Mi& oo ALK EA 2 BN NI, 35 veo (1) = 2, 2 b A r Y % M &RE, &
do = /1+4by, 6 =0.

(e) Haits oo KEMIEUNT 2 FUSTRITR. 5 voo (R) < 2, ¥ vo = veo(r)/2, a0
[Vrloo 20 HIRHL, bo 9 7 — [P, a0~ RS, 4

b
do=—2, = 2[V7]oo-

ao

3. M 6 Al d.

(a) Mnel Hin=1Mm=*k B m=ks.

(b) HPEM s; € {—3n,—in+1,...,4n}, & S =(s0,...,5m). M

ds =n-dgx — isidh
1=0

(c) #ds €N, W%

m

05 =n -0 — Y sibi,
=0

BEATEE DD (SRR, S — 4IRS el S Mgk — A
) n e L, &7 SZR A0 n, MELRLIL.

4. KfE. d 0 = 6,.
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(a) # n=1,KM ds IKE—Z I P, A
P+ 20P' + (0 +6° — )P = 0.

iR o = Pel®.
(b) #n =2, Ki d, W —ZTRA P,

P" +30P" + (30> + 30" — 4r)P' + (0" + 3060’ + 6° — 4r0 — 2r")P = 0.
"N P
?¢:9+?w*%ﬁﬁ
1 1
w2—¢w+<2¢/+2¢2—r) = 0.

Wby = el .
(c) #n=4,6,12, Kfift ds Ik —2 W P, F

=]

P, = —P,
P =—QP/ 4+ ((n—i)Q — QO)Pi — (n—i)(i + 1)Q*r Py,
P, =0.

Hehi=1,...n, Q= t: RIEHTE
=1

N QP
Z(n—i)'w =0.

i=0 ’

Lingaayd n = el w.

17.6 Skt s T2 I EN G ER

Kovacic 7L I i v T B &k 77 B2 19 Liouville fi#, AT1E 2 T #k4>
Galois BRI ECR B . VS SEIMIAE, A8 HI T Galois BEA&t (A T LLHI R K
fift B e ET o T R B L AE 1981 4F Singer[161] BAEHIS B3 T —ANE
PR RE KK th P A 1 Liouville fi#, 7EUCHERl FI GV 2 K&, (AR AR5
DA Tk sz b ] R o o 22 2% R bR, A TSR vk, X HL AT D i 2
48 Abramov, Kvansenko[16], Bronstein[12] $&H ¥ B £ 1t 7 78 2 Wi, A7
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fift, Dt eR BR B 1) T i

17.6.1 ZIn\ R
RN K — N0, AT Kx] L2558 n et rfe
any™ + -+ a1y’ + agy =, (17.5)

Hh R % a;,0 € Klo], BATE DR H bR BT (17.5) 7£ Kz] H 12 554
filt. &

y=ypa" + -z +yo, yp#0
J—A 2 ISR, RNTTRE (17.5) 153

k

S () k= 1) (b =i+ 1) gt ) =D (17.6)
=0

wm = Juax {dega;(z) — i}, W dega; — i fE i = i1,...,is LEHE] m. i

p(r) = le(ag (x)) - r(r = 1) (r —i; + 1),
j=1

For le(aq; (x)) RoR ag, (x) KGR W degp = ax {i;}, WAIM k> degp i,
SIS
2 (17.6) 1 223 e g R T A

> le(ai; (x) - k(k = 1)« (k —ij + 1) - g™,
j=1

Hogst (17.6) P BB R U] R &+ m = degb, B0 p(k) = 0. MIfiBA1735]
Ty B B
k < max{degp,degb — m, rmax},

HA rax RoR p(r) MK IEIEEUR.

WFRIRAVEH M), 2] y B ER 2 G R e REGEK i y T, %%
(1)K 5 R BT A iR ik b AR R B B T RS H K o, HAER BT
WIAGTE, RS T rax AEAESIRK, VRS ARt . W DA e s 4t s
kSRR T 8 BB T PR A AL

St AT LT FE ajy9) + - 4 agy = b(0 < j < n), FAFEE L1 L) m F1
p(r), &4 m; F p;(r) (NI m = my,, p(r) = pa(r)). BREAE R XECAET &
IEATEW T S =R S (CIEE

Pmin{n,k}(k)yk = bn-l—mmin{n’k}. (177)
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ISR g, FHEAS R y(2) — y(z) — ypa®, FRBVBOCT y TR
any™ + - aoy = b — yr(an(@®)™ + -+ ag(a¥)),

P AR 77 R ke — 1 % TR, At A BT

MRAEIE (17.7) T g MR BRI Py (k) = 0 HIRSTE, #5060
2t AT 2, WU BT 2 TS #5553 T gy AT — s
B¥, RNAEHUR T T FLATESE. B ok LB RO, 252 s A %, T A
S R BN, AT AT RS FIRAT yo 25, BT LLRE A
HRBN A TSRS IR, FHTH FEB N %, THE 2500 (s %
IR E I T AR B 3B — AN TR S EAN U N T T 20 19(B 0
[16]), 52 24 ek Al £ 5% R EOE B MR 2

17.6.2 HIEfE

Wy € K(x) AAHREE, MM (17.5) W41y B8 MR A an, 1)
F i, I den(y) BN ANTAR THIE an 5. 0 THIE den(y), R fE
an A ATTZIR FAE den(y) LRI CERIT] .

W &Ry M—MREL y(z) = g(2)(z — &% & a; £z — ELMMEChH 6, [
ai(x) = (x — €)% hi(x), hi(€) # 0. WA

=0
RNTTFE (17.5) 435
S P o L
Z( G @O (k) (k=i D) (r - ) +> =b. (17.8)
i=0 v

2 T ARG TE R, FATTE X m = Orgign{ﬁi —i}, W B —i fE iy, ..., 0 AEHL

Fm. id
s . al(ﬂj)(f)
p(r)y=) r(r—1)-(r—i;+1)— ;
=1 Bt
WM k> m i, 20 (17.8) 2 (v — &) ~F™ W RECH p(—k), 1 b € Kx], "4
VAT p(—k) = 0. T35

k < max{|rmin|, m},

B 2 — € £ den(y) HHIRE LS, o v &0 p(r) 5N ABEUR.
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DRI AS 30 b 22 AR5 T —HE (O voo IRIAXHTAE R T XS vy II50HT), FRATT
MBS EARE] T — A SRA BB A RIS B, F5E 20 TR ). B8 K 15
R AREL a; BOEARITER. T &I o — & W3R, IR A ie HAR PR AR R 2K
K () o, BATGIA QNP RS (S [18]) SRR R EAR T

EX17.6 (CPliorfi). WA, B € Kla], 8 AXT B & Vi, ¥ B =0, S X
T AREEATART P,Q € Klz|\K, #fi vp(B) = vo(B). Bk A = AT"--- Af»
ART B Ui, 45 V1 < i <n, A VTN, WNEE, H A KT B2
A

B S ={B1,...,Bn} C Kla], (K AKT S VMM, 55 AXTHAB; € S
WP, R A= AT - A% RRT S (VAo i, 27U R T4 B € S
# 1  5r fi

A WGP il Bt kT A T o fil, IR B, ol LG RIANE - A

HITC V7 70 A O~ F AT o0 . ANTPAR S, A 0 R BTGP 5 20 R AT 41, (HEE

TEARIHRRAT . BATT LB K B GCD a5, fiti it A ¢ T B (R Y4
IR, O T AR UKL, FRR AR a4 .

Wap =t WRT S = {ag,an,...,a,} WV E . F%IE c(z) =
ci(z) (1 <i<l), ®We(x)=(x—&) (v — &) NEK LN E. BT c(x)
KT S VA, BN TR aj, ajf 7ER T 2 — &, ...,z — & LM ECER 2 A S, A
LRI BT IE A By [FFEE L m = Orgiign{ﬁi — i}, P B — i fE i, ..., i ALHRE

m.

s a(»_ﬁj)(:c)
plr.a) = r(r = 1)+ (r —ij + 1)~

j=1
7433 den(y) H e(x) BIIREL LS, AI%) p(r,x) 5 c(z) #4T Euclid 53%, Kih
Tmin AE (p(r, 2), c(z)) = c(z) B/ NUEEME, WIAMEFITE den(y) H c(x) IR
kAR

k < max{|rmin|, m}.

l
RERA BT T K LR IR H T y 5 BE Wy = % = 1T ¥ (k;
=1
A RS ARNIRITRE (17.5) B a3

i (i) @SS )
ZZ( . ) el = b, (17.9)

=0 j=0

So=1, 8;j==51q4-3jSj-1d (j = 1).
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PR ) B SR FT T RE (17.9) B2 TRy, TR RRAT SRR T 1.

213 TR (17.9) O S IR REN LT TR o1, XTI R S 50R
M. Hy TN RS, U b = (o) a1 = L ap = Lo by = B2 %

h h’ h
T = }TJ(—hE( ST = R, WIJTFE (17.9) 6k

n n—i

S () =

=0 j=0

Hrp
To=1, T; =T, ((j—1)h1—jg)+Tj1q1 (j > 1).

KIS FEFTIATRLL T T R8N R L

17.6.3 &5 iR

ALK F i £k ﬁﬁ%zﬂ’]ﬁ@ﬁ@kﬁﬂlj%I)\T?@]ﬁﬁﬁﬂ’]ﬂ% &, HS A
H &SP R I SE. BATR 23 L AE, B0 (R IERA TR S AR AR,

®3%17.3 (1) BanFacAB).
WA € Ko B P HTF, 48 AXT B € Klz] B¥-F# 75 i#
BanFacAB(A, B) = {A1,..., A, }.
1. # B A8, WA BanFacAB(A, B) — {A}, SHEZL.
2. % BANFH, WHERKARWT D = (A, B),
o ¥ D=1, M {A}, FEL L,

e 5D > 1, WA = DA B = DBle > 1), # 4 H I %t
BanFacAB(A, B) = {A} UBanFacAB(D, B), 5ik& 1.

®£17.4 (7% BanFacAs).
WA e Kz) B FHHRF, 48 AXT S C Kz WV o f#
BanFacAS(A4,S) = {A1,..., An}.

1. %7 |S| =1, & S = {B}, futli BanFacAB(A, B), Hik# L.
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2. # 1S > 1, T B € 8, R J W {4 A =
BanFacAS(A4, S\{B}), #iiti |J BanFacAB(A4;, B), HikZ k.
=1

1=

BRI FIRAMEE T A JCP U7 T, DRIP4 A v DAL B SO 1.
I A 52 B A 2 R T T 3 i S
EIL17.8 (PHE). K A€ Kla], S C Kz], A=T[A] hAFF2M, A =
[TAi; & Ay XF S 69 F#4ff (Ti8iL BanFacAS i), M A =[] AL H A %
F 5 6B, J

17.7 SH&EMS TR

wif Liouville fiff (1) SR il 22 LG B IR 3EAS 2. 1992 4F, ]/3ronstein[ ] R TSR
A AT B (7 SR U0 2 R B e, B y e L € K(z), K i — A
O — 3L g5k, IF B U7k B4 Axiom ?QELSQIZ)/EL B SRAE [162] 2
fili AR T el RREARHELE K EO R an(z), R AR b S ety 77
TR Singer — VL [161] —ANEs i)+ HIL L.

FEARTT A L& =B n B 55 T RIS T, |

any™ + -+ ary +apy =0,

17.7.1 Riccati 3 8% 5 Riccati &
By =el v HITRE (17.7) B NEEUR. 16 n = 2 TR, W " = ry
[NEBERTR P
u +u? = T,
XA S T FEORER I Riceati 7 RE. X — M A2 (17.7) , ASHESR HOGE Y R DI
Riccati JTFE N
4nPo+ -+ a1Pi + agPy = 0, (17.10)

o
P=1 PFP= F)i/—l +ubP;_1 (Z > 1).

DRI S A B0 P 1) OB A 24 TSR AR AR 2R PR SCHR Riceati JiREAE K () HHIMF w.
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EX17.7. % S = {Q1,...,Qn} C Klx], ENSHEPc K[z]\K 4b ] Riceati $5
B Riceati F5051 0

FP(S) — {I/P(sz:;/P(QJ) 1<i#j< n;Qian £ 0}mN+’
6P(S) — 1 PP(S):®7
mapr(S) FP(S) #+ .

E X S 1F 0o A1) Riccati F5EUFN Riccati F-501 0

P (8) 1= {deg e

op(S) =
max ' (5) T'wo(S) # @.

1gz‘¢j§n,Qi,Qj¢0}ﬂN+,

FEIXLERE TG ¥ 5 SCT, Bronstein UERH T UL R G Ti# u 5/ e B (0L [13]).

EIE17.9 (Bronstein). & ap =ci' -+ ¢t A%XTF S ={ao,...,a,} 9 FHM. N
Zl

£ Q,P, B € Klz], (Q,a,) =1 H deg B; < degcfcxs)'

PR TR, 301X B L BE R I B A IE L AR, KB B T2 17.9 Z f5fe
Wt 2. w5k, FRATTAT LI ok v S A 2 o S AT 3 6, (S). #ER kT LUd it
TR SRR ) — T2 BB 4y 9 A FRAT AR o Sy SRR i — T, 4
T=u—a,j=el  Wly=ygel* & DFel ®) =el (D + a)y(D NI )T

19
an(D+ )" g+ -+ a1(D+ )y + agy = 0, (17.11)

Ht G

(D+a) = :0 C) Pi_j(a) D7,

J

AR RBOCT g (K n B PE T RE, WS AT SR H A B A A IR e e
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17.7.2 ZIMAESD

BN F KRB LA P. i d =deg P, FIH P 4« BIH e RN
(Ic(P)z)™, it myg = Jnax {id +dega; | a; # 0} HAE iy, ..., is AMBNES ) &

pa(r) = Z le(ai,)r',
j=1

ELi 5 AR (17.10) PIIA = i @ A 401 pg(lc(P)) = 0. M [162] vl 2.3 f3E I Ay
PLENIE deg P < 600(S), AN d WHUERAHRZ M, 1M pg IR AAERZA, A
i1 le(P) MEEZ 2 LA HRZ M 68, KIGREIE R R v — u — lc(P)2d,
WL EEAT, H 2R A ] Re i) 2 DU AR &

17.7.3 HIEIHH

Bi St %
%fg c; Ko WY I ERGR it ¢ = ci, 0 = (5cl(S)7 R = B;, {/Eﬁgﬁj\ﬁ\ﬁﬁﬁﬁ
c '
R _ Rs Ry
P S

i m = max {id — ve(a;) | a; # 0} Hiy, ... 05 OB S. 4

0<i<n

a; .
p(r) = Z ( VC((;]_ mod c) - S5,i;(1),

y
=y

rt 0 #1,
Sa4lr) = ll:[l(r —jd) 6=1.
j=0

M LE A T R (17.10) 43 BE I ¢ I35 = X TR %1 p(Rs) mod ¢ = 0. H deg Ry <
dege M43 8] — KT Ry REMARE T A, 152311 Rs 2 2 A A B Rl gE.
P RMIRK Rs—v, ..., Ry IR PTAT 1) ¢ X IR I00, 21 5K e 47 0] R 1)

l

B;

Z e, (S)

i=1 G

Io¢ J SRA T T £ % T, IR Y TR AR 5 1) n YRR T RE (17.11) k2

WA Q, 2 TA LML 1] .
E214. HERHRERAEARETTRE, B A R . AR X R A R R
R PITL EE, Joik e A .
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17.8 M5 73 72 BOHER R £ AR
VF 22 5 IR oR BT AR DRV 15— 2R3 o J7 BRI (B I S o ). 4 — A
J7 FEEAT Liouville fift I, AT B2 BEAS F e Ik R 20K 3 7 T R I e, A8k —
SIIWEST. Kimfihut, &R BE W m(x)F(E(x)) MR, H m(x) b K(z) L
Liouville PR, &(x) GQK(a;) N PERRHL, F UK B — A ERUE T RE A% (1] 21 Bessel
sty s Ly -2y =)
BI17.8. B ks 772 o = (8x + 1)y JC Liouville fif, 2 n(z) A Airy 7 FE
y" =y M— MR Airy K5, Wy (3 + 22) AR — .
BATHAE N1 LN TR A4 Bronstein 75 [44] H S I B 7 FE IR R
BRI ESOR AR 7.

17.8.1 TEHH
NHIRATE R N o = ry, r € K(x) FIFRFR R EOR. B4y Ik sk B0
VAR GEAE W
Y +ary’ + aoy =0,

AR y = m(x)F(E(2)), ik M = m(z), Go = F(§(x)), G1 = F'(§(x)), Ao =
ap(é(x)), A1 = a1(&(x)), Z = &(z), M Gy = G1Z', G| = —Z'(AyGo + A1GY),
GIES)

y = MGg

y' = MIG() + MZIGl

y' = (M" — AgMZ*)Go+ 2M'Z' + MZ" — A\M Z")G

M2 Go, Gy I3

! " AN 12 1874l
y,,_(2M+Z_AIZ,>y,_<(M> M2 M2

M 7 M) M2 MZ

!
+A1Z’% — AOZ’2> y=0

Ay WK " = ry, WA

Ml Z/l

i —|—A1Z/7 —A0Z/2 =r

%/ / M/2 M/ Z// M/
M? MZ M
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AR / .,
M1 A
=3 <A1Z’ — Z,> : (17.13)
A (17.12) 715
37" —22'7" + (A? + 2A] — 4A0) 2" — 4rZ" = 0. (17.14)

17.8.2 HIEEE Z BIKEE
WO, M (17.13) 14
M= Z7"3e3] M7
73 Liouville PREL. DA M B SRAGAF 5 AR v 5 R ) A0, S B 1) 780 4] k& & 1A

B Z. SRR M Bt ar ek, BRI Z 10 B den(2), #F
BT 7 IRBU B 5, Sl SRR SK 1 & AR AL

EIE17.10 (Bronstein). i& den(r) 89 L-F 7 44 [ QL. 3T A = a? + 2a) — 4ay,

P
0 =voo(B). F0<2, MZTEA 5, HF

Q= HQ%Q—&)@‘—M € Klzl, (17.15)

Pec Klz], & degP < degQ + 1(% § < 0 B REF 5 =4 )KA& deg P = deg Q +
2 — Voo (7)

2-6
B Wp AATLAZIA, 13 1,(2) < 0, WH 1,(2") = v(2'2") =
2vp(Z)=2), vp(A(2) Z"™) = =61y (Z)+4(p(Z) —1) = (4= 08)vy(Z) —4, vy (rZ7?) =
vp(r) +2(vp(Z) — 1). Al 6 < 2 KX (17.14) w40

(4= 6)up(Z) — 4 = () + 2((2) 1),

RfI

HRR —vy(2), —vp(r) A5 den(Z), den(r) H p MEEL, w510 (17.15) &
3.

W deg P > deg@Q + 1, FiF%f degP = degQ + 2_21103(74) HT v (2) <
=2, W13 voo(Z2") = e (Z) + 4, 10o(Z'2") = 2000(Z) + 4(H v(Z) < —2)5K
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> —1(Hv(Z) = 21, vo(A(Z)Z") = (4 — )V (Z) + 4, Uso(rZ"?) = voo (1) +
2(Voo(Z) + 1), IFAIFEH 6 < 2 KX (17.14) AT 45

(4= 0)Voo(Z) +4 =Voo(r) + 2(Veo(Z) + 1),

E )
Voo(T) — 2
veol2) = 7575
FHERE voo(Z) = deg Q — deg P W15 BT EHIE 1.
BJREEN 6 < 0N veo(r) = 6, AT veo(Z) = 1, MAGE S HOL S 5 —Fh
TG & TG 1), Xk 58 i 1 uEd]. O

H b 3ATTA5 2 T AR Q MIRILIUR P OREH) B A, K PR R E E A
N (17.142)HM?%?U*’I‘W%&?‘?%%?H, B Ja e T REALRI AT, T34k, A PR UE 1S 2
¥z = 0 AN (R R RS e ), BATTRT AN AN K LE R T R

n . n . . N
P=73% cjal, Q = > qir’, , YO < N <n,qn #0, IO TT R Z(QjCN —chj)wj =
3=0 i=0 j

= 1= J=
1, b w; AW EIAEE G, WL, R 7 R AL T AR IE &2 b7 — A 5 45
gjcn # qnej, I Z JEE £

B ag, a WAV S8 (B0 Bessel ST AL B E v), B AT ILAE 5 FE
A AR E TG, RAREOT FEALI v DL S50 2 T k.
215, U7l n] SR — e ik g X AR, BB Z = P(:cﬁ) HQf%%
[PIfiFE.

()

17.8.3 L HAFKREFL
TEARTT I B 5 A4 e B 17.10 75— Lo R R R B 1 T8, (8 T 5 Br Y.
.
o Airy pREL, HITFE
y' ==y

HH. A =42, 6=-1<0, \[HQ = HQéiHv deg P < degQ B} deg P =

2 — Voo(r) /1
deg QQ + 3 , M = 7

o Bessel %L, /72

1 v
y"+y'+<5—2>y:0
x T
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4% — 1 i
— —de, 6 =0 <2, 4 Q = [[Qbi o,
1

i, Hobe = 1. A = 2

. 50 A
deg P < degQ + 1 i deg P = deg Q + 1 — 2 Q(T),M:MZ,,

o Kummer pR%Y, 72

1%
y//+<7_1)y/_ﬁy:0
X X

1% 1/2
+

A — -2 -
il A = p+ 6 =0 <2, WHIQ = T[Qhypo, deg P <

. 00 _1 zZY
deg @+ 18 deg P = deg @ +1— "=\ 2= éfZ\/;

e Whittaker FREL, 7 FE

dp 11— 42 .
g, A=1-—L " 5 -0 <2, WHIQ =[] Qbis deg P < deg Q+1
55 i

T

‘ 1
5% deg P = deg Q + 1 — ”‘X’;T), M=/~




maTHy R4E 9T

maTHp 5 H 41 d1ok FIG R0, W3, vHEHL, B, B SEARTR B R
(1277 BT AL, R A2 R o S i S R 2 AR R RS2 R de 5 F ) 31
DV REA B R AU EHRECR S maTHE! . B 2007 45 9 H 2420
LK, maTHy W H O FE0284T T AER ], Wit EFF R T maTHy 1.0 AN
WAZ 5 H P B SR , 385 Thie g ny DUE I 2571501 6 AR JEA T S 2 v 7).
AP sK 2 maTHp FRGE0 F T mi 5 D Re b AT — MEZEE 24,

Al RGERMSHR
RGLRAIRIT

maTHy PR RGEAEM B AL s, BT RSk &R T 8RR AE R
GE A AR AR (KRR, T ANE S TS T AR R S R A —

ANIFRG> fir 2

/:CS\/aa? +bdx

e, BE AR A A 1 B AR AL R B A i A B i
A7 A TEF AR TEX SR I & TR 5, S dy & a4 e il i 5 = %
BZE AR A% MR A T IRV 20 M BV 3 BT R i & AR AT RIE S, AR A HIsR
(ELARREAT I8 S SRAR, RV 5 48 2R 00 0o 2 (5 J2 A [ml R i S s D BB 2 5K 3R
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Integrate[x"5sqrtfax+ b], x]

SBIER S ereeeerseeneneen D MES TSR >
Cald (BoxData [ {RewBox[{"\ A "l
ntegrall ",
EIfcHIE e
J-x’ vax+b a
& Integrate|Times[Power[x, 5], Sgrt[Plus[Times[a, x], b]]], x]
2Vb+ax Hings
IND3Y asenfei2Banix- 967 T s 00a b x' - 7000 b xt s 6300 b 4 6932 )
ve:

TR oo LET) RN

jier]
N iz Yax (2nb) Integrate[x** Vax+ b, x| . .
Intagrata[x *y[b_sa_x_,x_| e T oett[n, x] &6 FreeQ(a, x| 44 Freed[b, x]

A.1: maTHu RG24

R 3= 20y 0 I )2 R B IS S IC L PR 8 2, 8 e R e i S b A T 4 ). 1)
TET ¥ WK ) MVC (Model-View-Controller) 224, GEU8 AT =X S (W45, K,
A E N RIS His 5.

A FBHE

WHIRE RALEWE IR, DEE L, maTHy REENE K208, 40—
FUR vt AR 280K, A7 i 2 2508l 45 i ok Al var, AR08 IS 2 pR B S B
WAL Z), B Wk T AT GMP 3t eR £ty NTL Tt efi £, A7 ek e R vl
DACRFFANR AW b — R R S S iReds. IE DU, RESE T REN
BHS A R 1) RGN, [ ANEDE A ] LS AN R 2R B iR a8 A2 1, B T A5
7y LA e s).

[FIREIRT, [R]— AR s v] LU AN [R] SEIRL ) S 2 R B30 ZE AT A8 L. 3l ik B 4]
VRS s, 38R LA S b SRR AN R TE VA I A AT JE 7 2Bl T N . maTHy
HHr & RE IR Mathematica W15 9K Lisp BVESAFIE 5 NI, Ak
Al LR 92 ) 32 FF Maple, Matlab 53 H vF 5158 5. H A7 maTHy 375 e i
o T T 5 1A FRARAS B ZIHL(DFA)KRIA, FAR SIS 20086 5 g, Ik ik 53
B, P Unicode e SCFAF LR F 45 i v C XU R e SCF A7 45 D el 1 e ik
AbE. ek SORT L F T80 5 1 LL(1) 3BV N B ATHESE KRG, 4 T fjiii
WL, FARSEI IS 0 Fh MR SR 0 A, Ji 7 3ak X BL AR = R SO R
(R SCIE IR T TAREE. H AT S HF 60 KAL) Mathematica W2 i {f %
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J (4 5 SE ARG T80 I 4.

AR

maTHyu K] A % FT SRR 8 BERE I MRS Py A 55 22 RIS R (KR g™ g, A v LA
A A RZAE DR RF AL B (0 RN AT T RO SERE ). MOTRE MRS, I
by DAL 2 %, KR GERE TR, 845 0T R R TTAE. WHIS EE
K&, F—AY e, BT L maTHy 3 5 HFE P gt, ST DLk ) &85 3
J2E S5 BRI H SR I LSRG S i R, 6T LLRE R s G, 1S e R
S QBN XA e bRk T AN REREH I Z2 0. Sl b, BR T IRE /A
ortras, SRAEE, BEaCULHC AR AT LU fp LA I o8 K2 A, maTHy 48 K350 DI REHAR
I R R AL

A.2 HAKRIpgE

maTHu G T EAG e, 2oe, A%k vIsEm s, 20, TRk, 77
SAR Y, REUEDE, B s T A S T A UR B R G %0 Thfg, IF B2 RFit
FE, B, BRGNS 2 WA, maTHu H - S anEl A3,

@ ®REBE HAQ SAEEE E0@ Mo

DB xdA seRQ $¥Oho Bv X8 TE

E: maTHal\UI \r esour ce\RorkSpace\Test. su

.
B A [« vamax
”
25 bt ax 512b° Vhiax 1600 %’ Vhiax 68x b VBrax 20b % Vhrax 256%h Vbiax 2bx°Vheax
maTHu&H . o . - . .
e

FactorIntegex[50!]
30414093201713378043612608166064 768844377641 568960512000000000000
({2, a7}, {3, 223, {5, 12}, (7, 8}, {11, 4}, (13, 3}, {17, 2}, {19, 2}, {23, 2}, {29, 1}, {
31, 1}, {37, 1), {41, 1}, {43, 1}, {47, 1}}

13 9009 5" 9009 & 3003 5% 1287 ° 9009 4° 143a }
r=Expand [ (x-5) (%" —x-1)] .
ol PR ]
Ses®edn-Gx" ]
1-45  1++5
( T 5 5}
DIE[glhlx]]] %] prasynee ]
B 5 . ‘I‘?_l"sfﬁ)j
h [=]g [h[x]]1£ [g[h[=]]] ]
fib[n_] := fib[n - 1] + fib[n - 2]; £ib[1] = £ib[2] = 1; "
P R ]
6765 - ]
501 FEEH SRR :|
]

| BPH | BMFE  RREN AEEN | RS BE BEFH

- E \s = J’.., o e 2.0 Z- lj-{ ) ®gap /L‘\“itﬁﬁf{

A.2: ARG H P St
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BEXEZHE SR

maTHy A6 & AT AR RN 8 A, S ua 87, SCRF R iR i 4, 416 0
0, W15 R BN 3 B A B BT A, R 5 RISV TT, IR IRIZRI, kst
Ay 5. BRTRS I, BATMAEIE2AS LA 5

( 7

Input : 40! (*[7Ex*)

Output: 815915283247897734345611269596115894272000000000

Input : FactorInteger[22° 4 1] (+x3¥i [T 4-f*)

Output: {{274177,1},{67280421310721,1}}

Input : Expandl[(x + 2y)*] (x3cik & FF=)

Output: 81 + 216x + 216x2? + 96x> + 16x*

Input : N[m, 100] kR [EJE % % 100 {45 %)

Output: 3.14159265358979323846264338327950288419716939937
51058209749445923078164062862089986280348253421
17068

ZMA 5712

Dae O Z AR B R AW T, W7o, K60, Grbner 4, F1EA1, £
AT RE () SR AR EESE. 7Bl b

Input : Factor[x?° —1] (*Z T3 AT 4 ff*)

Output: (1+x)(1+x?)(—1+x)(1+x+x%+x3+x%)
(1—x+x2-x>+xH)(1—x2+x* —x%+x5)

Input : GroebnerBasis[{x? — 2y?, xy —4}, {x,y}] (*Grobner )

Output: {—8+y* —y® +2x}

Input : Solvel[25+ 35x + 11x% +x3] (* 77 12K M *)

Output: {{x — —1},{x — —5},{x — —5}}

SIS

IR R R (W Ah b T oM 3 5055 ), AR RUE R IY, K o BRIk
WA, SRR HO R

Input : D[f[glh[x11], x] G+ Hbim*)
Output: £’ [glhlx]]] g’ [h(x]] h’[x]
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‘Input : f(Sin[3x+2]—VQ%¥I)dx (x5 AR 2%
LOutput: —ArcSinh[x]-%Cos[2+3x]

Z RN iz
SCRFRERE S, NS, pR RS 2 A AR, il b

rInput 310 (xEEUE X
Output: 59049
Input : powl[x_, m_] := x pow[x, m - 1]; pow[x_, 0] := 1;
pow[3, 101 LN X 4572 =)
Output: 59049
Input : Clear[pow];
powlx_, m_] := Module[{r = x, t = x, n = m},
If[n <= 0, Return[1]]; --n;
While[n > 0, If[0ddQ[n], r *= t]; If[n > 1, t *= t];
n = IntegerPart([n/2]]1; rl;
pow[3, 10] (xId42 A 4afE*)
Output: 59049

A maTHp S8R G 807 AR g B2 77 2, FRATTT LAARH J7 kAT 77 5
VL BN LE — BN S o f@*ﬁiﬁ&%ﬁﬁ%ﬁm 584 U T 175
ik &y WL
(x HH
$D[a_, x_] := 0 /; FreeQla, x];
$Dla_ f_, x_] := a $D[f, x] /; FreeQla, x] && ! FreeQ[f, x];

(x &I *)

$D[f_ + g_, x_] :

(x FRIEAN *)

$D[f_g_, x_]1 := $D[f, x] g + £ $D[g, x] /; ! FreeQ[f, x]
&& ! FreeQlg, x1;

G BEREN %)

$0[f_[g_1, x_1 := (g /. $DC[£f]) $DI[g, x1 /;
MemberQ[$D$headlist, f] && g =!= x;

$D[f_[g_1, x_] := Derivative[1] [f]1[g] $D[g, x] /;
| MemberQ[$D$headlist, £f];

$D[f, x] + $D[g, x1;
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A3 MEHETS

maTHy WIZSCRESCIE, JEE A7, BN I 25 B 145 2 Mt AR ) A5 7 5
I LA A\t 9 07 SR AT T B R, W LUR R 4 A3 A5 2= 32 ORI T X
8 pAY 8 s B R AN AT [ AR A5 3. Oxd 2 bR AL A 5 3R SERFRRBEAR T R 48
RIRE I, BIURE as WAZEH] c++ iS5, ] BB RS AT H] JavaZi S, AP
AR 65 I35 B RS 5 A% AT . A% P IE P T 6 2 s N 58
HESOHy, T DO TR Sy S A2 AT maTHp FIHUREZL R KRB A7 v 55

M.

AW B %2R, maTHp W H IR T 5T maTHu WAZ T4 5T &,
H Pl LUl IS http://www.mathmu. cn/Platform. html 15 i) %V & (100G i (40
A3). W I TE GAATAT A, T — AN Fr v (1) 0 25 0] U s B m] 7 i b =257

maTHy PAZITHE DIRE.

@ i ntd = Sl = GREELESARIE = Gl ag it fncaedar Helgrae
MHFE) wEE FRW EEEW IRO #FRW
HitE () ] Bt/ fwww. matbon, en/Flat forn. hinl

P 255 303K it

Solve [x"5+x"4+x"3+x"2+x+1]

— =3 /—3 —1—.—3
{{:r:—*—ll,{:r:—*#},{:n—%1+;“ 3},{:[.'—" lc\' &

Plot[Sin[l0x],{x,-1,1}]
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IATAYA
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